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ON THE FOURIER-STIELTJES TRANS} 


‘ By E. K? HAVILAND AND. AUREL. WINTNEK. Ò 





Let p (£), — 0 <- Éx z oO, be continuous and of bow x 
the infinite range [— œ Ae æ | a let | 
(1) _ Eee) = f exp ité dp (£), — œ <t< +o 

-00 , a i 
Jenote the Fourier- Stieltjes transform of p. If-p is absolutely continuous, then 
dy the a HE lemma l 


J exp ité dp(6) 0, t> t w 


where a > 0 is arbitrarily large, so that since | exp | = 1 a fi | i < an we 
(2) ) = B(t;p) > 0, t> + o 


whereas (2) need nt hold if the continuous E p is not absolutely con- 
tinuous.{ On the other hand, the curve z == = L(t; p), — 0 < t< + œ shows 
an asymptotic tendency toward the origin of the z-plane even if (2) does not 
hold. For on p-acing - 


(3) MGC Y= Jee (ery Hfi n di 
one has f 
(4) | | Me | L s sp) |?) —= 0 


for any continuous p. In the present note, this asymptotic tendency of 
z(t) = L(t; p) will be formulated in a form which is sharper than (4). Also 
it will be.shown. that L(t; p) affects the statistical distribution of the z-values 
by introducing a corresponding § sharp diffusion when added to an almost- 
periodic Fourier-Stieltjes transform, which of itself never has a diffused dis- 
tribution.{ The refinements in question.are made possible by the theory of 
distribution functions. | 


t Cf. T. Carleman, loc. zit.» The references are collected at the end of the paper. 
`$ CÊ. I. Schoenberg, loc. cit, where reference is made to a paper of N. Wiener. 

Since then, (4) has often been rediscovered in connection with the unitary, dynamics 
of Carleman and Koopman. 

§ The results as to the diffusing effect of L(t; p) proven. in ‘fie researches mentioned 
in the previous footnote are not sharper than (4). itself. 

7 By a diffused distribution is meant a distribution which is not a pr over distribu- 
tion; cf. p. 6 of the present note. : 

j| A. Wintner, I and IT, and E. K. Haviland, I. 
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Use will be made of the following resulta: 4 Let z(t) = a(t) + w(t), 
— œ <t< + œ, be a bounded continuous function for which all time arer- 
ages M([ax(t) |" [y(t)]”), n, m == 0, 1,2, +++, exist. Let & denote a rectangle 
parallel, to the coordinate axes of the z-plane and such that none of the four 
lines of k lies on an at most denumerable sequence po! lines © =a; or y == by 
which, if they exist at all, depend only on z(t). An R having none of its sides | 
on one of the lines z = aj, y = by is called a ngn-singular rectangle. Let 
{R; T} denote the set of those values ¢ in the interval — T “tS T for which 
the point z(t) is a point of R, so shat 


(27°) meas{R; T} 


represents the “ probability of R between the dates t = — T and t == T,” viz., 
the relative amount of time spent by the curve z == z(t) in the rectangle R 
during the time between t = — T and t = T. Now there exists a monotone 
absolutely additive set function į} $ == (J). represented for E == R by 


(5) b( Bh) = pm (2T) meas{R; T}. 


This set function, called the distribution function o3 z(t) = vít) + w(t), 
satisfies the momentum conditions 


S f edap) EOE m=) 


and every -monotone solution 4 of the momentum problem (6) is, up to an 
additive constant, the distribution function (5) of z(t) = s(t) + w(t). The 
additive constant is determined by the condition that ¢(H) =0 if F lies 
without a sufficiently large circle |] z | =r. Two set functions ¢ which are 
identical for all non- singular rectangles are not considered as distinct. 

There exist for every function o(é), — œ < É< + œ, satisfying the 
conditions § 


+ [bid. 

ł For the definition of a monotone absolutely additive set function, ef. J. Radon, 
loc. cit. The Stieltjes integral (6! is meant in the sense of Radon and is, in reality, 
not an improper integral, ¢(#1) being clearly independent of # if E lies without a 
sufficiently large circle. 

§ The second of the conditions (7) is automatically satisfied up to an at most 
_ denumerable set of &values. ° | 
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atO a - è 
mM f lel <+%, olé) =b +0) +o(é—0)] 
precisely one pair of functions o” = o (6), o” = o” (é) such that (7 ), is*satis- 
fied both by o =o’ and by o == a”, and ° i 
(8) i o= +o” 


where g” is eveęywhere Yontinuous and o” is a step-function such that 
o’(— 0) =0. From (2) and (8) one has 


(9) i Lit; c) = L(t30’) + L(t; 0 


where L(t; 0°”) is, in nue of (7), an almost-periodic function in the sense 
of Bohr ł inasmuch as o” (£) == 0 or is a true step-function according as o(é) 
is or is not everywhere continuous. On placing 


e1(€) = a[o(€) —o(—é)] 
en(é) = 3[e(é) + o(—&)] 


so that (7) is Satisfied by both o = c; and o oy, the formula 
(11) L{t;o) = L(t; or) + +L (t; or) 


(10) 


gives the decomposition of L(¢;o) into real and imaginary parts, Inasmuch 
as the conjugated complex value of L(#;c) is Í . 


f ritë do(£) -f ett d{—o(—£)]. 
Also, = = | 
(12) L(t; or) = L(t3.0'1) + L(t; 0% 
L(t; cr) setae L(t; ` orr) + L(t; o”) 


where o'r, d'y and o’ T ory bant to o and o” in the same way that or, o1 
belong to ø. 

Besides the above notations, we shall use the following facts: § If (7) is 
satisfied both by e = a = g (£) and by e = 8 = £ (£), then there exists exactly 
one function of £ satisfying (7 ) and represented at all its continuity points £ 
by the formula - 


e. - 


+ H. Bohr, op. cit., p. 33. 

ł For convenience it is supposed that e (¢) is real valued. 

§ Cf. A. Wintner, ITI and E. K. Haviland, IX. The proofs given there suppose that 
the functions are not only of bounded variation but monotone as well. The latter 
restriction may, however, be removed in the results to be used by decomposing the 
function of bounded variation into ae monotone components. 
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I a(€—7) 4B (0). 


This function of é, called the Faltung of «a and £, is usually denoted by aB 
and satisfies the relation 


(13) | A A = L(t; a) E(t; 8). | 


Furthermore, (18) is a char acteristic property of ihe Faltufg a* 8, inasmuch 
as a function satisfying (7} is, up to an additive constant by uniquely detar- 
mined + by its Fourier-Stieltjes transform. For the same reason, it is clear 
from ae ee 


a* B= Bra and (a8) T , 


if y is a further function pays Se The function satisfying (7) and the 
relation 


L(t; [e PeF) = iG DPE BY} 


will be denoted by . . K 

G4) [PI o j=), 
I£ (7) is satisfied by o == p and if ¢ is everywhere continuous, then. 

(15) ` | M(L(- 5 p)) = 9. 


This is clear from (4) by Schwarz’s inequality. f 


7 Cf, e. g., N. Wiener, loc. cit. i 

+ We shall not use (4) but only the relation (15), the proof of which proceede as 
follows (Of. I. Schoenberg, loc. cit.) : Since the contribution of tke integration domains - 
[— 0, —-a], [a, + ©] to (1) has for all values of ¢ a modulus < e if a > 0 is suff- 
ciently large, it is sufficient to prove that for any fixed value of q and for sufficiently , 
large values of 7, the modulus of 


rf 
T= ena f { f exp iE dpe ja 
-T “0 


is <e. The order of the integrations in J is interchangeable (Cf. L. Lichtenstein, loc. 
cit.). Hence 


=f a [f> +f, +f Jeena =S (1,8) 

where an == yi siny and 0 < < ‘a Now s from js(4)| < [aft — 
17, (7,8) +5, (2,8) |< maf | dp(&)]/3>0, (P> œ) 
and from ieee 
| J,(T, nief? | aot EJ >0, (80) 


p being continuous at $ = 0. 
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i e , oe ect 
Since o’; and o’;; ave everywhere continuous in virtue of the continuity 


of o” and since a. Faltung of functions g, 8, : - at least. one of which is every- | 


where continuous is everywhere continuous,} (15) is satisfied by f 
a 2 


- p= lor J [arr | Pler] Eon], 


O4eksSnZ0,. OSISm=20 l 


if at least one of the numhers k, l is +4 0, iLe, if k+! > 0. Hence from (18) 


h 


(16) WLL PDPC 30%) HEC nPE: 50%) ]"*) = 0 


if k+l >0. The expression (16) need not vanish but certainly exists if 
k == 1 == 0, inasmuch as each of the functions 07, oz is either a step function 


or ==0, so that L(t; o”:)” L(t; 0%1r)™ is, as mentioned above, a product of | 


n -+- m almost-periodic functions and has therefore an Mt-value.§ Since (16) 
exists for k —1—0 also, it follows from (12) that 


M(LL(- 301) PIEC on) ]”) z (n, m = 0, 1; 2, - +), exists. 


This assures f the existence of a distribution function ¢(Ẹ) for the function 
(11), which is a continuous and bounded function of ¢ in virtue of (7) and 
(1). Furthermore, _ , 
(17) ME(LL(- 301) [L(+ 50) 1”) = M(LL(- DEC ;o”1]”), 

a eae 


For on intrqducing (12). into the expression on the. left of (17) and ap- 


plying the binomial formula twice, . (n + 1).(m + 1) —1 of.the resulting . 
(n-+1)(m-+1) terms vanish in virtue of (16). On comparing (17) with © 


the test (6) we see that z(t) = L(t; o) and z(t) Ba o”) have one and 
the same distribution function ¢. 


The Fourier-Stieltjes transform z(t) = L(t;o) of a function of bounded 


` variation always possess a distribution function ¢(E). This function o(£) 


is identical with the distribution function of the almost-pertodic component 
L({t;0") of L(t;0) = L(t;0’) + L(t; 0”) so that the complementary com- 
ponent L(t; o) does not affect the asymptotic repartition of the points passed 
‘by the curve z = L(t;c);, — œ < t < + œ, in the zplane although this 
Curve 18, if o’ 3&0, not identical with the curve z = L(t;o”). In other words, 


t Cf. A, Wintner, YTE. 

ż We are using the notation (14). _ 
$ H. Bohr, loc. cit., pp. 33 and 34. 

{ Cf. p. 2 above. 
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L(t) and L(t; o”) have statistically independent distributions, the dis- 
tribution function y(R) of L(t; 0°) being = 1 or = 0 according as thé origin 
Z == 0 is or is not in the rectangle R. 


The latter irene. which is*a precision of . (4), nny be OTa 
follows. If o =p then o” = 0, so that 


> L(t;'1)=0,  L(t;o”'u)ē=0, 
hence 


M(E 3 er) J ILC: spn) I”) = 0, (n+ m > 0) 
in virtue of (17 ), where o == p. On the other hand, 


f f xy" day (E) = 0, — (n+'m> 0) 
y 


if y (E) = 0 for any rectangle # not containing the origin s == y = 0. Hence 
(6) is satisfed by placing 


a(t) + y(t) = L(t; pr) + L(t; pu) = L(t; p) and $ =y 


so that y is the distribution function of L(t; p). 

Let {z(t)} denote the set of those points in the z-plane which are cluster 
points of the curve z == z(t), so that {z(¢)} is a perfect set if the continuous 
function z(t) is not independent of t. If z(t) possesses a distribution function 
(EH), let {z(t)} denote the set of those points p for which ¢(R) ++ 0 when- 
ever p is within the rectangle R. It follows from our theorem that 


| (L(t; o) + L(t; 0”) }o— {L(t 0”) Jo 
although . 
(L(t; 07) + L(t; 07)} = {L(t;0”)} 


need not hold, of course. It is clear from (5) and from the definition of 
{z(t) }> that {z(¢)}, is a closed subset of {z(¢)}. We may say that z = z(t); 
— & <t<-+ œ, is properly distributed f if {z (t) }o = {2 (¢) ): It follows 
from. the definition of the set function (F) that if the continuous function 
o’ (£) is not independent of é, then L(¢;0’) is not properly distributed. On 
the other hand, it may be proven that every almost-periodic function, hence 
also L(t; 0), is properly distributed. 


+ Cf. A. Wintner, IV and E. K. Haviland, TL, 
t Cf. A. Wintner, II. 
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ON THE ADDITION OF INDEPENDENT DISTRIBUTIONS. 


By ‘Avany W 


The’ object of the present note is the proof and the precision of some 
simple theorems which are often tacitly supposed in Calculus of Probability. 
Although the validity of these theorems is suggested by statistical interpreta- 
tion (addition of probabilities), satisfactory proofs cannot be obtained in this 
way. In fact, the statements are purely analytical theorems on a certain 
Stieltjes integral, so that the question regarding their validity is in reality | 
equivalent to the one whether the usual statistical interpretation of those 
Stieltjes expressions is always justified or not. ‚Hence a detailed use of the 
Stieltjes integration theory, for instance the- use of a general uniqueness 
theorem (furnished by the Lemma on p. 12) cannot be avoided. 

. A function p(€) is termed a distribution function if it is defined for every 
real €, is monotone in the whole range — œ '< é< + œ, and satisfies the 
boundary conditions p(— œ) —0, p(+ 0) —1. If for two distribution 
functions pı, p2 


(1a) pil) —=po(é) at =X SLR) 
where {X;} is an everywhere dense sequence on the real axis then 
(1b) pi(E+0) =pr(E+0), pr(E—0) =px(E—0); — o <E< +o 


inasmuch as the limits set & + 0) may be obtained by using one of those mono- 
tone subsequences which have the limit £ = 0 where é is any real number. 
It is clear from (1b) and from the Stieltjes integral definition that if 


| K; = S FO dee) 


exists for += 1 then it exists for i — 2 also and K 1 = K, where f(€) is any 
monotone function. On placing 


(2) Ap (£) = p(E+ 0) —p(E—0) 20 


so that Ap(é) = 0 holds if and only if £ be a continuity point of p, we see from 
(1b) that Ap; (£) = Ap: (£) at every £, i.e. that p, and pz have the same con- 
tinuity points and the same discontinuity points, and at the latter ones the 
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š 
same jumps Ap.: Furthermore, from, (1b), pı(£) == p-(é) holds.at every .con- 
tinuity point and. therefore up tọ -an at-most* denumerable .set.... For these 
reasons, two distributicn functions will, be considered as identical ii they 
- satisfy the condition ( la), i. &, we shall write p,.== pz if (1b) holds for ¢ avery é. 
This agreement will be Acer in what follows. 

By the vectorial sum R, + R: of two sets R; of numbers is understood + 
the set of those numbers œ which may be represented in at least one way in the 
form z = 2, +°s, where'z; isan element of Ri. In connection with (5) we 
shall need the symbol R, -+ R; also in the case where E, or Rs or both do not 
contain any element. In this case, viz. if at least one of the two sets Ri be 
empty, we shall understand by R, + E, the empty set. According to this 
convention, which is essential for our purposes, the set R, +R, may be empty ` 
although R, is not empty. We shall often use the evident fact that the vec- 
torial sum of two closed sets is a closed set. 
| In accordance with the Halbert theory of bounded Hermitian matrices Í 
we shall designate as spectrum S—S(p) of the distribution function p(é) 
the set of those numbers æ for which there does not exist a è == ôs > 0 such 
that p(é) is constant in the interval s— 8< é< a+. Correspondingly,§ 
the set P == P(p) of the discontinuity points of p may be termed the point- 
spectrum of the distribution function. P(p) is a subset of S (p) and P(p) is 
at most denumerable and may be the empty set whereas § (p). contains at leas: 
one point inasmuch as the'total variation of p is distinct from zero. 8 (p) is 
always, P(p) not necessarily a closed set. 

We shall prove the following theorem: For every pair of distribution | 
functions o (£), o2(x) there exists exactly one Ñ Ge abusan function ale 
such that the one al (“ Faltung”) | 


(3) , foe o (2 — £) doa (£) 


exists and, =— o (x) at all points x not contained in P(o:) +- P (c2). The 
integral representation (8) of this uniquely determined distribution function 
a(x) breaks down at all points of P(o) + P(o2); ie. o1(a—£) is not 


7+ Cf. H. Bohr and B. Jessen, “Om Sandsynlighedsfordelinger ved Addition ai 
konvekse Kurver,” D. Kgl. Danske Vidensk. Belsk. PETSIE g ser. 8, no. 3, vol. 12 (1929), 
pp. 331-332. 

+ Regarding the theorem in question, ef. p. 178 of the author? $ book, Spektraltheorie 
der unendlichen Matrizen, Leipzig, 1929. 

§ Cf. ibid., p. 194, ete. 

{| Cf. the agreement (p. 9) regarding p, == p,. 

| Cf. eg. R. Deltheil, Err ane ‘et moindres carrés, Paria, 1930. 
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integrable with respect to o2(é) in these points x. The spectrum and the point 
spectrum of o may a priori be calculated from those of cı and o, by means: 
of the formulae 


(4) S(c) = S(o:) + S() 
and g , I 
(5) P(e) = P (0) + P (02). 


Finally, the function o remains unaltered ¢ if in its definition tne interchanges 


0 7 
the two gwen functions o1, 02. The me f occurring in the definition 
a : 


(6) f> T (a -> — >, ne 0 ) 


of (3) is understood in the so-called Riemann-Stieltjes sense.§ 
A necessary and sufficient condition for the existence of the Riemann- 
Stieltjes integral 


b 7 
(7). J, P(E) aBe(€) (— 0 <a<b<+o) 


is well known.{ In the special case where both functions 8; are of bounded 
variation || the condition-referred to is easily seen to de satisfied if and only 
if at every point £ at least one of the two functions £4 is continuous. Now £ is 
a common discontinuity point of the two functions 


(7a) Bi(é) =o (2 — é), Ba) = olé) 


if and only if s may be represented in the form v == é + & where & denotes 


‘+ Cf, the agreement (p. 9) regarding p, = p,. 

t This follows immediately irom the partial integration imua on p 15 inas- 
much as e, (— ©) = 0, c, ¡(= l; i z= l, 2, hence e == 0. 

§ Ci. E, W. Hobson, Theory of Functions of a Real Variable, 2nd Edition, vol. 1, 
pp. 507-508. There is, however, an error at this point. In the definitions of § and 8 


in § 377, it is necessary to replace S f(a.) {$(a, + 0) —¢(«@,—0)} by 
rel 
Sil s.) {p(u, + 0) — ola, —0)}; 
r=6 
with the provision that {æ — 0) =¢(a). Otherwise the definitions favor one end- 
point above the other and are noi consistent with the definition of p. 507. I am obliged 
for this remark to Dr. Haviland. 
{ Ibid., p. 509. 
|| Regarding this special case cf. also R. Schmidt, “Ueber divergente Folgen und 
lineare Mittelbildungen,” Mathematische Zeitschrift, vol. 22 (1925), pp. 123-125. 


ON THE ADDITION OF INDEPENDENT DISTRIBUTIONS. - 11 


a discontinuity point of o:(€); i=1,2. Consequently, the integral (7) 
` occurring in the definition (6) of (3) exists for sufficiently large values of 
—a and b if and only if x is not a pqint of P(o) + P{oz). Hence (6) 
and therefore (3) is meanirfgless if eis a point of P(o,) + P (oz. "On. the 


ò 
other hand, if æ is not a point of P(e,) + P (c2), then not only does f exist 


G 
for all values of a and b but so also does the limit (6) inasmuch as the o; are 
distribution functions so that 0 = c, S 1 and 


+o E i l 
(8) Os + J | dos(é)| Se when t2=7->0. 
tt 


Let oo(z) denote the value of the integral (3) provided that the latter exists, 
and let Q be the set of taose points which are not contained in P(o,) + P(c2). 
The function oo(#) is accordingly not defined for every æ but only on the 
set Q. Since the complement P(oi) + P(o2) of Q is at most denumerable, 
Q is everywhere dense so that the process —>A where x is a point of Q is . 
meaningful for every real point A and also for à== + œ. With this meaning 
of the symbol — we have 


(9) oo(#) —> 0, T>—0; a(t) 1, tr>+ o. 


In fact, since o, is a distribution function and therefore o,(— œ) =0, we 
may choose for every e > 0 the number De so large that not only (8) is satis- 
fied but also > ` 


(1c) o(s — é) Se whenever | EJST. and sS Te 


Since o, and o, are distribution functions and therefore = 0, = 1 and monc- 
tone non-decreasing, it is clear from the definition (8) of o) and from (8) 
and (10) that | 


. {Te Te +00 
Zole) = f doal) + f dA f dox(£) < Be 
-00 o -Te ': Te 
for every point +S — 2T. of Q. The second of the relations (9) is similarly 


proven from o,(-+ œ) = 1. Furthermore, if z, and a» > x, denote two points 
of Q then oo(%2) —oo(2,) is, oer to (3), 


-=f pai ala — 8) ]doa() 


and therefore = 0 inasmuch as o,(£) and o2(é) are non-decreasing functions. 
Hence s(x) is monotone on the everywhere dense set Q on which it is definec. 
Consequently we may define for all values of s a FoncHoR a(x) by placing 
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o(@) =o)(£) on Q and o(xz) = co(% + 0) on the complement P(o1)+ P(c2) 

of Q. This monotone function o(2) is, by. virtue of (9), a distribution func- 

tion. Finally, since @ is everywhere, dense, there cannot exist another dis- 

tribution unction which is equal to oo{2) at allepoints of Q (cf. p. 9). 
In:order to prove (4) we need the following ° 


Lemma. Let; (é) and. B2(€) be two functions of bounded variation 
without a common discontinuity point in the finite*range a S €= b so that 
the integral 


1 f'omo | i 


exists. Suppose that Be 3 is menctone and that 8, is either everywhere = = 0 or 
everywhere = 0, finally that [=0. Then at least one of the numbers ¢ £:(z), 
Bı (£z — 0), LAE + 0) is zero if, for arbitrarily small values of e, the value of 
B2(€) is not independent of é in the e-vicinity f of z. The same holds in the 
case a = — œ, b = +- œ, provided that. the integral J defined by (6) exists. 


Since J == 0, we may confine the proof to the case where £8, is non-negative 
and fə non-decreasing. On denoting by Fa(e; s) = 0 the total variation of 
B:(€) in the e-vicinity of the arbitrary point v, and by A,(e«;7) the greatest 
lower bound of. ĝı (é) in the same vicinity, we rare 


paeta £) Vle; 2) = 0, 


i.e, either V(e; £) = 0 or else À (€e; %) = 0. Suppose ae there does not 
exist an e-vicinity of x such that @2(€)'is independent of £ in this vicinity. 
For these values.of a and for every «> 0 we have V2({e;7) > 0. Hence 
A, (€5 2) = 0 so that either B:(2) == 0 or else the zeros of 8, ere clustering at z. 
Since in the latter case either B(x +0) = 0 or else B,(a—0) = 0, the 
Lemma is proven.§ 

The Lemma enables us to prove the less easy half of the theorem (4), viz. 
the fact that the vectorial sum (cı) + S(o2) of the component spectra is a 
subset of the spectrum S(o) of the resulting distribution function o. Let y 
be'a point not contained in S (a). We have to prove that y cannot be a point 
of S(o.) + S(e.). Since the points not contained in the at most denumera- 
ble set P(o,) + P(o2) lie everywhere dense, and since S(c) is a closed set, 


t One of these three numbers is undefined, and should be omitted in the above 
statement, if g == g. or æ= b. 

t By this we understand the one-sided e vicinity of v if and only if s =a or @ =b. 

-'$ The lemma may be interpreted as a refinement of the Haein 2 of aoe Perron, 
Die ‘Lehre von den Kettenbriichen, Leipzig, 1913, p: 368. 
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.we may suppose that y is not a point of P(or) + P(c), i.e. that the integral 
representation (3) of o(x) exists at s =y: Since ¥ is not a point of § (a); 
there exists an « > 0 such that o(y) —ea(ņn).=0 when |y—y|<, We 


consider at present only, those values in this e-vicinity of y whieh are nos. 


contained in the at most denumerable set # P(e) + P(o). Then (8) exists 
at z = ņ and we have 


o=o S lig —9 — eitr 8) 
Gonen, on placing with fixed values of y and y 
, Ba (é) = o(y —8) —o(n—8), — B2(é) = o2 ($), | 


the premises of the Lemma arè satisfied amah as o1(&) and -o2 (é) are © 


monotone. Hence if æ be a point of S(oz) then at least one of the three 
` numbers g(s), B:(2 +0), Bi1(e—0) is zero, i.e. at.least one of the three 
equations . 
a o(1—2) =o (y — 2), 
o1(q=-2—0) = oi(y—2— 0); 
Ey Oe 2) 


is true. p this holds for all those values of 7 in the evicinity of the, fixed 
point y which are not contained in the at most denumerable set P(o,)-+ P(o2) 
and since o,(&) is a monotone function, it is clear that the value of o,(7— £) 
for the fixed value of z is. independent of y when | y —»n | < «, even if y be a 
point of P(o1) + P(o2). Hence the value of o, (é) is independent of é if 


|y—x—é| <e ive. y— gr cannot be a point of .8;(01). Now x -was any ` 


fixed point of § as Consequently y cannot be a aa of S(o1). + S(e2), 

qed. 
We now prove the converse, viz. that Slo) is a ie of 8 (01) + 8(o2). 

Let y be any point not contained in S(o,)-+ S(o2). We have to: prove that 
y is not a point of S(c). Let C = Cy denote the closed- interval whose end- 
points are y — y and y + y where y > 0. Since y is not a point of the closed 
set S(o1) + S(o2) we may choose y so small that S(c,) + S(o2) and C have 
no point in common. There exists then’ a constant «> 0 such that 


(11) = latam—t|Za | ° 


where 2, 2, € denote arbitrary points of S(o1), S(o2), O respectively. Since 
y and ¢ are not contained in S(o,) + 9(e2) and since P(o;:) is a subset of 
S(o:) where 1 = 1, 2, the points y and ¢ are not contained in P(c,) + P(o2). 
Hence the integral representation (3) of o(s) exists at s = y and at s =£ 
so that 
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(12) o(t) ely) = f Tnt oly — 8) dolt). 


Since S (o2) is a closed set, the conttibution of the immediate vicinity of é to 
the integral (12) is nothing if é be not a point of S (oe). Hence if we prove 
that for sufficiently small values of | y — ¢ | the contripution of the immediate 
vicinity of € to the integral (12) is nothing even if é be a point of 8 (02), 
it will be proven that «(£) — a (y)= 0 for sufficiently*small valpes of | y— |, 
i.e. that y cannot be a point of S(o). Let now é be a fixed point of S (02) 
_ anid let y denote any point in the e-vicinity of é We chogse e <.a where a 

denotes the same constant as in (11). Suppose that there exists in the e- 
vicinity |é—» | Se of é a point y such that s, = £—7 is a point of 8 (e1) 
where ¢ denotes a suitably chosen point in the interval C. Since z = is a 
point of S(o.) we have then 


[a +r t| = |C) +é—-9| =| fal E< a, 


in contradiction to (11). Our supposition, viz. that £-—-y represents for 
suitably chosen values of ¢ and y a point of S(o1), is therefore wrong, i. e., if | 
| y — ý | Sy and | é— x | Se then £— y cannot be a point of S(o1). Since 
these inequalities are satisfied by E = y, y= Ẹ respectively, the point y—& 
is not a point of S(0;), i.e. the function o, is constant in the vicinity of the 
point y — é. Hence there exists a ô > 0 such that c, (E — z)— o (y — x)= 0 
when | é— z | 8 and |£—y|<8. The contribution of the 8-vicinity of 
the point é of. S(o,) to the integral (12) is therefore 


= f To(t—2) —ei(y—2) ]dor(2) = f T0 doe) =0 
gS ’ E &-§ | 


for sufficiently small (viz. <8) values of |£—y|, q.e.d. This completes 
the proof of (4). 

~ In order to prove (5), suppose first that o, is everywhere continuous. 
Then zı (£) is uniformly continuous in the infinite range — œ < é< + œ 
inasmuch as o,(— ©) = 0, o,(-+ œ) = 1. Since 


| a’ — a” | = | (£ — é) — (2”— £) |, 
there exists therefore for every e > 0 a 88 > 0 such that . 
| a(z — é) — o(s” — é| Se, — @ << + Os 


whenever | a’ — 2” | <8. Moreover, o, being everywhere continuous, o, and 
cs, do not possess 4 common discontinuity point so that the integral repre- 
sentation (3) of o(s) holds for every x. Accordingly | 


a ee 


ators 8 
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ComON f “Tox(a’ —6) —or(a” —£) ]dos(é)1S fs “edos()—€ 


f 


whenever | 2’ — g” | <8. Hence o is everywhere continuous if a1. bee every- 
where continuous, althaugh c» may have discontinuity points. Furthermore, 
c is everywhere continwous if not c, but o o be every were continuous inas- 
much as 


o(a) % Se e 6), 
| c == 01 (— œ )o2(-+ œ) — o, (+ 20 )o2(— x ) 


by virtue of the Stieltjes formula for partial integration.t The proois ob- 
viously hold also in the case where o, and c, arè bounded and monotone 
without. being, distribution functions. 

` Due to the definition of the vectorial addition of empty sets (p. 91, the 
relation (5) is thus proven for the case where at least one of the functions 
cı, €z 13 everywhere continuous. Suppose therefore that both functions have 
discontinuity points, and let {éw} denote the finite or infinite sequence ož 
discontinuity points of o; where i = 1, 2 so that according to (2) 


(13) Ao; (éin) > 0, Ace (2m) > 0. 
On placing i l . l 


(14) © o#(E) =E Aofa) and o** (E) = oi (£) — ov" (E) 


where the summation runs through all those values of k for which ém < é, 
all four functions o;*, o;** are monotone and bounded, and both funetions 
o;** are everywhere continuous f (4 = 1,2). In order to prove that P(e) isa - 
subset of P(o,) + P(oz) let y denote a point not contained in P (01) + F (02). 
We have to prove that y is not a point ef P(e). Since y is not a point of 
P(o,) + P(c), the integral representation (3) of o(s) exists at a = y and 
may be written, by virtue of (14), as the sum of four analogous integrals. 
Three of them are everywhere continuous by virtue of the last remark in the 
previous paragraph inasmuch as o,** and o,** do not- possess discontinuity — 
points. The fourth integral is, according to (14) and (2), | 


She — Odes €) = F ot (E t)ar) ' 


* Cf. e.g. E. W. Hobson, op. cit., p. 507. _ 

t That is to mean, the distribution function c; (a) may be modified at its dis- 
continuity points ‘a = é, jy, in such a way that the function T, (a) belonging to the 
modified distribution function o, (x) be everywhere gontinu. The modified function . 
is identical with the original function by virtue of the agreement regarding Ps = Po | 
(p. 9). 
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where the summation runs through all values of k. Let p(z) denote this 


series. (2) is uniformly convergent in the infinite range -> œo < t < os o ` 
imasmych as o,* is a bounded function and the sum of all jumps Ac» (éz) >00 
of the m@notone bounded function oz is finite. Hence at a discontinuity point 
of (x) at least one of the functions qy: (£) = o1" (2 — é) is discontinuous. 
Now y is by supposition not a-point of P(o,) +P (oz), ice. y cannot be repre- | 
sented in the form y == ér + éx. Hence s == y—,éx is not a discontinuity 
point of o, (x) and therefore not a discontinuity point of -° 


až (a 2) = o, (T) — oy** (2) . 


inasmuch as o,** is everywhere continuous. Consequently every p(x) and 
therefore (x) itself is continuous. at s = -y. Since o(t) — (2) is the sum 
of the three everywhere continuous integrals, a(x) is continuous aD T == yY, i.e 
y is not. a'point of P(e}, q. e.d.. s 

In order to prove the. converse, viz. that P(o) + Biod is a subset of 
P(o), we have to prove that if y = Erm a Som Wiiere 1 n , and: m are fixed, then. 
c is discontinuous at y, i.e. that 


(15) ET z 0; y= A + fee 


Since the set P (o1) + P(o2) is at most Jomali and has iedee an. 
everywhere dense complement, we may choose’ a sequence {e;} such that, on 
‘the one hand, 


(16) = 0<g 70 as. joo, 


and, on the other hand, neither y - e; nor y — s is contained in P (e1) + P (c2) 
where f == 1,2,- +. The integral representation (3) of o(s) exists then at 


i 


every point z = y + ej and yields 


au +a) —e(y—a) = S lautat — a (y — i — £)]doa(€) 
2 fo.(y + a T [o2 (fom + i ei 
= [|o (Én + €j) Bo mo ea 





inasmuch as `y = ém + om. Accordingly from (2) and (16) 
Aé(y) = > As, (Ém) Ace (m). 


Hence (15) follows by eae Gaje 2 2 a k 
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A NOTE ON. THE KRONECKER-WEYL THEOREM. 


By E. K. HAVILAND AND AUREL WINTNER. | 
l E , | : 
Let z(t), k == 1,2," © .-m, be n real functions defined for — œ < t 
< -+ oo. For simplicity, we assume. them continuous. Let, © denote the 
n-dimensional torus 0=S 2 < 1 resulting from the n-dimensional Euclidean 
space by reduction mod- 1 and let © denote the curve 7% = z(t) on this torus. 
It is supposed also fhat‘all time-averages - - 


M[exp{2ri $ mase(t)}], h (mat + + tam 0, 1, BO *) 
where Eann E > E es 
M(---)—lim 1erf ---dt 

Taro ` -~T ‘ 

exist. 

In the peat paper it will be new that to every region ®t: 
(dy, tS by) on © there belongs an asymptotic probability (R) repre- 
‘senting the average time spent by © in N, provided that Wt is non-singular — 
in the sense that the boundary. numbers a, and by of R do not belong. to an 
at most denumerable set.” . This monotone set function. satisfies the mo- 
mentum conditions | 


MLexp(exi È mits (t) }] = Sy exp{2ai 5 ie aa ae 


andi is in the main, gnaoi determined by these andens: The assumption 
that all time-momenta Wè exist seems to be a rather restrictive hypothesis. In 
reality, it turns out to be not only sufficient but also necessary for the existence 
of a distribution function . In the particular case a(t) == Axt + Os, Where , 
the A, and a, are real numbers and the A; linearly independent, our theorem 
yields the Kronecker-Weyl theorem according to which in this linear case © 
is asymptotically “ gleichverteilt ” on %.+ In fact, the time-momenta M all 
exist and are zero unless all my, are zero. Hence (R) = meas R satisfies the 
momentum conditions and is therefore the distribution function of the asymp- 
totic probability... The existence of the distribution function ¢ is,, however, | 


* That these exceptional lines may actually oceur is shown by an example, of H. 
Bohr, “ Kleinere Beiträge zur Theorie der fastperiodischen Funktionen. II,” Det. Kgl. 
Danske Videnskabernes Selskab. Meddelelser, vol. 10 (1930), no. 10. 

} Cf. H. Weyl, “Uber die Gleichverteilung von Zahlen mod. Eins,” Mathematische 
Annalen, vol. T7 (1916), pp. 319-320. 
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assured by our theorem also in the case a(t) ="Ast + y(t), where yx(t) is 
any real almost, periodic function, although there need not then be an asymp- 
totic equipartition of © on $. Also it is not necessary that exp [ia,(t)] be 
almo&t periodic. In the particular case where the monotone set function 
(R) is absolutely continuous and may therefore be represented as a Lebesgue 


integral * got. a, 
A(R) = f F2 + st )da dm (FBO), 


f is a function of the position on the torus and represents the density of proba- 
bility (f==1 in the case of equipartition). is, howéver, not always ab- 
solutely continuous. If œ is absolutely continuous, every R is non-singular in 
the sense mentioned above, although the converse is not necessarily true. 

The condition’ that the (+) be continuous may be replaced by the more 
general one that q(t) be measurable in every finite ¢-interval. Hence it is 
allowed that s(t) be a step-function constant in every interval m St <m -+ 1, 
so that all considerations hold also if the curve v, == z, (t),* + ` En = r(t) is 
replaced by a sequence T, = 2,(m),° + En = n(m), m=0, +1, +2, >> 
as considered, in the particular case of an equipartition, by Weyl.t 

The proof of our theorem closely parallels that given for almost-periodic 
complex functions of a real variable f and is an extension of the theorem 
proved in the case of one dimension.§ We restrict our considerations for con- 
venience to the case n == 2 and first prove the 


UNIQUENESS: THEOREM (I). Let there be given an absolutely additive set 
function p(E) such that (2) =0 if E lies outside the fixed rectangle J: 
0&r<1; 0Sy< 1 and 


+00 i +00 , 
cos COs cos gin ; 
(1) ff Sit ITNE en Qrmydayd (E) =f f ait Rana ane a (E) =0 
= . “OO ` 
for all non-negative integral values of n,m. Then 


* CE, e g, E. W. Hobson, T'heory of Functions of a Real Variable, 2nd Edition, 
vol. 1 (1920), p. 545. 

+ H. Weyl, loc. cit., pp. 318-319. i 

t E. K. Haviland, “On statistical methods in the theory of almost-periodie func- 
tions,” Proceedings of the National Academy of Sciences, vol. 19 (1933), pp. 549-555. 
See also C. A.-Fischer, “ Linear functionals of N-spreads,” Annals of Mathematics; ser. 2, 
vol. 19 (1917-1918), pp. 37-43, or S. Bochner, “ Monotone Funktionen,” Mathematische 
Annalen, vol. 108 (1933), pp. 378-410. 

$ A. Wintner, “On the distribution function of almost-periodic angular variables,” 
American Journal of Mathematics, vol. 55 (1983), pp. 606-610. 
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| f Í. davo(H) = 0 


for every non-singular $ rectangle R. = ° 


e eo 
Proof. If e: (t Se < t23 YE y< Ye) be a rectangle whose side 
y = yı is a non-singular lne of ¢, then it is known * that — 


© him ff dovp(E) | = 0 


and a similar result holds if the rôles of æ and y be interchanged. From (1) 
it follows by the Weierstrass Approximation Theorem f that 


J f He yid E) = f f Fe yda) =0 


for all periodic functions continuous in z, y together. In particular, we con- 
sider the continuous function fn (x, y) defined as follows: Let R: (aa < %; 
Yı = y < Y2) be the non-singular rectangle referred to in the statement of the 
theorem. Let Sn be the rectangle Í 


(a — ni S eLa Hnt; yni Ey <L y tn) 


where n is a positive integer. In R and on its boundary fa(z, y) == 1. With- 
out Sn, fn(£, y) = 0. In Sa — R, falz, y) shall be represented by that point 
of the truncated pyramid having Sn as base and Æ as top whose projection 
is (z, y). Then 


J f falz ind) = S f d + f S fale y) devo (B) 


where the eng, k == 1,: - <4, are four non-overlapping rectangles which com- 
pose S,-~#.§ The integral on the left is zero by hypothesis. Moreover, 


SS henda <f | devb(B) |< te (n>N, k=) 


Hence ff, dayb(H) | <e for n>N, so Sf. doyp (E) = 0,*° qe. d. 


* E. K. Haviland, loc. eit., p. 550. 

+ Cf. L. Tonelli, Serie Trigonometriche, Bologna, 1928, p. 494. 

$ It is supposed; that the images of 8, mod 1, do not overlap. This involves no 
restriction on R. i Aos 

$ E. K. Haviland, loe. cit., p. 551. 
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With the help of the foregoing theorem, we prove the 


MOMENTUM THEOREM (I). Let there be gwen a continuum of mono- 
tong absolutely addiiwe set functions prof uniformly bounded variation and 
such that pr(E) =0 for al T and for all E outside the fixed rectangle 
J:0Se¢<1;0S97< 1. Then tf as T becomes tnfinite 


lim sf COS 2rnx 208 Remy daypr (E) = Me o, 


lim sf cos Irna sin rmy dayor(L) =», 


lim ff sin 2anz cos amy deypr( E) =p È, 


-09 


nm? ` 


and lim f f sin rng sin amy devi CE ) = p (4) 


for all non-negative integers n,m, then lim dr(B) = (BR), where o(L) has 


the same properties as pr( E) and R is any rectangle non-singular with respect | 


to d(£). 


Proof. It follows from the Compactness Theorem for monotone absolutely 
adJitive set functions* that there exists a sequence of functions {¢,'(R)} 
such that lim ¢,!(R) = ¢'(#), where p! (RY possesses the same properties as 
or. If it were possible to select a second sequence {¢,(2)} converging to 
go! (F), we could apply the Term by Term Integration Theorem for Radon 
P to 


+00 
lim ap fom CoS o amg y dad (H )= aoe s COS orng © a S 2amy deyor (E) 
obtaining | 
+00 +00 ; 
COs cos I __ €. ( cs cos 1 
f f oe Rane sin Irmy deyb' (E) = ff ein Rane a gammy day (E) 
-00 ' , “OO 


* For roof, see J. Radon, “Theorie und Anwendungen der absolut additiven 
P 3 £ 
Meng enfunktionen,” Sitzungsberichte der Katserlichen Akademie der W tssenschaf ten, 
% 7 


Wien, vol’ 122 (1913), pp. 1337-1342. Revised, ibid., vol. 128 (1919), pp. 1093-1094. 


A statement of this theorem and of the Term by Term Integration Theorem more con- 
verient for our purposes is to be found in E. K. Haviland, loe. cit., pp..551-552.. 
ae 
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cos sin #253 


Tt follows from our, Uniqueness Theorem that ¢'(R) = ¢"(R) on all rect- 
angles R non-singular with respect to y, ¢' and #!!, and hence on every 
ractangle R non-singular with respect to ¢' = p.” On placing ¢' = 4, we 
obtain lim ¢7(#) = (E) on all non-singular rectangles of ¢, q. e. d. 

We next consider 


TreoreM III. Let x(t), y(t) be two single-valued real functions of the 

real variable t defined in —œ <t<+'o and measurable in every finite . 
- imterval. Let E be any set in the x, y-plane such that if T is a positwe number, 
(B, T), the set of those points t for which —TStST and the curve 
z= a(t), y = y(t) reduced mod1 belongs to E, is measurable. Then the 
monotone set function pr( E) =1/2T meas (E, T), which ts easily seen to be 
absolutely additive on the sets E above TNI as such that 


(2) 1T fF OS zene (t) + my(t)]dt — f Jz COS ar (na -+ my) deur (E) 
where n, m are real integers or zero. 


Proof. Since cos 2xr[na(t) -+ my(t)] is a bounded measurable function 
of tf the Lebesgue integral on the left of (2) exists and the limit of its 
Lebesgue approximating sums is 


(3) A $ COS are T my) meas io f(t) < m} 

` rzi 
where A =p <m> 2 np = B is a subdivision of [A, B], where A < fit) 
< B and cos 2r (na + myy) is a value of f(t) = cos 2r[na(t) + my(t)] in © 
[v1 gv] if such exists; otherwise meas {yv-1< f(t) < m}==0 so the defini- 
tion is not affected. Again 


* E, K. Haviland, loc. cit., p. 550. 
+ Cf. J. Radon, loc. cit., p. 1299. 
+ Cf., e.g., E. W. Hobson, op. eit., vol. 1, p. $18. 
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er S f(t) < . 

meas{yv_1 SS Ð< nv}== X J. meas Ti- Ss (£) < T; aS > meas{ Evi} 

4=1 j= 4=1 fi 
oe ee Cy Sy) <y i 
since the sets on the right are Cisjoint, the A 1, %1) representing a aves 
of [0, 1) into r equal parts and the [yj1,y;) a sineilar division of [0,1) and 
(x) denotes as usual the fractional part s— [a2] of s and likewise 
(y) =y — [yl]. me 

-~ Then (8) may be written 


(4) lim $ > 5 cos 2e (nis -}- inyvig) 1 meas {Rvi;} 


pol i=l j=l 
where (Zvij, Yvij) is a point of (tia & £ < tij Yj y <y;) for which 
nv- & f(t) < yv, by virtue of the periodicity of the cosine. Furthermore, (4) 
may be rewritten as 
(5) f at’. lim > S$ s cos as <a MYvij) pr (Briz); 


yzi i=i pe 


where Rvi; denotes the set of those ee (x,y) for which the three e 
tia ET <L Ti Yay <y and ma S cos r (ns -+ my) < y. 


are fulfilled, and 27’¢r(Rv:;) is the measure of the set of those points ¢ in 
[— T, T] such that z == s(t), y= y(t), reduced mod 1, satisfy these three 
conditions. That the set of points t corresponding to Rvs; is actually measura- 
ble (so that Evi; belongs to the domain of definition of ¢r) follows from the 
fact that it is the intersection of an at most denumerable number of measurable 
sets, viz. those points ¢ in [— T, T] for which m.. f(t) < m, those for 
which M+ si S a(t) < M +e, and those for which N + Ya S y(t) 
<N +y; M,N =0,& 1, +2; -.* Since 
> X Bn =J: (OS¢<1;05y7<1) and lim 8(Ry;) =0 

vel i=l j= p.7,S=00 
and since cos 2r (naz +- my) is uniformly continuous in (0S ¢#S1;05y81) 
and hence a fortiori in J, the Radon integral on the right of (2) exists, ¢r(H) 
being zero for sets # lying outside J. As the integral is independent of the 
mode of subdivision of J, provided only the latter be sufficiently fine, it follows 
that this integral is given by (5) divided by 27, thus prone (2). A similar 
result holds if cosine is replaced by sine. 

_ We now immediately obtain 


* Cf, e g, E. Kamke, Das Lebesguesche Integral (1925), p. 61, Theorem 9. 


+ 
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Tunorem IV. Jf z(t), y(t), as defined in the previous theorem, are 
such that 


im 1/27 f exp [Brifne (Ó + my (t) }]dt — Mexp [Pai (ne + my) 1) 


exists for all integral values of n and m, and if pr(E) is the set function there 
defined, there exists a mogotone absolutely additive set function ¢(H) such 
that as T becomes infinite, lim or(F) = (2) for all non-singular rectangles 
of ¢ and p(E) =0 for all sets E lying outside J. Furthermore, 


Mim (o) = M{exp [Pri(ne + my) J} 
where | 
+O 
Mm ($) = f f exp [2ni(na + my) ] dee (2) 
=e OC} * 
and (E) is uniquely determined by its trigonometrical momenta save on tts 
singular lines. | 


Proof. From the preceding theorem it follows that 


(6) 1/27 f exp[2rifne(t) + my(t)} ldt. 


=f exp[2ri(ns + my) ]deypr (E). 


Hence as T becomes infinite, 


lim if f exp[2riins + my) ]devpr(E) 


exists. Consequently 


+00 


+00 
lim f f cos 2a (na + my)deydr(#) and lim f f cos 2r (na — my) dayor (Ll) 


exist and hence ` 


+00 


lim fi -COS ZrnE cos rmy Best (E) =p 
00 


exisis and the existence of p‘, 1 = 2, 3, 4 follows similarly. The Momentum 
Theorem then shows that lim ¢r(#) = $(£) for all rectangles # non-singular 


with respect to œ. Applying the Term by Term Integration Theorem to the 
right-hand side of (6), we obtain l 
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lim 1/27 f ee JS J exp[2ai(na + my) |devp(B) 


T=00 


i. e. M{exp [Rai (na + my)]} = Mow () 
where it follows frdm, the Uniqueness Theorem that A is completely determined 


up to its singular lines save for an additive constart. 
Conversely, we may state 


THEOREM V. If the curve z = g(t), y a y(t), reduced mod i, possesses | 
a distribution function (E), then 


Ta i 
lim 1/2T | exp[2ri{ne(t) + my(t)} lat 
T + 


T=00 ~ 
exisis for all integral values of n, m. 
Proof. By hypothesis, the functions ġp( E) exist and lim @r( E) exists, 
T=00 

= ġ( £), where Ẹ is any set of points in the v, y-plane such that the points t, 
in [— T, T], T arbitrarily large, for which (z(t), y(¢)), reduced mod 1, lies 
in Æ are measurable. Under these conditions, Theorem III holds and ap- 
plying the Term by Term Integration Theorem to the right-hand side of (2) 
(the integration being eee over (OS @t@S1; OS y=1)), we obtain 
the zesult that 


lim 1/2 f ante lne(t) + my(t) ]dt 


Pao 


exists, which implies the existence of 


T 
am, 1/27 f exp [2arv{na(t) + my(t) }]dt q. e. d. 


THE JOHNS HOPKINS UNIVERSITY, 


ON CERTAIN PERIODIC. MOTIONS OF DYNAMICAL SYSTEMS 
WITH MORE THAN, TWO DEGREES. OF FREEDOM. . 


By are C.“Lewis, JR.* 


1. Introduction. ` It'is well known that the motions near a given periodic 
motion of a dynamical system with n + 1 degrees of freedom can be studied 
with the help of a Hamiltonian system of order 2n: 


(1.1) dz;/ät = 0H /dy,, dy;/dt=—@H/de, . (j=1,2,--*n). 


This reduction from the original 2n + 2-th order system is carried out with 
the help of the energy integral, a certain change of variables, and the elimi- 
nation of the time. The ¢ which occurs in (1.1) is not the time but an 
angular coördinate. H is an analytic function of æ, 41, Los Yo, °° * En, Yn 
and ¢; and admits the period 2r in 7. The given periodic motion appears as 
a generalized equlibrium point, 7; = y; = 0 (3 = 1, 2, <- n), and any fur- 
ther periodice solutions of (1.1), near this equilibrium point and having a 
period which is an integral multiple of 2r, correspond to periodic motions - 
in the original 2n +- 2-th order system. 

In case the given periodic motion is of general stable type, the existence 
of an infinite number of further periodic motions in the neighborhood of the 
given motion was proved in a joint paper by Birkhoff and myself.+ In the 
non-integrable case of two degrees of freedom it is known that infinitely 
many of these periodic motions are of stable type and infinitely many are of 
unstable type.t It is purposed, here to obtain an analogous result for the 
present case of n +- 1 degrees of freedom. 

It is found that, if a certain symmetric matrix of invariants of the dif- 
ferential equations is the matrix of a definite quadratic form, there will “in 
general ” exist infinitely many periodic motions of stable type and infinitely 
many of each unstable type for which the characteristic exponents are all 
real or pure imaginary. In case the invariant matrix does not yield a definite . 
form, it appears possible that none of the periodic motions may be of stable 


* National Research Fellow. 

+ “On the periodic motions near a given periodic motion of a dynamical system,” 
Ainali di Matematica, serie 4, tomo 12, pp. 117-133. This paper will hereafter he 
referred to as BL. ` 

ł G. D. Birkhoff, “ Dynamical systems,” American Mathematical Society Colloquium 
Publications, vol. 9, chapter VIII, 2. 
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type, while some (though never all) will appear as periodic motions with 
complex characteristic exponents, a -+ bi (as 0, b540). 

a weak part of the paper*lies in the hypothesis that the “ general 
case ” a8 defined in § 5 may actualky occur. “Tt is freely admitted that it 
would be highly impracticable to test an example for the fulfillment of the 
conditions of the definition. The hypothesis, the fulfillment of which appears 
to the writer to be entirely plausible, is submitted without further apology. 

We assume a preliminary well known normalization of the function H.* 
Namely, we write H in the form, | 


(1. 2) H = 2 ATi) + Pu(tiys,' * * Enya) + Kp 


where the A; are constants (the characteristic exponents or multipliers). 

is a polynomial in the n products 2,4,,° + + @nYm,.of degree u + 1, at most, 
and without linear terms. The coefficients of Pu are constants. Ky is a 
convergent power series In Ti, Y1 ' * n, Yn, beginning with terms of degree 
not lower than 2 -+ 3, the coefficients being analytic periodic functions of ż. 
This normal form can always be attained for an arbitrarily chosen p = 1, 
provided that there are no homogeneous linear relations with integral coeffi- 
cients, not all zero, connecting the A; and i(= VY —1). 

The given periodic motion is assumed to be of general stable type: That 
is, the Aj; are pure imaginary and admit no such commensurability relations, 
and the determinant of the coefficients of the quadratic terms in Py is not 
zero. It may be observed in this connection that the matrix of these coeffi- 
cients is independent of the choice of p; and, in fact, if w > m, P'w and Pe 
do not differ in terms up to the » + 1-th degree inclusive. _ 

It is also convenient to note here the well-known fact that in this case of 
pure imaginary characteristic exponents, the Hamiltonian conjugate variables 
(2;,¥;) occurring in (1.2) are conjugate imaginary, while the coefficients of 
Pp are pure imaginary. 

Using the normal form for H, the iuo of (1.1) which takes on the 
initial values Zjos Yjo, for t = 0, may be written in the form, 


Lj = Tjo exp [+ UM; (£y) / (2r) | + £a (t, £o Yo) 


1.3 , ane 
Coe ys = Yio exp [— tM, (toyo)/ (2x) ] + ¥i(t, te, yo) 
(7 =1,2,° i n), 
where , 
(1.4) - M;(oyo) = (27/1) [Ai + OP u/0(xjoyso) |; 


* Œ. D. Birkhoff, “ Dynamical syatems,” American Mathematical Society Callagunin 
Publications, vol. 9, chapter III, 7, 8, 9. 
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and X; (t, £o Yo) and F; (t, Zos Yo) are power series IN Zio, Y105° * * Znos Ynos 
beginning with terms of degree not lower than 2p + 1, the coefficients being 
analytic functions of ¢. These series copverge absolutely and uniformly for 
any fixed range of values for t, if the mis, Yro* °° Inos Yno ATE taken sufficiently 
small. 


2. The transformation T and some of tts properties. We now set t = 2r 
in equations (1.3), and replace the v; and y; by xj, and yj, respectively : 


Ta = Tjo exp [-+ iM; (2090) ] + X; (2r, To, Yo) 
Yir = Yio exp [— iM]; (z040) ] + Y; (2x, to Yo). 


These equations define a transformation T of thè neighborhood of the origin 
into itself; and evidenzly, since H is assumed to admit the period 2r in t, 
there is a one-to-one correspondence between the periodic solutions of (1. 1) 
of period 2m and the points that are invariant under 7”, the m-th iterate 
of 7’. The existence of such invariant points was proved in BL. . 

It is more convenient to write T in terms of the modified polar coördi- 
nates (Us, Oi, Ue, Oa, © © Un, On), where 


Uj = Tyi; bi = tant [ily — ay) / (zi + y;) ]. 


Since x; and y; were conjugate imaginary, it is easily seen that these new 
variables are real. The transformation T now appears in the form: 


Uj1 = Ujo + Uy (to, 9) 


(2. 1) Oi = Oio +. M; (Uo) + Oj; (uo, Oo), 


where U;(u, @) may be represented as a convergent power series in u,”, ++ tn, 
beginning with terms of degree not lower than 2u + 2, the coefficients being 
analytic periodic functions of 6,,62,° © >On. ©j;(u,@) is an abbreviation for 


an expression of the form, 


fi (u, 0) / [uj — g; (u, 6)], 


where f; and g; are convergent power series in the uj% beginning with terms 
of degree not lower than 24 + 1, the coefficients being analytic periodic func- 
tions of the @s. | 

Let tim; Gim,° * * Urm, Onm, represent the point into which the point 
Wos 910," © * Uno» Ino is carried by T"; m—1,2,-°-. 

It is easily shown, on account. of the Hamiltonian form of the differ- 
ential equations in 2;, vj, that not only is . 
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2 (timb jm — Ujod8jo) 


an exéct differential but its indefirfite integral ‚(thought of as a function of 
the’ ajo and Ojo) ‘is periodic in the ĝo with period 2%. ` Incideritally this is © 
in part a mere reflection of the well known fact thaé the Hamiltonian form 
of the differential equations is preserved by the change from the variables 


(T; Yi) to the new variables (u;, 0; i). ; $ 
` The greater part of the analysis in BL was directed toward the proof 


oF the following . : oe “se 


FUNDAMENTAL "THEOREM: There exists an infinite number of manifolds 
un the space of the 2n var iables, Uros .J10,*  * Uno, Ono, each, manifold defined 
by equations of the type, > .. nape 


(2. 2) - E “jo = B; (O10, T = Ono)» E | l (1 =1, a n), 


along which, for. a` suitable choise of the integer m, the bim difer from the 
_ Ojo by integral multiples of 23m. The B; are analytic single valued non- 
vanishing periodic functions of period 2a in the 6's. 

Furthermore a manifold of this type may be taken in such a way that, 
gwen a positwe number a <3 , the ujo along the manifold satisfy the fol- 


lowing relations :. 


y 


1. Ujo/ Uko > 2a for all pairs of indices, j,k = 1, 2, en, 


2. S Ujo” | =o] ts ODUNA small. 
j=1 


3. 0< m EKES, where K is independent of the ujo. 


These results were ‘obtained under the assumption that ‘the transforma- 
tion T (or the original differential equations) had been normalized to the 
extent that p= 8n + 4. 

We shall call a manifold of the above type a manifold B. 

We now consider the indefinite integral, $} $, (UjmdOjm — Ujod6jo), 

. aS 


J 


extended over a manifold B. Since a manifold B is essentially characterized 
‘by the existence of a set of integers kı, ko,* + ' kn, such that bjm = Ojo + kyr 
along B, we have d6jm = d0;,; and we write © . 


(2.3) ` J (105 9205" ani) = fè 5 (um — ti ka 


where J, Heaguely defined save for an additive constant, is senodi in ie bos. 
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The existence of invariant points under 7” now follows immediately 
from the remark due to Birkhoff * that any point dn B corresponding to a 
critical value of J is necessarily invariané under 7”. ‘This is obvious, since 
8S /8649 = Uim — Vio = 0 Tt at a critical point, while, along B, im = bio 
(mod 27). Ina fundamental domain, J must have at least 2” critical points— ~ 
provided that multiple critical points be counted the proper numberof times.] 

It is one of our main purposes to study the relationship existing between 
the character of these critical points and the type of stability or instability 
possessed by the corresponding periodic motion. ` 

In the case of n = 1, J is a function of a ‘single variable and can have 
only two kinds. of critical points, maxima and minima; in as much as a hori- 
zontal point of inflection counts as, a multiple critical point. If J be not a 
constant, it must possess at least one. maximum and one minimum. , Since 
non-integrability means essentially that J can. not be a constant, Birkhoff’s 
result, already referred to in § 1, can be interpreted to mean that a maximum 
of J always corresponds to a periodic motion of unstable type and a minimum 
to a motion of stable type; or vice versa, according to the sign of a certain 
invariant of the differential equations. 

For n > 1, the simple geometrical methods of Birkhoff do not appear to 
be applicable. This will necessitate a direct appraisal of the characteristic 
exponents in question. In order to obtain concrete results we eventually 
confine attention to the “general case” as defined in §5. This is to some 
extent analogous to Birkhoff’s restriction to the non-integrable case though 
of a much more complicated character. Furthermore instead of the sign of 
a single invariant which figures in the above interpretation’ of Birkhoff’s 
result, we shall be concerned with a whole square matrix, C, of invariants. 
The matrix in question is 4r/ V—1 times the matrix of coefficients of the 
quadratic terms in the polynomial Py which appears in the normal form of ' 
the differential equations. From this definition of C, it is important for _ 
later purposes to note that C is obviously symmetric. -If we let cj(u)= 


*G. D. Birkhoff, “Une généralisation à n dimensions du dernier théorème de géo- 
métrie de Poincaré,” Comptes Rendus, vol. 192 (1931), pp. 196-198. E 

t Here, as elsewhere, the notation 5/80 is used to denote partial dAerentiatio 
along a manifold B. 

tM. Morse, “Relations between: the critical: points of a real function of n in- 
dependent, variables,” Transactions. of the American Mathematical Society, vol. 27 
(1925), pp. 345-396; and A. B. Brown, “ Relations between the critical points of a real 
analytic function of N independent variables,” American Journal of Mathematics, vol. 
52 (1930), pp. 251-270. Here the ay numbers are the binomial coefficients 
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0M ;/duz, it appears from (1.4) that the elements of ( are precisely the 

numbers ¢j,(0). We also observe that the determinant | cj,(w) | is not zero 

near the origin since we start with a periodic motion of general stable type. 
Befare proceeding further with these ideas*we must devote the next few 


" pages to some fundamental inequalities. i 


i 
3. Some fundamental inequalities. We shall use the following notation: 


c= (Sut), in (Sten?) 
k=l KZL š 

a = an arbitrary positive number < 4. 

The capital letter 4, followed sometimes by a subscript, is used through- 
out the paper to denote a suitably chosen positive quantity, dependent per- 
haps upon g, the equations (1.1), and w (i. e. the extent to which the equa- 
tions have been normazized), but independent of uy, 01, Ue, O2,° © © Un, On. 

.In BL it was shown that the following inequalities hold as long as ¢ is 
sufficiently small and u;,/u; = @ for all pairs of indices k, 7 = 1, 2,- ce n:~ 


| 7 3{u, 0) | < Age | OU ;/du, | < ALE | OU /0O, | < AGH, 


Ss Á | @;(u, 0) | < Ate | 8@;/du, | < AZ | 00;/00, | < AL. 


Let E(n, 8) denote the collection of points (u, 0) for which = y and 
u;/Ux = B for all ordered pairs of indices j and `k. Then the following impor- 
tant result was obtained in BL: 


Tuerorem I. If (uo 6o) ts a point of R(y, 2a), then the wmage point 
(tim, Im) under T™ must lie within R( mm, a) as long as mS Ato”, provided 
that éo 1s sufficiently small, at least for the case that n = 2. 


We write the m-th iterate of PF in the form, 


Ujm = Ujo + Tim (Uo, bo) 
Bim == bjo + MM; (Uo) + Ojm (Uo, o) j= 1,2, >n 


suggested by (2.1), ard we proceed to prove the following theorem. 


(3.2) 


Trrzorem II. If (ust 0o) is a point of R(n, 2a), with y sufficiently 
small, then the following inequalities hold as long as mS Klo: 


[9U jm/OUxo | SS Abo, | OU yin/OOxo | SS Ator, | en pS Agree, 
| bO jm/O6x0 Is = Aly Ley /2 


Here K is an arbitrary positwe number and the necessary smallness of ny 
depends partly upon K. 
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Proof. We introduce the notation 00jm/90%0 = Vin (mM) , 0Ujm/O6%o = Wirm). 

[m, k] will be used, as a symbol to denote any linear homogeneous function 

of v(m), valm), * - Unn(m), WsM), Wox(m),* ` *Wae(m), Whose coeffi- 

cients, depending upon m and (tu 6)), are infinitesimals of at beast the 

(»—1) th order in { for m= Kf£,5*", uniformly for (Uo; a) in E(y, 2a). 
From (2.1) we have ` l 


yi { vin (1) == 06j1/8 O10 = jr + P o) 0840 = n ô -+ aj (88y) 
(3. 3) Also UO Sit, wz(0)= 


By the elementary ae for partial differentiation we find 


eas + 1) = 2 (66 mss/B01m) vie(am) T $ (i Pim) ) 
wpm ll > (Ot; ms1/O81m) v(m) + > (dues /Putim) wu (m). 
But from (2.1). and the notation Ci, (u) = 0M; /Ou,, we obtain 


00 jms1/ 001m = 851 + 00; (Um, Om) /O0 1m 

06 jaa /OUim == == CF] (Un) -+ 0O; (Um, Om) /Otim 
0265 ma1/00 un == ðU; (Um, 6m) /O6 1m 

OU jmsr/Othim == djr + OU; (Um, Om) Itim. 


(3. 4) 


We now use the inequalities (3.1) with reference to the point (Um, Om). 
These inequalities are here applicable, because from Theorem I, Ujm/Uiom = za 
for all pairs of indices j and k, m being rəstricted in such a way that 
m = Alo”. Noticing also from Theorem I that Em <= né, and introducing the 
symbols [m, k], we get from (3.4), 


Vip m + 1) = Vjx(m) ~f- 2 Cjr (Um) Wix(m) L [m, k] 
zł . 
wrm + 1) = wrm) + [m, k]. 
Since the ci;(w) are polynomials in the w’s such that the determinant 
| cij(0) |= 0 (cf. the original definitions of Pp, the M; and cj, remember- 
ing that we are dealing with an equilibrium point of general stable type), 


it is easy to show that the ws can be eliminated from equations.(3.5) by 
sufficient restriction of y. The result is 


(3.6) A*v;,(m) = [m + 1, k] + [m, k] 


where Awp(m) = valm +2) — Wm + 1) T Dn and. [m +1, k] 
-+-[m, k] does not contain any w’s. 


(3.5) 
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We first wish to find out how large 5 | væ(m) | can become. Denoting 
e 


this quantity by ys(m), it is seep from (3.6) that it can not increase as. 
rapidly as it would if : š 


Ayr (m) = 2pyx(m + 1) [p = Ago] | 
under the initial conditions, R 
yx(0) = 1, (1) =1 + = r 8®; (Uo; 90) [i is cf. (3.3) 


Let | > | O; (to, 0a) ôro | = b< p. 


(8. 7) 


The solution of the above difference equation which takes on these initial 
conditions is found to be: 


yx (m) 
_ (e—-b + Vp?-+2p) (1--p—vV eF) "+ (b—p+ V p?+2p) Git: V+?" 
2V p + 2p 
This may be written in the form 1 + mb + p% Q (mp2, p£), where Q{ mp®, p*) 
is a convergent power series in mp% and p* without constant and linear terms. 


Let us now PA m by means of the inequality 
(3. 8) . 0 < m Æ SKg e/t — Apt i 


where, w = 3/ (4u — 4) > 0. It follows from (3.7) and the above expression 
for y,(m) that with m so restricted it is possible to choose čo (and conse- 
quently p) so small that 0 =£ S phm) <2. If we still further restrict m, so 
that 


(3.8) : 0< ms Kf, alt 


the choice may be made so that we have also 0S yz(m-+1)< 2. Hence it 
appears from (8.6) that the slope of v(m) can not increase as rapidly 
as it would if A?vj,(m) == 2AE and can not decrease as rapidly as if 
Avir (m) =— ZAE. But-the first of these difference relations, under the 
initial conditions (3. 3), yields : 


va(m) = dix + am + Ato m(m—1) 
while the second yields | 


v(m) == 854 + ljm — Å m({m — 1) r 
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Since | aj | < A it follows, if m is restricted as in (3. 8’), that the true 

value of vj,(m) differs from 5, by an infinitesimal in ĉo of order ġa + 1. 

i.e. | 86 jm,/80 19 — jy | < Ate. Referring back to (8.2) we see thgt the 
last of the four required inequalities has been proved. | : 

Now we go back te equations (3.5) and appraise the wix(m). We 


first find out how yapidiy > | wjx(m) | can increase. Denoting this expres- 


sion by 2(m), we see that it can not increase as rapidly as it would if 
din / Om = pic + p, where, as before, p == Af". In order to obtain this 
result, we, of course, make use of the appraisal already found for the v(m). 
Solving this differential equation with the initial conditions (0) = 0, we 
obtain z(m) = e™— 1. Therefore, if m is restricted as in (8.8) or (8. 8’), 
z (m) certainly remains bounded for sufficiently small values of ĉo. Hence 
from (3.5) we find that wj,(m) can not increase as rapidly as it, would if 
walm +1) —wix(m) = +. Age nor can it decrease as rapidly as if 
w alm +1) — wye(m) = — AL. But the first of these difference rela- 
tions, under the initial conditions (3.3) yields wj,(m) == Agom while the 
second yields w; (m) = — Agom. It follows that the true value of wj,(m) 
is an infinitesimal in o of order 3a/4. 


1. e. | win(m)| = | 0ujm/O6x0 | = | DU m/e = < ALM, 


which is the second of the required inequalities. 

The proofs for the third and. first. inequalities can be carried out in a 
similar way and are hereby left’to the reader. Besides, many of the more 
difficult details of this part of the proof have already been published in a 
slightly different form in BL.. | 


4. The deter minantal gunan for the characteristic exponents. We shall 
be concerned with square matrices of order 2n. Such a matrix will frequently. 
be written in the form | 

Ges - (ais) 
(caz) (diz) 
to indicate that the n? elements in the upper right hand corner it which we. 
shall call the first quadrant) are precisely the elements in the square matrix 
(aiz) of order n; the n? ‘elements in the upper left hand corner (the second 
quadrant) are the elements of the square matrix (b;;) of order n: ; etc. The 
matrix (¢i;) occupies the 3rd quadrant and (dij) the 4th. 

Suppose that (üo, 6)) represents a point which is invariant under T™, 
Then the characteristic exponents s;, 82," * + Sen, Of, the corresponding periodic. 
motion satisfy the equation: 

3 
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(Ge) — Ees (z=) 
Uj 
= i 00; 
im ° im g 
* Gn ) z Ga )- ae 
Here # represents the unit masrix of order n, and ål the partial derivatives 


are evaluated at (to, 0o). If we set é= e: —1 and subssitute from (3.2), 
this equation appears in the form, 


(Win) ¢ (7) i 
Ajo 0650 














4.1 
ae) wag OMi | Win coin.) CG RE 
Pujo T Ilio O64 7 
Taking the point (üo, 0o) in accordance with § 2, we know that 8J/80io = 0, 
i= 1,2,---n, at the point (i, ĝo) in question. Let us compute the second 


derivatives of this function, 


T bams: °° Ono) = È È (im — tjo) ddio = f È Uin (uo 64) djo 
j= j= 


where the integral is extended over a path on the manifold B. That is, the 
Uos are thought of as functions of the 6,’s according to equations (2. 2). 
42) o OF Bem Uim , %0Vim Sujo 

j i 06 5 90 Oko dC x9 OB x0 j=l Ojo Alko i 
We now obtain an appraisal for the $2jo/86%0, using explicitly not equations 
(2.2) but the equations bim — bio = 2hia which define the same manifold B. 
From (8.2) these equations appear in the form alee = MMi uo) + @im(Uo, bo). 
Differentiating, we get 


= 0. 





— 


Òlo m 0650 





OUxg m IUko 








3 1 Oan) Uno Í PA im 


According to Theorem II, the coefficient of dt%o/58;. may be considered to 
differ by an arbitrarily small amount from cz;(0) by taking the invariant 
point (us, 0o) sufficiently close to the origin. But since the determinant 
| ci;(0) | is not zero, we may evidently solve for the duxo,/d0j., obtaining by 
Theorem II the result that | 8uxo/80;o | S (1/m) Agora”, And this shows 
us that 

te OU im DUko 
kei IUko Blio 





(4. 3) < (1/m) At. 
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It should be noted that for our present point of view we may always 
consider m to satisfy the double inequality 


(4.4) IKE < mS Keh, š 


For if m < 4K¢,'-#/4, wetcan always find an integer k such that 4Ké,1#/* 
< mk S Ké; and inszad of 7” we shall consider T7”*. This has the effect 
merely of multiplying the ¢haracteristic exponents by k and does not there- 
fore affect their character of being pure real numbers, pure imaginary, or 
complex numbers. Hence, with this understanding we combine (4.2), (4.3), 
and (4.4); and write ) 


(4. 5) OU im/ Oko = AJ / Dli rko + Tiks where | Tik | < Agtu re 


We shall now neglect certain terms in the determinantal equation (4. 1) 

and determine an upper limit for the error which we so commit in the coeffi- 

cient of é (q —0, 1, 2, 3,- ©- 2n). We neglect the ra in the first quadrant, 

the U im/0uj, in the second, the @@;,,/0u;9 in the third, and the 80 ion/ 065 in 
the fourth. (4. = then appears in the mutilated form, 


— bué) (50 3052 a7) 


(4. 6) det. - = | dij — AE | sat 0, 


OM; 
Puio (— 8:6) 





where the matrix (gi;) is the product of the matrices on and 
(87/884 980jo). 

The errors in the soutien of é"? and gnp- are each in absolute 
value less than Afo PV +H/2), p — 0, 1, 2, 8,- n. The proof of this result, © 
which rests on (4.5) arid Theorem IT is left to the reader. 


The roots &,&,° © * Em must satisfy an inequality of the form, 
(4. 7) | | é | < Af gt/2)*64/4) , 


For, if just one of the roots did not satisfy this inequality, we should find that 
S,(€) > A,f,0/?*4 | where we use the notation S;(£) to denote the sym- 
metric function of the ¢; obtained by forming the sum of all possible products 
> of the é taken k at a time. Actually, however, we know from (4.1) that 
| 91(€)| = | coefficient of 2% | < Aagot? < Arbo DD for sufficiently 
small éo Similarly, if just two of the roots did not satisfy (4.7) we should 
have | 82(é)| > Agla] for all A, provided that ĉo is sufficiently 
small, while actually we know that | Sa (é) | == | coefficient of 7? | < Af)i*#/* 
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for a certain A. If just three of the roots fail to satisfy (4.7), we should 
find | 83(€)| > Allt], when actually we know from (4.1) that 
| coefficient of £7 | < Ato amg: 91, In this way we can evidently eliminate 
all possible failures of the italicized ‘statement. 

It would now be desirable to define the “ general case ” as the case where 
the roots satisfy the double inequalities, 


P : 
A yb DHA < | é| < A of, At, > 


at least for an infinite sequence of invariant points in the neighborhood of 
the origin. This, however, is never the case, simply because u is arbitrary. . 
We therefore devote the next paragraph to a more elaborate definition. 


5. Definition of thé “ General Case.” So far we are sure of the existence 
of infinitely many points, (u, €), which are invariant under the iterates of T 
and which possess the following two properties: 


J. At these points the quadratic form, Q(u) = 2, Cij(U) azz, Is . 


non-singular and has the sarne signature as the non- ce form @(0) 
a > Cig (0) way. 
4,j=1 


II. At these points the following inequalities hold: 
(5.1) [Bp (VOM, | Ep |V, |E] < AE, B= (1/2) + (u/4), 


where u, é and ¢ have the same meanings as in the previous paragraph," 
while Ep and E’, are the errors in the coefficients of &*** and -20-1 respec- 
tively, which are incurred by assuming equation (4.6) instead of (4.1). 

' By property II, we mean-it to be-implied that a manifold B may be 
defined in the neighborhood «(at least) of the invariant point in question. 
Otherwise the symbols 5//86,;,80;) which appear in the definition of Ep and 
i’, would fail to have a:meaning. 

As we normalize our equations to higher and higher = thus taking 
higher and higher values for », we reduce the regions of convergence of the 
power series which define the transformation 7’ and which define the reciprocal 
relation between the original variables and the normalizing variables. In the 
limit the point set common to these regions of convergence certainly reduces 
to the origin, at least, if we exclude the exceptional case of local integrability.+ 


* From now on we omit the subser<pt 0 from ty 

+ Local integrability is defined as occurring if and only ‘ifthe “formal series ” 
converge. Cf. Birkhoff, “ Dynamical systems,” AREN OAN Mathematical Society Oollo- 
quium Publications, vol. 9, pp. 255-259. 
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Let-us start with coördinates normalizing to a certain degree, u = p (0). 
We shall call these coördinates the coördinates C°. In some region A(x, 2a), 
we choose an infinite sequence of points `P% P?, P>,- >- converging mono- 
tonically to the origin, such that Pt is invariant under some iterate 2’ ot T 
and such that Properties I and-II hold in the codrdinates O°. We can always 
do this on account of thé existence theorem of BL and the further develop- l 
ments already given in the present paper. ' ' 

We now define the coördinates C*. These coördinates are those nor- 
malizing to such a degree, a == a(t), that Properties I and II, hold for the 
points Pt, Pit, Pit- - - sunt such that at least one of these properties does not 
hold (or actually ceases to have a meaning) in codrdinates normalizing to any 
-higher degree, u > p(t). In this way we get a definite a(t). For. evidently, 
in the case of non-integrability, with increasing » the point P* would eventually 
find itself outside of the region of convergence of the above power series; and 
certainly at this stage, if at no earlier stage, the inequalities (5.1) would 
cease to have a meaning in the new coérdinates. Also it may easily be proved 
by the methods oi BL that lim w(t) = œ for any fixed sequence of the type 


considered. 
Let us denote by € the function ( >» uj") formed for the oasen 


Ct, while we omit the superscript in the ae of 0°, Then evidently EO) SS Awe, 
Hence inequalities (5.1) in the codrdinates Ct can be written in the form 


(5. 2) | EH, [aapa | E’, [a pr2, | é | < AW EB 
These inequalities hold, of course, for Pt, Pi", P#?,---. It-is emphasized 


that, in computing the F., Ep, and £s, the codrdinates C* are used, although £ 
is expressed’ in the codrdinates O°. In ae as t—> co, we presumably have 
AW —> æ as well as BA) wo. 7 

Evidently we may assume that a(0)'< (1) < p(2) < (38): and 
č < 1 at all the points Pè. If this condition is not fulfilled for the aa 
sequence, we can deal instead with a suitable subsequence. 

We now assign the points P', P?, P?,- - : to families F°, #, ¥?,- - - in 
the following way: 

Let Pi be the first point for which A\Z8 > AMM, Such a point 
~ must certainly exist, since (1) > @(0) and the Pt converge monotonically 
to the origin. D j=l. All points P’ a0 which t < 4, are 
assigned to F”. 

Let P/ be the first point after ph for which 4 P&E > AERD, Such 


* The meaning of the rotation is obvious: viz, Bli) = uli) /4+1 /2. 
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a point exists since B(2) > @(1). Furthermore j,= 2. All points P* for 
which 7, 14 < Ja are assigned to F*, 

„The process may be continued by induction. Suppose that the family F 
has been defined and that P3» is the next point’in the sequence and is such that 
jx =k. Let Pi be the first point after P3 for which AVO GEM > E 
Such a point exists since £(k +1) > B(k). Furthermore fier = Jn +1 
=ik-+1. All points Pt for which js 4 < jen are assigned to F*. 

With the possible exception of F°, none of the families Ft is empty. 
~ Every P’ belongs to just one family #* and the following inequalities always 
hold at Pe if T< J < ki: 


(5.3) ADEBD > ADEBD D A er) ZB), 
Furthermore since i = jx, == ki, we know from (5.2) that 
l (5. 4) | Ep era; Er |a (apta) él <A ht) FB ee) 


for points P* in F*. We agree once and for all that, for such a point P$, 
Ep Fp € will always hereafter be computed in the coérdinates C**. 

Let c; be defined by the equation A‘? £78) — A Togs, where ¢ has its 
value at the point Pt. Thus from (5.4), at any point P*, we have 


(5. 5) | By (er), | BY, YOD, | El Aloo, 


where A == A‘ ig independent of + (i = 1,2, + co). 
With the help of (5.3) it is easily shown that 


lim AEP -N == 0, 

P4-90 A 
no matter how large a number, V, may be preassigned. Thus the inequalities 
(5.5) put into evidence the fact that the és are infinitesimals of infinite 
order in ¢. 

To simplify the notation, we shall set z == £78), where it is understood : 

that z is defined only at the points P? (the only points where we have any use 
for it). In this notation the inequalities (5:5) may be written 


(5.6) [ml |By|<Aeo, || <4, (p= 0,1,2%--- 2). 


The capital letter A is still used to denote a suitabiy chosen positive 
number but in a more restricted sense than formerly. For previously the | 
quantity denoted by A frequently depended upon p. Since we are now dealing 
with a discrete sequence of pcints P*, the essential thing is settled when we 
say that from now on A shall be independent of i. 
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The general case is. defined as occurring if there exists at least one se- 
quence of invariant points, Pt, P?,- + - of the type described be such thai 
the following two requirements be fulfilled: 


I. The roots Éis É>, - ++ of the determinantal equation (4. 6) “are non- 
zero and distinct; eac root, and the difference between any two of them, 
exceeding in absolute value an infinitesimal of the first order in z, 


(57) ike. Jéh [&—&|> Ae | (i,j =1,2,- + Rn, 6547). 


Il. Among the corresponding critical values of J (which are necessarily 
non-singular on account of I), there are infinitely many of each signature, 
0,1,2,---2.* 

The plausibility of requirement II is made clear, when one remembers 
from Morse’s critical point relations that’ a function defined on an n-dimen- 
sional torus and admitting only non-singular critical values must have at least 
one critical value of each signature. 

The characteristic exponents s; are of course related to the corresponding 
roots é; of (4. 1) by means of the equeuon 


s = log (1 + £) mea E = 


On the other hand the roots é; of (4. 1) differ from the corresponding 
. roots € of (4.6) by less than 4z?” as follows from (5.6) and (5.7). 

Hence the roots of (4.6) give the characteristic exponents correct to 
within an infinitesimal of the second order in z. The s; are therefore also 
non-zero and distinct; each s; and the difference between any two of them 
exceeding in absolute value an infinitesimal of the first order in z: 


(5. 8) - . | se |, |si — s; | > Ase 


Furthermore the characteristic exponents are ry real, or pure imagi- 
nary according as the roots of (4.6) dre complex, real, or pure imaginary; 
and conversely—at least for g sufficiently small. 


For suppose that s is complex ; s=a-+ bt. Then since the Hamiltonian 
exponents occur in pairs (s,—s), it is seen that —a—bi, a— bi and 
—a-+ bi must also be characteristic exponents. It follows from*(5.8) that 


* A critical value of J is non-singular if the Hessian | 37/50, ,56,, | evaluated at 
_ the critical point in question is not zero, If this Hessian were zero, (4.6) would hava 
to have at least one zero root. The signature of a.critical value of J is defined as the 
signature of the quadratic form $< (3° /86,,/80;,)#,@;. 


tj 
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both a and b must exceed infinitesimals of the first order in z Hence s can 
‘not be approximated.to within an infinitesimal ‘of the second order by a real 
or pure imaginary é Hence the gcrresponding ¢ is complex.. The converse 
proposition follows similarly from the fact that the roots of (4.6) also occur 
in pairs (é — é). Hence, if s is real, é cannot be complex. It must therefore 
be either real or pure imaginary. It can not be pure imaginary and give the 
approximation to within an infinitesimal of second order. The rest of the 
italicized statement can be proved in a similar manner. 


$ 


6. The nature of the le motions un the neighborhood of the gwen 
periodic motion. 


LEMMA. Let Š atiti and 5 44042; be two non-singular quadratic 
` 4,j=1 hjal 


forms, of which the first is positive definite. Let Qij = > ee Then the 


roots of the determinantal equation | qiz — yê | = 0 are 5 alley real or pure 
imaginary. The difference between the number of real roots and the number 
of imaginary roots is equal to twice the signature of the quadratic form 
5 bi jfEjL;. 
ijzel 

The germ of this algebraic theorem is found at least as fár back as Cauchy, 
Jacobi, and Weierstrass; but since I have been unable to find in the existing 
literature a proof of the lemma in the form. stated above, I offer a simple 
dynamical proof in the footnote.” 


* Consider the homogeneous lincar Hamiltonian system with constant coefficients 
for which \ 


n nt i 
js =T J81 } 


The characteristic exponents é, for the equilibrium problem of this system are easily 
seen to satisfy lg, y fi nf | = 0. On the other hand, this dynamical problem, formu- 
lated by Hamilton’ s variational a can be given the form, 


s fQ (= etka iy + z b 0 j%,)dt=0,  (&=da/dt) 


where (ajk) is the res EEN x { tip) . Hence Z ajke jy is also positive definite. 
By a suitable real linear transformation on the @’s the above variational equation can 
be given the form, . ` ; 
(Satia FeSi 2) dt = 0 
f j=l {=p+t1 , 
where 2p-—n is the signature of 2b oe Hence the characteristic exponents of the 


system are seen to be +à, (== 1,2,---p) and +A, V—1 (G=p+1,p+2,.--n), 
where the A j are real. 


+ 
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A similar theorem zan balks be proved if X% hj 5X is negative definite. 
The lemma leads directly io the following theorems :* 


THEOREM oe In i neighborhood of a periodic motion of general Stable 
type there are “in general” infinitely many periodic motions of stable type 
and infinitely many pertodic motions of unstable type for which the char- 
acteristic exponents are real, provided that the symmetric matrix || ¢j.(0) || 
is the matria of coefficients of a definite quadratic form. 


These periodic motions correspond to the points on the manifolds B for 
which J has a maximum or minimum. The proof is carried out with the 
help of (4.6) and the above lemma. The matrix 4 ou j/Ouz) plays the 
rôle of ( lij). 

We define the index of an unstable periodic motion which possesses only 
real and pure imaginary characteristic exponents as the number of pairs of 
real exponents. Since there are infinitely many critical values of J of each 
signature the same proof yields the following result: 


THEOREM, IV. Under the hypotheses of Theorem III there are also in- 
finitely many unstable periodic motions (whose characteristic exponents are all 
real or pure imaginary) of each index j, j = 1,2," + +n. 


Now let us drop the requirement that (cij(0)) be the matrix of a definite 
quadratic form. 


Tarorsm V. In the neighborhood of ‘a periodic motion of general stable 
type there are “in general” infinitely many periodic motions, of unstable 
type whose characteristic exponents are real and pure imaginar Y, of indes 
(n + s), where s is the signature of (cı; (0)). 


These periodic motions correspond to points on the manifolds B where J 
has a maximum or minimum. To prove this theorem the matrix (8°J/80:80;) 
plays the rôle of the (ai;) of the lemma. ; 

It is not possible on the strength of Theorem III to make any deductions 
as to the probable existence. of quasi-periodic motions as Birkoff has done in 
the case of two degrees cf freedom. This is because we know nothing about 
the signatures of the matrices (ci;(0)) pertaining to the infinitely many 
- periodic motions of stable type, the mere existence of which is assured by 
Theorem III. 
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_ALTERNANT SURFACES.” 


. By CLIFFORD BELL. 
* a 


1. Introduction. The purpose of this paper is to make a study of the 
surfaces whose equations are of the form ° 


(1) e = (1—1) (y — 1) — (3—1) (1—1), 


where q and r are integers such that q< r. These surfaces are called alter- 
nant surfaces because of their relationship to the general third order alternant. t 


gm g” qP 
Suppose that the alternant, 4 = | 8™ 8” B? | , has been arranged s0 . 
: y” y” y? 
that m < n'< p. Now if neither g, 8, nor y is zero, the first, second, and 


third rows may be divided by «”, 8”, and y”, and the second and third columns 
by arm and of, respectively. Upon substituting z for A/[(aPy)™a™??"], 


Vie es E 
v for B/a, y for y/a, q for n-m, and r for p — m, the result, z =| 1 z! z], 
tyy 
is obtained which, upon expanding, gives equation (1). 

It is shown that a study of these surfaces yields more information. in 
regard to the real values of a, 8, y that make A zero, than can be obtained 
by the usual factorization of this alternant into factors, one of which is the 
well known difference product determinant. In this study the surface (1) 
is said to belong to one of four distinct types according as q and r are both 
even, g and r are both odd, g is even and r is odd, or g is odd and 7 is even. 

In discussing the surfaces, the points (1, 1, 0), (1, — 1, 0), (— 1, — 1, 0), 
(— 1,1,0), and (0,0,0) are designated by the letters A, B, C, D, and O, 
respectively. The letters P, Q, R, S, T, U, are placed on the lines BA, CA, 
DA, CB, DB, CD, respectively, external to these segments and in the directions 
indicated. The corresponding primed letters are placed on the same lines, 
but external to the above mentioned segments in the opposite directions. 


* Presented to the American Mathematical Society, August 30-September 2, 1932. 
f See Burnside and Panton, Theory of Equations, London, 1928, vol. 2, pp. 61 and 
110, for the definition of an alternant. 
t See Brioschi, La Teorica dei Determinanti, Pavia, 1854, pp. 73-84. 
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2. Type I, q and r both even. By direct substitution in (1) it is found 
that z==0 when z= + 1, y = +1, c—-+y. ‘Hence these are lines of 
intersection of the suriace (1) with the X¥-plane and furthermore it will be 
shown that all the real points, common. . so the surface and z = 0, lieson these 
lines. i Us 
The partial derivative of z with respect to a vanishes only when z= 0, 
+ [(qy7 — q)/ (ryt — r) ]/@ and each of these values gives a turning point 
for the curve of intersection of the surface with the plane y =c. Now for 
each of these curves z vanishes at the points z =— 1, — |y l +|y], +1, 
and in the order given if |y |< 1. But Rolle’s Theorem * states that there 
must be at least one zero of the derivative between each of these values and, 
as the derivative has only three zeros, there must be exactly one between each 
of the above z zeros. Hence the zeros of the derivative, 


s= [r —a)/ (ryt), o + LQ — 9) / (yt —) 1, 


fall respectively, in the intervals (—1,—|y|), (—l|y|,+ly|), (lyh 
+1). However if |y |> 1, z vanishes in the order s = — | y |, — 1, +1, 
+ |y.]| and the zeros of the derivative in the above order fall, respectively, 
in the intervals (—|y|,—1), (—1, +1), (¢1,4+|[y)). 

When |y |:< 1, = 0, gives a maximum point and 


s= + [(gy —9)/(ryt— ry VO 


give minimum points. When |y] > L z= 0 gives a minimum and the other ~ 
two zeros of the derivative give maximum points. 

-A similar study may be made of the surface by taking the partial deriva- 
tive of z with respect to y, keeping 2 constant. Indeed the results may: be 
obtained directly from the preceding ones by making the transformation 
t =y, y =g, 7 =z. Thus when |s|'< 1, y=0, gives a minimum 
point and y = + [ (qa* — q) /(rr4— r) JVP give maximum points, and if 
| z | > 1 the opposite is true in each case. 

It can now be shown that all the real points common to the surface and 
z = 0, lie on the lines z = + 1, y = = 1, z = + y in that plane. For assume 
that the surface has a point common with z = 0 that is not on one of the 
above lines. Let the coördinates of this point be (21, 41,0) and take a section 
of the surface y== yı. The resulting carve has three turning points, as has 
already been shown. But this curve has five zeros counting the one at 
(#1, Y 0). Hence, by Rolle’s Theorem, the derivative must vanish at least 


* See Fine, Calculus, New York, 1927, p. 104. 
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once, between each pair of consecutive zeros or in all at least four times. But 
the derivative vanishes-only three times. Thus, the assumption that the sur- 
face has real points common to the z = 0 plane, other than those on the above 
mentiomed lines, leads to an absurdify. f , | 

It is possible now to describe the surface. A maximum for z exists in 
each of the regions DAO and BCO, also a minimum in each of the regions 
ABO and CDO. Furthermore it is seen that z is positive in each of the regions 
DAO, BCO, PAQ, RABS, TBP’, ee S’CODR’, T’DU, and. PRUNE in all 
the other regions. : 

Both partial derivatives vanish at each of the nO. A, B, 0, D. At 
the origin the section of the surface by z == 0 consists of fhe lines z = + y 
and as already pointed out,. these lines divide the plane. about O -into the 
regions DOA and BCO in which z is positive, and the regions ABO and ODO, 
for which z is negative. Therefore the origin is a minimax point. Likewise 
a minimax exists at each of the points A, B, O and D, but these are of a 
different type than that at the, origin because the section of the surface by 
z = 0 has A, B, C and D as triple points. Thus at A the lines z = y, x = 1, 
y = 1, in the plane z = 0, form the triple point and divide the plane about A 
into six regions in which z is alternately positive and negative. 


3. Type Il, q and r both odd. Again by direct substitution, it can be’ 
shown that the surface contains the lines z == y, s = 1, y = 1, in the plane 
2=0. A curve c, through (— 1,0,0), (0,-—-1,0), E, F, Q, is also part of 
the intersection of the surface with z = 0, where # isa point on the line y == 1 
between (—— 1,1,0) and (—-2,1,0), F is on the line x == y-between the 
points (— $, — 4,0) and (—1,—1, 0), and G is on the line z = 1 between 
(1,—1,0) and (1,— 2,0). : 

The partial derivative of z with respect to z gives two turning points, 
the z codrdinates of which are + [(qy* — q)/ (ryt — r) ]“°®, for the curve 
obtained by holding y constant. Hence there can be at most only three real 
zeros on each of these curves. In the plane z == 0, z = 1, s == y, and a point 
on the curve c, account for the three real zeros and there can be no others. 
Therefore the curve c has only one real value of v for each real y and the 
surface can intersect the z == 0 plane in no real points other than those on the. 
above mentioned curves. Likewise, by considering the curves obtained by 
holding æ constant, it can be shown that the curve e has g one real value 
` of y for each z. 

If the letter W is placed on the curve to the right of G, and W” is E 
to the left of #, the positive regions are PAQ, RAGW, P” GEQ, KEW and 
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AFE. ` A maximum occurs for a point in the region AFE and.a minimum for 
_ a point in the region AGF. .It'is readily seen that Æ, F, and G are ordinary 
minimax points,* while A is a minimax of the same kind that occurred ai the 
point A in the puote of Type J. os = 


4. Type HI, q even and r odd. ‘The ines == y, c-—=1, y = 1, in the 
plane z= 0, together with a curve c, are found to be in the surface. The 
curve ¢ consists of two branches. One branch intersects y = 1: ‘at E, a point 
between (0, 1,0) and (— 1,1,0), y = x at the origin, c= 1 at G, a point 
between (1,0,0) ahd (1,—1,0); and the other branch falls in the region 
S'OU’ and intersects s = y at F, a point for which s < — 1. The above facts 
may be easily verified by substituting z == 0 in (1) and dividing out in turn 
y— 1l, y—«, «—1, from the resulting equation. The three equations so 
obtained will then yield the above results. Again when the equation, obtained 
by substituting z == 0 in (1), is written first in descending powers of y and 
then in descending powers of s, it is- seen at once that «+10 and 
y + 1 = 0 are asymptotes of the curve c. . 

A section of the surface, obtained by letting y be constant, has two 
turning points given by setting ĝz/ðx equal to zero. Therefore this curve can 
have at most only three zeros, which are «1, z = y, and one point on the 
curve c. Hence the curve c has only one real æ for each real y. Furthermore 
the surface has no real point common to the plane z == 0 other than those on - 
the above mentioned curves. In like manner it can be shown that the curve c 
has also only one.real y for each real z. ra 

Place the letter W on the branch HOG, of the curve c, to the right of G, 
and W” to the left of F. Likewise on the other branch place F to the right 
of F and V’ to the left. The regions within which 2 is positive are PAQ, 
RAGW, P’GOFV, Q’FV’, R’EW’, and AOE. In all the other regions z is 
negative. The function z takes on a maximum in AQF and in-AG@O..- The — 
points #, O, G, and F are ordinary minimax points, while A is again a 
minimax of the same kind as that described for. the Type I surface. 


5. Pie IV, q odd ani even. The fines EET y= 1, aug, in the 
plane z = 0, are on the surface. A section of the surface, obtained by keeping 
y constant, has only one turning point. Hence, this curve has the zeros v = 1 
and z= y, and no others. Like results are obtained when a section is taken 
by letting x be constant. 

The function z is positive in the regions PAQ, RAP’, QAR, and negative 


s 


* For convenience a ares such as exists at the origin for the surface of Type J, 
is called an ordinary minimax point. 
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in all others. No maximum or minimum points exist and only one minimax, 
this being at A. It is the same kind of minimax point that. occurs at A of the 


first gurface described. . 
bad kad 
6. Conclusion. Obviously the alternant A vanishes when any one of the 


quantities æ, 8, or y is zero, and furthermore all other’zeros of A are zeros of z. 
For all of the above described surfaces, z vanishes when either s = y, «== 1, 
or y==1, and for Type I surfaces z also vanishes when either s= —y, 

== — 1, or y ==— 1. But for these values of x and y the alternant vanishes 
on account of two or more rows or columns being identical’ Thus A vanishes 
if one or more of the following equations hold: a = B, a—y, B = y, for all 
positive integral values of m, n and p. In addition A also vanishes when m, 
n and p are all even positive integers if one or more of the following equations 
hold: a = — ß, a = —y, 8 =—y ` 

Information regarding the zeros ož A, other than the above mentioned 
rather obvious ones, may be obtained by further examination of the descrip- 
tions of the surfaces (1). The surfaces of Types J and ZV have no other real 
values of z and y for which z vanishes; but for the surfaces of Types JI and II, 
z vanishes whenever x and y are taken on the curves c previously mentioned. 
As q = n — m, r = p — m, and q and r are both odd for the Type JJ surface, 
and g is even and r odd for the Type IH surface, it may be said that other 
zeros of A are possible if and only if one of the following holds: (1) n and p 
even, m odd, (2). n and p odd, m even, (3) n and m even, p odd, (4) n and 
m odd, p even. . 

In addition to what has been said above, about the vanishing of A, other 
studies may be made of certain regions on the z = 0 plane. Thus it is seen 
that z is different from zero for all positive values of z and y, other than 
values of z and y that satisfy one or more of the equations e = 1, y—1, 
== y. Hence the alternant A cannot vanish if a, B, and y all have like signs 
and if neither a, B, nor y are zero or equal to each other. 
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GROUPS INVOLVING FOUR OPERATORS WHICH ARE SQUARES. 
By G. A. MILLER. i 


If a group G involves four and only four operators, which are squares of 
its operators its order g can not be divisible by any odd prime number except 3 
and when g is divisible by 3 then G contains only one subgroup of order 3. 
Ti must therefore inyolve an operator of order 4 in all cases since it must also 
involve such an operator when g is of the form 2”. When g is of the form 
38-2” then it must be non-abelian since no two of its operators of orders 3 
and 4 can be commutative. All of its operators which are commutative with 
one of its operators of order 3 constitute a subgroup of index 2 under G. 
This subgroup is abelian since it cannot involve an operator of order € and 
hence it is the direct product of the g oup of order 3 and the anean subgroup 
of order 2™-* and of type (1,1,1,:°-). 

Since the remaining operators of G include operators of order 4 two cases 
present themselves. In the first case such an operator of order 4 is commu- ` 
tative with every operator in the given abelian subgroup of order 2” and 
hence all the remaining operators of Œ are of order 4 and the commutator 
subgroup of G is of order 3. In the second case this operator is commutative 
with only one-half of the operators of this subgroup and hence m > 2 and 
one-half of the remaining operators are of order 4 and the commutator sub- 
group of Œ is of order 6. This proves the following theorem: If a group 
involves jour and only four operators which are squares of operators contained 
therein. and its order is not of the form 2” then this order is of the form 3-2" 
and the group is non-abelian. There are two and only two such groups when 
m. > 2 while there is only one such group when m = 2. 

In what follows it will be assumed that g is of the form 2” and we shall 
first consider the case when the four operators which are squares under G 
include an operator of order 4 and hence G@ involves operators of order 8. 
The operators which are squares under G therefore constitute a cyclic subgroup 
of order 4 which is invariant under G and the corresponding quotient group 
is abelian since it involves only operators of order 2 besides the. identity. 
If the operators of order 4 which are squares under G are not in the central 
of G then G involves a subgroup of index 2 which includes all of its operetors 
of order 8 and under which the operators of order 4 which are squares are 
invariant. Hence we shall first determine the possible G’s under which all 
the operators which are squares are invariant. The commutator subgroup of 
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each of these is therefore either the identity or of order 2, dnd the operators 
whose orders are.less than 8 constitute a subgroup of index 2 thereunder. 

When this subgroup of index 2 is abelign it is of type (2,1,1,---°) 
and thére are two such groups of order 2”, m > 3, while there is only one 
such group when m == 3. One of these two groups is abelian and the other 
contains a central of index 4 which ineludes operators of order 4.. When 
this subgroup of index 2 is non-abelian it belongs to the second of the three 
, categories of such groups whose operators involve exactly two operators which. 
are squares thereunder since its central involves operators of order 4. , Cf. 
American Journal of Mathematics, volume 55 (1933), page 419, where the 
number of such groups is determined but it is not explicitly stated that, the 
groups considered are characterized by the fact .that each of them involves. 
two and only two operators which are squares thereunder whenever it involves. 
operators of order 4. 

If an operator of order 8 in G transforms the operators of this subgroup. 
of index 2 according to an inner isomorphism it-may be assumed that it is 
commutative with each of its operators and ‘hence there is one and only one 
such G of order 2”. If this operator of order 8 transforms this subgroup of 
index 2 according to an outer isomorphism it is non-commutative with an 
operator of order 2 in its central and hence there is one and only one such 
group of order’2” whenever the central of the given subgroup of index 2 has 
an order which exceeds 4. This proves the following theorem: The number 
of the groups of order 2”, m odd, which sepatately have the property that 
each of them involves exactly four operators which are square thereunder and 
these operators constitute a cyclic subgroup of the central thereof ts one more 
than twice the number ofthe different natural numbers which can be sub- 
stituted for à in the expression m= 2A + 3. When m is even there is one 
more such group. 

If the operators of order 4 in T: which are squares E G are not 
invariant under G then G can be obtained by extending one of the groups of 
the preceding theorem by an operator whose square appears therein and under 
which it is invariant. The order of each. of the additional ‘operators divides 
å and hence the given subgroup of index 2 is a characteristic subgroup of G 
since it is generated by its operators.of order 8. The groups obtained by 
extending one of these subgroups must therefore be distinct from those 
obtained by thus extending any other such subgroup. Each of the added, 
operators tr ansforms one-fourth of the operators. of this subgroup into them- 
selves, another fourth into themselves multiplied by an. operator of order 2, 
and the rest, composed of its operators of order 8, into. themselves multiplied 
by operators of order ’4. The first one-fourth of these operators constitute an 
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invariant subgroup giving rise to the cyclic quotient group of order 4 with 
respect to this subgroup. This invariant subgroup cannot involve all the 
operators of order 4 which appear in the central of this subgroup of indgx 2 
since such an operator is transformed into its inverse under G. r 

When the-operators of order 4 in this subgroup of index 2 generate an 
_ abelian group but the entire subgroup of index 2 is non-abelian there are four 
such groups whenever’ m > 5 while there are only three such groups when 
m==5. When this subgroup of index 2 is abelian and m > 4 there are again . 
four such groups, but when m = 4 there are only three such groups. ` When 
the operators of order 4 in this subgroup of index 2 generate a non-abelian 
group then this group involves a subgroup of index 2 under it in which half 
the operators are of 4. It also involves subgroups of this index in which more 
than half of these operators have this property and. less: than half of these 
operators have this property since each of these subgroups can be extended 
by means of an operator of order 4 which is commutative with each of its 
operators so as to obtain the required group of index 4 under G. This proves 

the following theorem: There are five groups of order 2” which separavely 

involve the same group coming under the preceding italicized theorem ts a 
subgroup of index 2 whenever the operators of order 4-contained therein 
generate a non-abelian group whose central is of a larger order than 4. There 
are only four such groups when this central is of order 4 or when this subgroup 
of index 2 ts abelian and its order exceeds 8 or when it is non-abelian but its 
operators of order 4 generate an abelian group whose order exceeds 8. In the 
remaining cases there arè only.three such groups. | 

It remains to consider the case when three of thé four operators in G 
which are squares thereunder are of order 2. ‘These three operators must 
be commutative with each other since they could not all be conjugate under 
G as there: is no-operator of order 3 in G. When: G is abelian it is obviously 
of type (2,2,1,1,---). It will therefore be assumed in what follows thet G 
is non-abelian. As the four squares are relatively commutative they ‘generate 
either the, four-group or the group of: order 8- and of type (1,1,1). The 
corresponding quotient group involves no operator of order 4 and hence is 
abelian. The operators which are squares must therefore generate the com- 
mutator subgroup of G. To construct such a group in which these squares 
generate a subgroup of order 8 we may extend the group of order 16 involving 
three distinct squares which do not include its commutator of order 2 by an 
operator of order 4 whose square is commutative with each of the operators 
of this subgroup of order 16 but is not found therein and which transfcrms 
each of the operators of order 4 in this eo aes into itself TEAR by the, 
product of the three squares of order 2. 
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To prove that each of these four squares is in the central of G it may first 
be noted that if two of these squares.were conjugate under G then a co-set of 
G composed.of operators of order 4 which have all their squares equal to one 
of these two conjugates would not be invariant under G. This is contrary to 
the observation made above that the quotient group of G with respect to the 
subgroup generated by its operators which are squares involves no operator 
. Whose order exceeds 2. This proves the following theorem: If a group involves 
` four and‘ only four operators which are squares thereunder and if three of 
` these are of order 2 then each of them. is in the central of the group and 
they generate a subgroup whose order is either 4 or 8 which wea the 
' commutator subgroup of the group. 

From this theorem it results that when the four squares of G generate a 
group of order 8 then the product of two distinct squares-is never a square 
while such a produci is always a square when they generate a group of order 
4. In the former case all the operators of. G which are commutative with 
one of its operators of order 4 constitute a subgroup whose index under G 
cannot exceed 4 since this operator cannot be transformed. under @ into itself 
multiplied by the product of the two squares of order 2 which differ from 
its own square. All the operators of order 4 in this subgroup have a com- 
mon square and exactly one-half of ‘the operators of this subgroup are of 
order 4, As the order of this subgroup is at least 16 the order of G is at 
least.32, When the order of G is 32 its commutator subgroup is of order 2 
and is generated by the product, of its three operators of order 2 which are 
squares. This proves the following theorem: There is one and only one 
group of order 32 which involves four and only four operators which are 
` squares thereunder and generate a group of order 8. 

We proceed to determine all the possible groups which TE exactly 
four operators which are squares such that these squares. generate a group 
of order 8. If the order of the central of such a group exceeds 8 it is the 
direct product of such a group whose central is of order 8 and an abelian 
- group of type (1, 1, 1,- --). Hence we-may confine our attention in what 
follows to the consideration of such groups in which the central is of order 8. 
Three operators of order 4 contained in such a group and having three dis- 
tinct squares generate a group whose order is either 32 or 64. In the former 
case this group is completely determined according to the theorem , closing 
the preceding: paragraph. In the latter case this.group of order 32 appears 
as a subgroup of the group of order 64 and hence it results that. every group 
of order 2" which contains four and only four operators which are squares 
thereunder and generate a subgroup of order 8 contains ae the group 
of order 32 on has these properties. 
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By means of this theorem it is possible to determine an upper limi: for 
the order of such a group when the order of its central does not exceed 8. 
The given invariant subgroup of order 32 has a group of inner isomorphisms 
whose order is 4. If we can ‘prove that it-cannot be transformed a¢cording 
to a group whose order is as large as 16 under such a group it results that 
the order of this group cannot exceed 64. If we select a set of two inde- 
pendent generators of this invariant subgroup of.order 32 it may be noted . 
that when the former is transformed into itself the latter cannot. be trans- 
formed in more- than two different ways by an operator of order 4 since this 
must have the same square as the operator whichis left invariant. As one 
of these corresponds to an inner isomorphism there is only one such group of 
order 64. The group of inner ' isomorphisms of this group of order 64 is of 
order 8. : , 
When neither of these two independent gèneřators i is transformed accord- 
ing to an inner isomorphism there results a group which is conformal to the 
one just found but in which the non-invariant operators.of order 2 have four 
conjugates while they have only two conjugates under the preceding group. 
Hence it follows that there are two such groups of order 64 whose group of | 
inner isomorphisms is-of order 8... The direct product of the given group 
of order 32 and the group of order 2 hes also the property that it contains 
exactly four operators which are squares thereunder. This proves the fol- 
lowing theorem: If the four operators which are squares under a given group 
of order 2™ generate a subgroup of order 8 then the order of the group is 
divisible by 82 and there is one and only one such group of order 32 while 
there are exactly three such groups whose order is an arbitrary higher power 
of 2. 

It remains to consider the cases when the foe operators of G which are 
squares constitute the four group. Just as before it results that each of these 
four operators appears in the central of Œ and that the commutator subgroup 
of G@ is contained in this four group. When ¢@ is abelian it is the diréct 
product of the group of type (2, 2) and a group of type (1,.1, 1, -- “), 
where the latter may reduce to the identity. When G is non-abelian its zom- 
mutator subgroup is either of order 2 or of order 4, and its order is divisible 
by 32. When its commutator subgroup is of order 2 and not all the operators 
whose square is the commutator of order 2 are commutative then these 
operators generate a subgroup of index 2 under G and each of the remain- - 
Ing operators is of order 4. In this case G can be obtained by extending one 
of the known groups whose operators involve two distinct squares thereunder 
-by an operator of order 4 whose square is contained therein and which trans- 
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forms this group into itself. This is also the case when all the operators of 
order 4 in @ whose square is the commutator of order 2 are commutative, 
provided the subgroup they generate is of index 2 under G. When this sub- 
group ® not of index 2 under G it must be of index 4 thereunder and @ is 
obtained by extending a generalized dihedral group in the given mariner. 

When the commutator subgroup of G is the four group the central of G 
may be of one of the following three types: (1, 1,1,:--), (2, 1, 1, Srey 
(2; 2, 1, 1,: +). In the first case G is the direct product of a group whose 
commutator eae is the four group and an abelian group of type 
(1, 1, 1,---). In the second case it is the direct product of such an abelian 
group and a group whose central is of order 8 and of type (2, 1), while in 
‘the ‘third case it is the direct product of such an abelian group and a group 
whose central is of order 16 and of type (2, 2). In this last case it contains 
a subgroup of index 4 whose central is the four-group, while in the preceding 
case it contains a sub group of index 2 whose central is the four group. Hence 
‘in all cases G may be constructed by first constructing a group whose central 
is the four group.. There is no upper limit for the order of such a group 
but the lower limit is obviously 82. The ntimber of these groups of order 2” 
increases with m even when it is assumed that their common central is the 
four group. -Cf. Proceedings of the National Academy of Sciences, volume 
-19 (1933), page 848. 
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ON ISOMORPHISMS OF THE ABELIAN GROUP OF TYPE 1,1, - 
By H. R. BRAHANA. ` g 


a 


It has been shown recently * that if the group of isomorphisms J of an 
abelian group H of order p® and type 1,1,- - - be written as a linear group 
in the ordinary way, then a necessary and sufficient condition that an operator 
U in I be of order a power of p is that the characteristic determinant of U be 
(—1)"(A—1)*, Moreover, the order of U is exactly p” where p™ is the 
smallest power of p greater than: or equal to the degree of the n-th invariant 
factor of U. These facts with some others contained in the paper referred to 
above give immediately a considerable amount of information concerning the 
Sylow subgroup Ip of order p”“"-)/? of I. Much of this information is to be 
found in a paper by Miller.+ It is believed, however, that the present approach 
throws new light on the subject since it connects so closely with the well-known 
invariants of a linear transformation. 


1. Classification of transformations. The invariant factors of U are all 
powers of (1—-A) and consequently the canonical form of U is determined - 
by the degrees of its invariant factors. There exists a canonical form having 
for invariant factors any set of powers of (1— A) subject to the condition 
that their product is of degree n, and such a canonical form determines an 
isomorphism U. Two U’s are conjugate if and only if they have the same 
canonical form. From these facts we obtain the following fundamental 
theorem : : | 


(1.1) The operators of order a power of p in the group of isomorphisms of 
H constitute 0, conjugate sets, where 0, is the number of partitions of n. 
The correspondence between conjugate sets and partitions of n is one.to one. 


The identity transformation is the only transformation in one of the conjugate 
scts and it corresponds to the partition n—=1-+1+---+1. 

In the following pages we shall designate an operator of I by means of 
‘the partition of n to which it corresponds. Let us consider the partition 


n=m +m te tty bs + tng, 


. Proceedings of the National Academy of Sciences, December, 1932, p. 722. 


t“ Determination of all the groups of order pm, ete:,’ Bulletin of the American 
Mathematical Society, ser. 2, vol. 8 (1202); p. 391. 
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in which we suppose the terms ordered so that ni Z nius ny >i, and 
Mya = 1, if y <8. Then from the sécond of the theorems quoted above it 
follows that the-order of U is p™ where m is,the smallest integer such that 
m= p*. Obviously n, is not greater than. n and we have the following 
theorem : 


(1.2) The Sylow subgroup Ip of I contains operators of order p™ where m 
is the smallest number such that n =p”, and contains no operator of higher 
order.* 

The operators of highest order p™ of I constitute a single conjugate set 
only if there is but one partition of n such that n, > yp". In this case 
n — 1 = p™*. Hence, i 


(1.3). A necessary and sufficient condition that the operators of highest order 
of Ip constitute a ange conjugate set in I is that n be of the form p* +1. 


If m is not greater than p, the corresponding operator is of order p. 
Hence, 


(1.4) The number of conjugate sets of operators of order p in I is one 
smaller + than the number of partitions of n with a greatest term. not greater 
than p. 


In like manner it is obvious that 


(1.5) The number of conjugate sets of operators of order p* is equal to | 
the number of partitions of n with a gr eatest term greater than p™* and not 
greater, than p*. 


There are many theorems about non-cyclic abelian.subgroups of Ip which 
are as easily. obtained. Statement of them would be so complicated as to 
obscure their essential simplicity. The method is more importent and is 
sufficiently indicated by an illustration. Let p=5 and »—8. Then Ip is 
of order 58, The preceding theorems state: (a) the operators of Ip constitute 
22 conjugate sets; (b) Ip contains operators of order 25 end none of higher 
order; (c) I contains 4 conjugate sets of operators of orcer 25 and 17 con- 
jugate sets of operators of order 5. Now let us consider an operele Ui; in 
the conjugate set corresponding to the partition n == 2+ 1-+:::+1. If 
the generators of H are 8,,82,° - *, Sa, then Ui; may be defined ‘as follows: 


; 
* This result is contained implicitly in the paper by Miller cited above. 
t This is to account for the partition in which n, = 1. 
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O55718,0 43 = 8483, Uir kU ij = Sh kzt. The operators Uiz, Usa, Use, and 
Ur obviously generate an abelian group of order 5* and type 1,1,- - in Jy. 
We made certain that the group was abelian ‘by making the U’s affect different 
generators of H. The same considerations show that Z contains an åbelian 
group of order 5° and type 2,1 generated by oper ators corresponding to the 
partitions n = 6 -+ 1 + 1 and n=? +i +: +i. 

2. Characteristics of a transformation. When U is expressed as a linear 
transformation the degrees of its invariant factors identify the conjugate set 
to which it belongs.” These' degrees constitute the terms in a partition of n. 
Then any characteristic subgroups of the subgroup of the holomorph of H 
determined by U should pe eee in terms of the partition of n to 
which U corresponds. | 

From the theory of linear transformations * it follows that exe . 
of H may be chosen, as for U;; above, so that U can be written as a set of è 
partial transformations each.on ni, t= 1, 2,-- +, 8, variables distinct from 
those transformed bythe other 8— 1 partial transformations. Wach partial 
transformation U; transforms one of the operators of Hi successively into a 
‘set of operators which generate a subgroup H: whose order is p™, This group 
H; is of the type-considered in a recent paper.t Every such group H; contains 
cne and only one subgroup of order p whose operators are invariant under U; 
and hence invariant under U. Hence we have the theorem: { 


(2.1) The subgroup G of the holomorph of H determined by U has a central 
of order pè. 


' Moreover, commutators obtained by transforming operators of H; by Ui 
constitute a group K; invariant under Uj. If the order of H; is greater zhan 
p, i. e., if n; > 1, then the order of K; is at least p and K; contains a subgroup 
of order p whose operators are invariant under U;. Hence, the theorem: 


(2.2) The commutator ene oup K and the central C of G have a cross-cut 
of order pY. 


If the generators sı, S2,° - -, 8, of H-are chosen so that U 1s, in canonical 
form we have 


\ 


* Dickson, Modern Algebraic Theories, 1980, p. 90, Theorem I. 

t“ Groups {8, T} whose commutator subgroups are Abelian,” Transactions cf the 
EE TEER Mathematical Society, vol. 35 (1933), a 386. 

t Cf. the first reference, Theorem 4. 
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UrtsiU, = Sia, C e 
Ur Sm Ua = S18 + + + 8p 


» 


The cammutator determined by U: and sj, forf < Nas 1S S Sin These nı — 1 
commutators are independent and generate a group of order p% in H. 
The n-th commutator, arising from U, and Sm, is in this group for otherwise 
iv, would be H, which is impossible because H, contains operators invariant 
under U,, The argument is identical for any other partial transformation U;. 
It is obvious that K is the direct product of the Krs. Hence, 


(2.3) The order of the commutator subgroup K of G 2s prs, 


It is interesting to apply the above theorems to the question of determin- 
ing G by means of its order and the order of its characteristic subgroups. 
There are as many mutually non-conjugate subgroups G' of order p”*t in the 
holomorph of Æ which contain H invariantly as a maximal abelian subgroup, 
i.e, G== {H, U}, as there are partitions of n with m Sp. Of the G’s just 
described there are as many with the same central of order pò as there are 
partitions of n into 8 terms. Of the second set of G’s there are as many with 
the same commutator subgroup of order p” as there are partitions of n — ô 
into y terms. The theorems stated above give some obvious interpretations of 
the partition of n which determines G in terms of some well known and 
extremely useful characteristics of G, viz., its order and the orders of its 
central and commutator subgroup. It is obvious that no set of quantities can 
determine G without determining every one of the terms in the partition of n 
te which it corresponds. 

Another characteristic of G expressible immediately in terms of the par- 
tition of'n is its class.* We repeat the definition of class. Let G” be the group 
of inner isomorphisms of G, let G” be the group of inner isomorphisms of G’, 
and so on. If G is solvable the sequence G, G’,G”’,-- + contains G® —1 
such that GOY 541, The group G is then said to be of class k. We recall 
that the group of inner isomorphisms of a group is simtply isomorphic with 
its central quotient group. 

The group G is of order p"™*", where p” is the order of U. The order of 
the central of G is p and the corresponding quotient group is G” of order 
pm- @ contains an abelian invariant subgroup H” of order p*® corre- 
sponding to H. The group G” is determined by H” and an isomorphism of H’ 
which corresponds to the partition 


* Fite, “On Metabelian groups,” Transactions of the American Mathematical 
Society, vol. 3 (1902), p. 348. 
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(n= (m—1) + (m—1) $e + (md). 


The remainder of the proof is gbona: We may apply the same argument to 
G’ to obtain G” and show that’G” is determined by H” and a transfosimation 
o H” corresponding to the partition 


: n—ê—y= (nı — 2) + (n: —2) +° -+ (Me — 2). 


At the j-th-step we shall have G? determined by H’ and an isomorphism 
of H corresponding to the partition of the exponent of p in the poom of 
HOP into > ° 


(n nii) Hm 


The central quotient group, qow will be ERED. only if m— j=. 
Hence, we have . . 


(2.4) The class of G is m. 


The difference between the exponents of p in the orders of the centrals 
of G and G’ is 8 —y which is the number of the n,’s which are equal to 1. 
The corresponding difference for G’ and G” is the number of the ns which 
are equal to 2. Consequently if the orders of the centrals of G, G’, G”,: >> 
are given, the n;’s are completely determined. Hence, 


~ (2.5) <A group G = {H, U} in the holomorph of H is completely determined 
by the orders of tts central and of the centrals oj the successwe groups of innèr 
isomorphisms. 


_ These numbers are not independent for the sum of the exponents of p 
in the orders of the centrals of the successive central quotient groups is n. 
They are, however, independent of any set of generators and are characteristic 
numbers of the group G. They therefore constitute a partition. of n into an 
‘ordered set of terms each of which is directly interpretable in ere of a 
characteristic group determined by G. 

On the other hand there is a set of subgroups of G each directly connected 
with one of the numbers ni. . Each of the groups H; is invariant under U and 
hence the group {H;,U} is a non-abelian subgroup of G. Its commutator 
subgroup is of order p” and hence determines n;. This group i8 not even 
invariant, much less characteristic, for if s; is not in H; and is not permutable 
with U it-will not transform {H;, U} into itself. However, the order of the 
central of G. determines ô and the order of the cross-cut of the central and the 
commutator subgroup determines y. Any operator U outside of H which with . 
' H generates G will transform K into itself according to an isomorphism which 
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corresponds to a partition of m— 8 into y termé. Each of the terms of this 
partition determines one of the numbers ni. 


3. Gr oups of order pt which contain H? Every group G of order p% 
which contains H contains H invariantly. Any operator U of Œ has its p-th 
power in H. Therefore if 'U is outside of H it must transform H according 
to an isomorphism of H of order p. The partition of n to which U corre- 
sponds must then have n, S p. On the other hand. we have seen în the 
preceding section that for every partition of n in which n, < p there exists a 
group of order p”** in the holomorph of H, generated by Æ and U,.of order p. 
Any other group G of order p”** which contains H must contain an operator 
of order greater than p which transforms H according to an isomorphism of 
order p. The p-th power of U is an operator of H which. is invariant under 
U.+ In the first place the order of U cannot be greater than- p”. Next, for a 
given partition of n there are in general two groups @ of order p”! which 
contain operators of order p?, one in which the p-th power of U is an invariant 
commutator, and one in which the’p-th power of U, is an invariant operator 
not a commutator: We shall show that the number of groups G of order p**? 
corresponding to a given partition is one greater than the number of different 
values among the n,’s. 

If G is in the holomorph and n, < p then every operator of G@, except 
identity,{ is of order p. The condition that the order of sU be p, where s is - 
an operator of H and U is of order p, is that the product of the set of con- 
jugates of s under powers of U be identity, and this is true if and only if m 
is less than p.§ The restriction of G to the holomorph of H required Ọ to be 
of order p; any group of order p”*! which contains H and whose operators 
are of order p will obviously be simply isomorphic with a Gin the holomorph. 
Hence we may note the Lorne theorem : 


(3.1) The umiar of groups of order p™*! which contain H and whose- 
operators are all of order p is equal to the number of partitions of n in which 
n, is not greater than p— 1. 


The abelian group of type 1, 1, >~ is included above. The theorem also 
states that when p =~ 2 there is but one group, which is abelian. 


*This is the method of determination of U given by Miller in the paper cited above. 

+“On'the groups which contain a given invariant subgroup, ete,” American 
Journal of Mathematics, vol. 52 (1930), p. 915. 

t Hereafter when we speak of every operator of G we shall under stand that identity 


is excluded. 
§ Cf. Theorems (3. = and (4:4) of the second reference of the pr eceding section. - 
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Since all the operators of the above groups are of order p the one deter- 
mined by a given partition of n will be distinct from any G corresponding to 
the same partitioti which contains operators of order p’. Let U, be of arder 
p* and let Uy? be sa which, as noted above, must be in the central of G* The > 
p-th power of sU., where s is any operator of H, is Uy? multiplied by the 
' product of the set of conjugates of s under powers of U. This set of conju- 
gates has identity for a product if and only if m < p. Therefore when 
nı < p, the group of p-th powers in G constitutes a group of order p: Since 
the group of p-th powers and the commutator subgroup are both characteristic 
it follows that if two groups Ga and G, correspond to the same partition of n 
and have their groups of p-th powers respectively in and not in the commu- 
i tator subgroups, the two groups are not simply isomorphic. The group of 
isomorphisms I of H contains an operator which is permutable with the- iso- 
morphism to which U, corresponds and which transforms any operator in the 
central of G and not in the commutator subgroup into any other such operator. 
Consequently, any two groups for which Ọ,? is not in the commutator ae 
are simply isomorphic. 

Now let us consider two" groups G, and G, generated by H and U, and U, 
respectively, where U, and U, correspond to the same isomorphism U of H. 
Let 07,” be an invariant operator in H; and U? be an invariant operator in H;. 
Ti ni = nj, the correspondence obtained by interchanging H; and H;, and 
letting U, and all the remaining generators of H correspond to themselves 
determines a simple isomorphism between G, and Ga If njo4n;, then no 
simple isomorphism exists, for, if i < j, G contains a subgroup {H:, Ui} 
whose central is of order p and whose order is p™, and Ga contaizis no such 
subgroup. Any subgroup of G, of that order will have a central of order at 
least p?. Therefore there are as many groups corresponding to a given parti- 
tion of n as there are different numbers n; in that partition and each of these 
groups contains operators of order p?. 

There is left the possibility that Uy? is in the edmmutator ee but 
is not in any of the groups H;. It will, however, be a product of operators 
from the H;’s and the corresponding product of the operators whose conju- 
gates generate those Hys will with its conjugates under U generate a. group 
of order p"1, where ù is the subscr ipt of the first of the Hrs that has operators: 
appearing in the expression for. U,°. If Hi; 1s. replaced by the group just 
described, all the other H;’s being left unchanged, then G is in the form of ° 
the groups considered in the last paragraph. We have proved the theorem: 


(3.2) The number of groups of order p™*.which contain H and transform 
it according to a given operator U is one greater than the number of different 
numbers among the ni’s of the partition of n to which U corresponds. 
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By means of this theorem we may obtain an explicit expression for the 
number of metabelian groups of order p’ which contain H. The metabelian 
grogps are the groups of class 2.+If ¢ is metabelian, then'n, = 2. Then ni 
is either 2 or 1. The number of partitions of n into Xs and 1’s is n/2 or 
{n — 1)/2 according as nis even or odd. iat partition contains two 
distinct numbers except the one n=? k 2+---+2, when n is even. 
Hence, 


(3.3) The number of metabelian groups of or -der po which contain H 1s 
{8n — 2)/2 or 8(n—1)/2, according as n is even or odd. Of these n/2 or 
(n—-1)/2 contain only operators of order p. 


The only groups of order pet waich contain H and are not counted in 
(8.2) are the groups of class p. The isomorphism U determined by such a 
group corresponds to the partition n = p + ne + ns +' -+ mg. The group 
H, is of order p”. It has p independent generators which are conjugate under 
U. Their product is of order p and therefore the order of siU is pê, where s; 
is any operator whose conjugates under U generate a group of order p. 
Since (s;U)? is in H it is invariant and since it is the product of the conju- 
gates of s; under U it is in one of the groups H; whose order p™ is p?, if it is 
not identity. Hence the order of the group of p-th powers in {H, U} is ps 
where @ is the number of the n;s which are equal to p. The group just 
described is in the holomorph of H. If now we take U, to be an operator of 
order p? which transforms H according to U, of order p, and such that Uy 
is an invariant. operator of H not a p-th power in the group above, G,=={H, U;} 
will have a group of p-th powers of order p™*t. G, is therefore not simply 
= isomorphic with G. An argument similar to that carried out for groups of 
class lower than p shows that there are as many ways of choosing U, as there 
are distinct numbers among the n;s of the partition of n in question. 
Therefore, 


(3.4) The number of distinct groups of order p** and class p corresponding 
to a given partition of n with nı =p is equal to the number of distinct 
numbers among the nis. 


There is one group missing for each partition of n in (3.4) as compared 
` with (3.2). This is due to the fact that when U is of order p the invariant 
operators of H, are p-th powers and so no new group is obtained by choosing 
U, differently to make them p-th powers. 

The question of the identification of a given group G of order p™ which 
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contains H involves the determination of the partition of n to which an 
operator outside of H corresponds. By the argument preceding (2.5) this 
involves essentially the determination of the orders of the centrals of the 
successive groups of inner isomorphisms. . It is then necessary to jee 
the location of the group of p-th powers of G with regard to the invariant 
operators of the commutator subgroup of G. This in turn involves the 
determination of the order of the largest Subgroup of G whose central is of 
order p. 

Another interesting fact, which we have proved incidentally, is that if 
the class of G is not greater than p— 1 G is conformal with the abelian 
group of type 1,1,-- + or with the abelian group of type 2,1,1,-° - 
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ON SUMMABILITY OF MULTIPLE SEQUENCES.* 


° o By RALPH PALMER AGNEW. ` 


* 


1. Introduction. The object of this note is to exterd to sequences, of 
multiplicity greater than two, certain theorems on transformations of double 
sequences obtained by Lösch f and the writer.{ These theorems have, in the 
special case of the arithmetic mean transformation, been partially extended. 
to sequences of multiplicity greater than two by Bochner.§ 

We shall, for brevity, state and prove our results only for triple sequences. 
The reader will see that our -methods can readily be applied also to double 
sequences and to sequences of any multiplicity greater than three. 


2. Transformations. Let |a% ||, A=1, 2, 3, be three triangular 
matrices of real or complex constants satisfying the conditions 


l m . 
(2. 1) Xian l<k (A= 1, 2,3; m—0,1,2,-- ) 
(2.2) for each i, lim a N= () (A = 1, 2, 3) 
S S S (1) q (2) q G 
i 2 V a 
(2.8) lim 2 2 2 o® aes 1: 


: MM pe i=0 jz0 K=0 


where K is a constant independent of m. With each triple sequence sisz, 
convergent or not, we associate a transform Smnp defined by 


: f i i A 
F - . Simp = 5 ` S a (1) q o a (3) Si flee 
4=0 j=0 k=0 mi pk l 


\ 


The sequence s: is said to be summable F to Sif lim Smm =S 
: My Ny p—F OO 


and to be ultimately bounded F if limsup, | Snmp|< ©. It is easy to 


Mey Ny PrPOO 
SUON that each bounded convergent triple sequence is summable F to the 


* Presented to the American Mathematical Society October 28, 1933. Received by 
the editors September 6, 1933. 

+ Lösch, “Über den Permanenzsatz gewisser Limitier E N A für Doppel- 
folgen,” Mathematische Zeitschrift, vol. 34 (1931), pp. 281-290; and a second paper 
bearing the same title, ibid., vol. 37 (1933), pp. 77-84. 

+ Agnew, “ On summability of double sequences,” American J din of Mathematics, 
vol. 54 (1932), pp. 648-556. 

$ Bochner, “ Limitierung mehrfacher Folgen nach dem Verfahren der ar iiime: 
tischen Mittel,” Mathematische Zeitschrift, vol. 35 (1932), pp. 122-126. 
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value to which it converges. However it is not true that. each convergent 
sequence is so summable unless the matrices || a, || satisfy in addition to 
(2.1), (2. 2) and (2.3) a condition which we do. not impose, namely . 


(2.4) | ~ for each i, a% = 0 for all sufficiently great m, 


' when à= 1,2,3. An extent to which unbounded convergent triple seqtences 
are summable F is given’ by the extension to triple sequences of vor of 
C. R. Adams * on double.sequences. 


3. Theorems gn triple sequences. The principal result we prove is the 
following extension to triple sequences of Theorem 1 of the author’s previous 
paper. 


THEOREM 3.1. If Sij converges to s and if there exist an index Q and 
three sequences Qm, Bn and yp of constants such that. 


for neh m > Q, | Sao | < San, l n, p > Q 
(3.11) for each n >Q, | Smnp| < Bn ` m, p>g 
for each p >Q, [ Smnp| < yp | m,n >g 


then Sij 8 summable F to s. 


The condition (3.11) is obviously necessary in order that sı; may be 
ultimately bounded F or summable F; hence we obtain from Theorem 3. 1 
the following extensions to triple sequences of theorems given by Lösch and 
the writer. z 


THEOREM 8.2. If Sijk converges to s and is ultimately bounded F, theri 
Sijz 1S Summable F to s. 


THEOREM 3.3. If Sijn converges to s and is summable F to S, then 8 = s. 


The last of these theorems has been proved by Bochner, loc. cit., for the 
case in which F is the arithmetic mean transformation, i. e. a Ay == 1/(m +1). 


4. Proof of Theorem 3.1. To prove Theorem 3.1, let sis, satisfy its 
hypotheses. Since sij,-—>S, we can choose an index R `> Q such that sijz is 
uniformly bounded for all i, j, k > R. Then for m, n, p > R, 


m 


no p 
(4. 1) ` > > 5 q a (2) g (8) 85 in 8 + Onan 
i=R+1 j=R+1 k= R+1 mt nj pk 


* Adams, “ Transformations of double E with application to Cesaro summa- 
bility of double series,” Bune on the American Mathematical sala vol. 87 (1931), 
pp. 741-748. ; l 
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e 
where Omnp is a uniformly bounded sequence converging to 0 as m, n, p —> œ. 
Using 4.1 we obtain for m, n, p > R 


2 
. 1 n 


n p m n p 
Smnp — S — Omnp = {> > 2 — > > >, Jaw uD g Sijk 


4-0 j=0 K-00 8 ¢=R+1 jaR+1 ke R41 mi 


E n p m R p m n 
={2 22t 22432 2 S Ja a a sip, 
i=0 j=0 k=0 = i= Rai j=0 k=0 «= d= RV JE Rei kao nj 
This assumes for m, n, p > E the form 


(4.2) I'mnp — S — onm = Za DAD +Saoam STICA 


mi z0 pk kmn 


when we introduce notation whose definition is obvious. 
Using (4.2), we verify easily that Theorem 3.1 is a consequence of the 
following lemma. 


LEMMA 4.3. Let R be a non-negative integer and let 


R R R 
(4. 4) H onmp mn 2 Omid inp -+ 2: bni Bjmp + 2 CÜ rmn 
=Q g= : 
where E , 
(4.5)  IMaäm=0, limba; =0, lim cp=0 for each 2,7, k. 
"POO ° - n00 poco. 


If there exist an index N and three sequences Xm, Bn and y'p such that ` 


for each m> N | Hanp | < 8m n, p> N 
(4. 6) for each n> N | Hap | < f'n m, p >N 
for each p> N | Hamp | < Yp m,n > N 


then nny —> 0 as M,N, Pp > oO. 


5. Proof of Lemma 4.3. We prove Lemma 4. 3 by induction on R, 
proving it first for the case R = 0. 

When R = 0, we may omit the subscript 0 from dino, A onp, ete. eee 
(4.4) in the form 


(5. 1) H om a OmAnp + On Bmp T CoCmn- 


If am = Em == Cp = 0 for all pened great m, n, P, then obviously Hrn —> 0 
as M, n, p —> ©. 

Otherwise, because of symmetry in m,n, p of our conditions, we may 
assume that cp 40 for some fixed p''>œ> N. Then we obtain from (5. +) 


Cp Hing — CpHmap' = Om (Ep Anp — ae + ba (Cy Brip — CpB mp’) 
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which has the form sa o 
(5.2) Cp Hmmp — a all amA” aT b mB mpe 
If dm = bn = 0 for all ee great* m and n, then ene Cp’ Hm 
— CpHmmp > 0; but cp — 0 and | Emap | < gp so that Colm - —> 0 and there- 
fore in this case Hmnp — 0. ; 

If we do not have am == te == 0 for all sufficiently wae m and n, We may 


assume that bw 4 0 for some fixed n = N. In this case we obtain from (5. 2) 
a relation naeng the form : 


(5. 3) bw (Gy Hn a - pH mms’) — bn (Cp H mnp — Cpl n'y’ ) == bm A np. 


If am = 0 for all sufficiently great m, then (4:6) together with the facts that 
bn 0, Gp > 0 and bay 40 imply that Hmnp—>0. | 

If finally we do not have am = 0 for all sufficiently great m, then we may - 
assume Om’ 7” 0 for some fixed, m* > N and obtain from (5.3) the relation | 


(5. £) aw {bn AG eg tt — bn (cp Homme tee) 
— üm{bn ‘(Cp Hw np — CoHmmp )— ba (Cp map — pmnp) } = 0. 


Hence (4. 6) together with the’ facts that am — 0, is 0, Ca—> 0 while 
Ambwey Æ 0 implies that ee 0 and the proof of the lemma for the case 
k = 0 is complete. | ` 

Now let R be a positive integer, and assume that the lemma holds when we 
replace R by R—1. Leaving consideration of simpler cases to the reader, we 
suppose we can choose fixed indices m” L iw > N ae that Ohm’ abe'ny'n A 0. 
From (4. 4). we obtain | 


Cy Ri, map — Cor mnp’ ae Š a (@ fi mp CprA i imp 2 
4 > Onj (ConBino ses - comb) + = Cee = T e Crmn 
which, through introduction of new crate write in te en 


(5. 5) mn mmp = > amid’ inp + > Ong Br imp T = C hm 


From (5.5) we obtain 
by pH’ mnp —— burl mn'p = > bmi. (by 2A inp ca ios 
T > (by bj — Bazbnes) B’ impt, = o'p (bnCimn — bnrO imn) 
1 z= z + Š . p ‘ 


which we write in the form 
: 
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R R-1 R-1 ‘ 
( 5. 6) H ere = > mia” inp -+ ` b'a B’ imp +- > Cn kmn: 
izo 4=0 k=-0 5 


From (5.6) we obtain -$ 
-I 
Om REE” mnp — Amr tA” w np = 2 (dm: BOmi ` i Amthn’s ) A” inp 


R-1 l 
-+ > bni (amrB’ jmp OnrB imp) +. S. C ok (Om RO” kmn T AmRC kmn) 
j=0 . ee r t i 


which we write in the form 


R-1 R-1 7: 
(5. 7) “en mnp — ‘Ss a mA “err -+ > Ong B” imp =- > C mO hmin 
a 4-0 j-9 k=0 l 
Since 
(5. 8) gen mnp == Am ipb. n' Rog’ pit mnp — Am’ Rün Rpr mnp 


— Om RÜnREp pL imn’ ty — AmRÜn Rp REL, mnp a Am RÜnRCpR mnp 
-+ AmROn'RCprElm’np' 4- AnRDnREp RH mn'p — AmROn RCR mn’ 


we see from (4. 5) and (4.6) that the sequence H” mnp has the essential 
property which (4.8) imposes on Hmmp- Also Ami, Dnj and Cpe have the 
‘property which (4.5) imposes on ami, bnj, and Cpy. Therefore, on using (5. 7) 
and applying the lemma when R is replaced by # — 1, we find that H”mnp —> 0 
as m,n,p—> œ. Furthermore (4.5) and (4.6) ensure that each term of the 
right member of (5.8) except the first converges to zero as m,n, p— o. 
Therefore, since Qmrbarépyr Æ 0, it follows from (5.8) that Hing 20 as 
m,n, p—> œ and the lemma is proved by induction, ` 


6. The. arithmetic mean transformation. For the special case of the 
arithmetic mean transformation, (4.2) becomes 


mnp E aco Sang 


= (R+1){ > A a) Hm +1) = Base /( +1) + SAO /(pt 1)} 


which may be written 

hoe ee ae = Any/(m + 1) + Bmp/ (1 -+ 1) + Cmn/(p + 1). 
Thus the proof of Theorem 3.1 reduces simply to the prcof of Lemma 4. 3 
for the case where E = 0 and none of the coefficients Gmi, bnj, Cpp Vanish. 


Y. Applications. After having proved Theorems 3. 1, 3. 2, 3. 3 and their 
analogues for sequences of arbitrary multiplicity, we’ can, without meeting 
new difficulties, extend to sequences of arbitrary multiplicity many of the 
results given by Adams * and the writer, loc. cit. 


* Adams, “ On summability of double series,” Transactions of the American Mathe- 
matical Soctety, vol. 34 (1932), pp. 215-230. 
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8. Non-factorable transformations. The transformation F is of the type 
ane factorable by C. R. Adams. An example has been given by Adams * 
which shows that the double sequence analbgues of Theorems 3. 1, 3. 2,¢ and 
3.3 cannot be extended from factorable to non-factorable transformations. 

We give here the triple sequence analogue of a very simple example the — 
writer constructed after having seen ‘the one of Adams. The non-factorable 
transformation i E aE e ee 

+ __ J So0o . p= 0... 
aie Pa \ Smnp “+ [3/(m o p >O: 
obviously evaluates each bounded. convergent: sequence’ to the ‘value to which 
it converges. ‘The goguen l a a 
pe a 
converges to 0, and ling for its N transform the sequence Smnp = 1, for all 
m, n, p, Which converges to 1. The sequence ` | 
ma [OPD Rt 

; a a ee p> 

lias for-its N transform a bounded divergent sequence. This example shows 
that there exist non-factorable transformations, regular for hounded convergent 
sequences, for which analogues of Theorems 3.1, 3.2, and 3.3 do not hold. 
It is worth noting specifically that the transformation N does not share 
with the factorable transformations F the property -of peers consistent with 
convergence. _ 

l W. A: Hurwitz pointed out to the: writer that our methods, with only 
a, slight change in detail, suffice to prove Theorems 3.1, 3.2, and 3.3 for 
the following. set ‘of transformations @ which includes a large class of non- 
factorable transformations. Let A’ pa a posni inveger and let 


(8. 1) | Smnp == 


8. 2) 


m n p 
Sun = 2 b% Sener 
=0 


Fe _ 420 ” 
G: 
mi ni - 
where l 400 7 satisfies,’ “for ai A = 1, 2, 3; ro == 1, Den on conditions 


corresponding to (2.1) and (2.2) and, instead of (2.3), the condition 


m va 


(8.3) ` ; lim $ > S ampin = 1. 


mnp iz0 j=0 k 


* Adams, “On non-factorable transformations of double sequences,” Proceedings 
of the National Academy of Sciences, vol. 19 (1933), pp. 564-567, 
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In proving Theorem: 3. 1 me G, ane 4.3 is applied with R E by 
A(R + 1)— 1. 

The transformations’ ma fdl] in the lige G- merit some demas. Tt 
we put = = DE 
(8. 4). 7 _ | Agi® = > a vd) 


= «at 


then. (8. 3) may be written 
(8. 5) lim > Am” An) Ap (8/8) oo 1. : 


Mis np >W =i 


If A == 1; in which case G reduces to F, we have .- -.- Des 


(8.6). | O m Ag YA D Ag OD = 1 . 


My) Np? OO 


which ae that each of the three limits 


in Am, lim AnaY, lim Ap% 
m> N>OO p>% 
exists and is different from 0, and that the product of the three limits is 1. 
Thus each of the three matrices || a%® || corresponds to a simple-sequence 
transformation which is convergence preserving and regular for null sequences. 
5 al case A > 1, however, (8.5) does not imply that all of the limits 
lim Ayo a (1, 8,85 b= 1,2, Sih) 


gq 0 


exist. For example, (8. 5) holds if . 
lim = Ag“) A aaa D =l; lim s ==0 for each ò> 1, 


* MoN p->00 ; MIO | 
and each of oe sequences og’, A= 2,3, §>1 is a-bounded diore 
sequence. Thus when’ A> 1, it is not necessary that all of the matrices 
| a O. || entering into the definition of G a to Osea era 
Aole sinok transformations, : 

The double-sequence analogues of the results that Theorems 3. 1, 8. 2, and 
3. 3 hold for the transformations Œ have not been previously pointed out. 
Thus, for example, our results considerably. enlarge the class of double sequence 
transformations which are known to be consistent’ with convergence. 
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ON THE-UNITS IN A CYCLIC FIELD, ` 


By CLAIBORNE G. LATIMER. i 
® - $ , eA 


1. Introduction. Let F be an algebraic field which is cyclic with respect 
to the rational field. .The purpose of this paper is to prove three theorems 
on the existence of certain types of fundamental systems of units in F. 

If F is the field defined by a primitive m-th root of unity, m a power of 
an odd prime, it isewell-known that there is a fundamental system of units 
in F which are all real. This will be extended to any imaginary cyclic feld, 
| Let F be of degree E and let e == E or e==H/2 according as F is real 
or imaginary. P is identical with‘its conjugates. It follows, from Dirichlets 
theorem, that there are exactly n= e —— 1 units in a fundamental system. A 
unit of F will be said to be a fundamental unit if it and n— 1 of its con- 
jugates form a fundamental system. It has been shown in another paper * 
that the class number of F, or the “second factor ” of the class number, could 
be expressed in terms of an ideal & in a certain commutative ring. It will be 
shown that F contains a fundamental unit if and only if @ is a principal ideal. 
A special case of this is equivalent to a result of Eisenstein’s. 

Let F be obtained by composition of two fields, Fi and Fs, the degrees 
of which are relatively prime. It. will be shown that there is a fundamental 
system of units in F such that certain of them form a fundamental system in 
F, and certain others form such a system in Fs. 


2. A fundamental system of real units. Let s be a generating substitu- 
tion of the Galois group of F. If 6 is a number of F, it will be understood 
that 6 == st(6), (t= 0, 1,2,- -, E), 6 == 0P =. 6© is the conjugate 
imaginary of 6. All the roots of a in F are powers of one of them p» which 
is of even degree 2m, m Z1. Let.p’ =p", he =H. Then p@ = p" =p", 
H==— 1 (mod 2m) and h is odd. . i 

Let 41,72," *, mn be a fundamental system of units in F. Every i 
belongs to F and therefore ` 


' (1) - gi =p: M? y., . an (i= 1, wes 50), 


where the «’s are rational integers. By Lemma 1, Tr., the matrix A == (2:5) 
(i, j =1,2,---,n) is a root of ; 


* Latimer, “ On the class number of a cyclic field,” Transactions of the American 
Mathematical Borretti vol. 35 (1933), p. 411. This paper will be referred to here- 
after as Tr. ' -> 
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(2) F(a) = at: peti), 


and is not a root of an equation, with rational coefficients, of degree <n. 

“Let F be aa Employing (1) and p’ = p", we may express suc- 
cessively the y”, n”, + +, 945 as products of powers of the y’s and p. Since 
A is a root of (2), A€ = J, the identity matrix of order n. Hence we find 


i = py; (= 1,2,-- +n), - 


where, if 8;; is Kronecker’s ô and AF == (au ®), (Ie == 2,3,°°:°,%), 


n i ° ig 
ti = D aj (Bijh" + aih + ay Ph -H > oot aay), 
ja” 
l A Layon) 


But A is a root of (2) and A is odd. It follows that every term in parentheses 
above is even and therefore every t; is even. Let tı —2T:;. Then the units 
6; == pT, belong to F and i ' 


0; esha ply, a pTi ae 6; (4 — 1, 2, ee n). : 
Hence the 6’s are real and we have | 


THEOREM 1. Let F be. an imaginary algebraic field which is cyclic with 
respect to the rational field and let msns; © *, qa be a fundamental system. of 
units in F. By multiplying each q; by a properly chosen root of unity in F, 
we obtain a fundamental system of umts in F which are all real. 


We shall assume hereatter, without loss of a that all the 7 "3 are 
real and positive. 


3. The ring Œ. Let A be the set of all polynomials in A with sationel 
coefficients and let Œ be the set of all such polynomials with integral coeffi- 
cients. If #(%),is 2 polynomial in the indeterminate s, with rational coeffi- 
cients, the constant term being c, it will be understood that.¢(A) is obtained 
from ¢(x) by replacing z by A and c by cl. Y and Œ are commutative rings. 
I, A, A?,- - -, A*™* are linearly independent and form a basis of A and of Œ. 

The ideal & referred to in § 1 is a non-singular ideal * in © and it was 
seen in Tr. that @ has a basis wy, o2,° * *, an such that 


* It will be understood throughout this paper that we employ the same definitions 
of an’ ideal and of all terms referring to ideals'as given by MacDuffee in his “ An in- 
troduction to the theory of ideals etc.,” Transactions of the American Mathematical 
‘Society, vol. 31 (1929), pp. 71- 90. The results of this paper are valid for ideals in 
@ by § 2, Latimer and MacDuffee, “ A correspondence between classes of matrices and 
classes of ideals,” Annals of Mathematics, series 2, vol. 34 (1933), pp. 313-315. 
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n 4 l ; 
(3) | . Aw; = >) Zijoj (i= 1,2, © en) * 
jal | 
io É 
A e 
(4) i = £4101 ey Zigwe Js at Zinn l (4 sme I; 2, sama n), 


are elements of Ñ, they form a basis of & if and only if the determinant 
| Z |, of the matrix Z == (z4) is + 1.ł Similarly, it is well-known that the 


units of F, 


(5) AE . E T h ; (4 == 1, 2,° . n), 
form a fundamental system if and only if | Z | = + 1. 

If é, é: ° e, én and ĉi, Ez - +, are given by (4) and (5) respectively, 
using the same matrix Z, | Z | == = 1, they will be said to be corresponding 


systems. We thus have a one-to-one correspondence between the systems of 
basal elements of & and those fundamental systems of units in F in which 
‘every unit is real and positive. For corresponding systems, we have by (1) 
and (3), E 

Ci == + ¿8i ` Ept EE Enp” 
(6) Ay == Bié + Biz + °° > + Binén, 


where B == (Bu) = ZAZ-. 


(i= 1,2, "9 T) 


Theorems 2 and 3 are proved by employing (6) to show that certain 
properties of a system of basal elements of & imply certain properties oi the 
corresponding fundamental system of units in F, and conversely. ` 


4. On the existence of a fundamental unit. Suppose & is a principal 
ideal {é}. Then é; = AE (t=1,2,--+,n) form a basis of &. For this 
system of basal numbers, the matrix B in (62) is 


0 1- 05- 0 9 
0 @ gees 0 0 
0 .0 O--- 0 1 
—1 —1 —1---—1 ~—1 


For the corresponding fundamental system of units fi, we have by (61), 
Cia = + Ci = tO, (i= 1,2,- ,n-—1). Hence & is a fundamental 


* Neither the conditions (3) nor the particular fundamental system of units in F 
which is employed determine @ uniquely. However, it may be shown that when the 
generating substitution s, of the Galois group of F is fixed, the class of ideals to which 
§ belongs is uniquely determined. 

f MacDuffee, loc. cit., p. 74. - 


72 - CLAIBORNE GQ. LATIMER. 


unit. Conversely, if F contains a fundamental unit ¢; we may assume that 
it is real and that :—= + €* >0 (4=—1,2,:--+,n) form a fundamental 
system. Then by (6), for the corresponding system of basal numbers we have 
Eisi == Ag; = Åt (i = 1; 2, o se »n—1), 8 = {é}. We have then 


THEOREM 2. F contains a fundamental unit if and only if & is a prin- 
cipal ideal. oe 


Suppose E = tt = o> + + yy Is a positive real fundamental unit in F. 
Then & = {é}, É = 40, + Zior + e e + Zino Tf 2 is another such unit, 
_we find similarly that & — {€’} where ra is uniquely determined by é’. Since 
& is non-singular, éis not a divisor of zero.* It follows that & — UE, where 
U is a unit; i.e. an element of © such that for a properly chosen element 

U’ of ©, UU' =I. Thus if ¢ is fixed, every real positive fundamental unit 
in F determines uniquely a unit in @. Conversely, every unit in @ determines 
“uniquely such a unit.in F. . We have therefore the 


CoRoLLÁRY. I f Ris a principal ideal; there is a one-to-one correspondence 
between the units in & and the positive real fundamental units in F. 


If e is a prime, @ is equivalent to the set of all integral algebraic numbers 
in the field defined by a primitive e-th root of unity. Hence if e = 3 or e=5, 
all the ideals in @ are principal. It follows that in the first case there are 
exactly six real positive fundamental units in F; in the second case, there is 


an infinitude. For the case where E == e == 8 and the. discriminant of F is | 


the ee ‘of a prime, this is equivalent to a result of Hisenstein’s,+ 


5. Fundamental systems of units in ‘sub -fields. of F. Let F be obtained 
by composition of two fields F, and Fz, of degrees E, ‘and Es respectively, 
where E, and E, are relatively prime. We shall assume that Æ, is odd and 
hence F, is real. Let e, =F, or e, = F,/2 according as F4 1s real or imagi- 
nary, and let e; = Ez, ny == e; — 1, na E= ea — 1, ng = n — na ~—— ng. There 
are exactly n; units in a fundamental system of F; (i = 1,2). 

' We shall show that 9 is the direct sum of three invariant sub-rings YW, 
of order 7;;-also that & has a basis én én °°, &u such that n, of the £s belong 
to M, and nz belong to Ws. It is then shown that in the corresponding system 
of units, n, form a fundamental see in F, and nz form such a system in Hass 

Let 


E fel) = (sa —1)/(2—1). 


' *MaeDuffee, loc. cit., Theorem 3, p. 74. l 
- Journal fiir Mathematik; vol. 28 (1844). p. 315. 
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The zeros of these fı are zeroes of f (2). Furthermore, they are distinct since 
e, and ex are relatively prime. Hence f;(2) ==f(x)/fi(v)f2(x) is a poly- 
nomial with rational eee coefficients. Te i ( a) =f (x) /fi(z) (= 1,2, 3) 
‘and let : 

I, =e." 'ġı(4), l= er ‘gs(A), kals 


be shown that I;,1,A,- + +,1,A™** are linearly independent and form a basis 
of the ring A =M; is Bach I; is the modulus of the corresponding W; and. 
M is the direct sum of the three Wj. ” ! 

Let @’ be the ring consisting of all denent in the form a is, + We + wes 
where each y; is a linear homogeneous function in l; liA; ++, 4,4" with 
rational integral coefficients. @’ is a pure infinite group with ee to addi- 
tion and the above nı + ns + na =n elements form a basis. Risa sub-group 
of @&’ and hence by a well-known theorem, it i a basis in the form _ 


It may be shown that J,? P= I, LI; = 0 e Iifi(A) = 0. It may also 


= Sty Ar = (i= 1,2,- Mm), 
(7) Éi == £4 + S pubar mt i | (t = m + s "tana + ne), 
jng i 


G= fitit Styled (omm fds - +n), 
where the Ps are rational integers, the £; at linear homogeneous ampere 
with rational integral coefficients, in 1, LA, -,2,A™7, and the &” 
similar functions in Iz,J,4,---,J,A™. Ris eee and hence the p S 
are linearly independent.* It follows that every tu £0 and één’ °°, En 
form a basis of those elements of @ in M. esl; and el belong to Œ. Therefore 


C2158; = Cb 5 


| (I — Ip) 8 = a (L + 1g) Gi = abs | (i=m +1, tee) 


we 





_ belong to &. Since e, and ez are relatively prime, it follows that each of the 
above £; belongs to &. We may then assume that if iS m + m, Ei = 0; 
or that nsi Ems2,° ° ° s Emin, belong to We. Tt follows that for the basis of g 
given in (7), the matrix B, in (62) is in the form 


: Bu 0 | 0 
B = 0 Ba 0 
By Bzz B33 ? 
. 
'* MacDuffee, loc, cit.. l | 


T4 f CLAIBORNE G. LATIMER. 


where each 0 represents a rectangular block of zeroes and each Bi; is a matrix 
with n; rows and n; columns. By (62) and the form of B, we have 


(8) AME = = BiP É; | (4, k = 1, a, ai s nı), 
it a understood that TA w) = Bu*. From Lfi(4) = 0 and (8) we have 


-0 if ( AYE = f,(A)& = S > (êi; ag Bij By” a saf Bag ™ ) Ej. 
(4= 1, a," oMa) 


Since the és are aay independent, every expression on the right is Zero. | 
Hence, if J’, and I’, are the al matrices of order n, and nz respectively, 
we have eos +. Burtt»: t Ba + I = 0, Bun =J’,, Similarly, 
Boo = I's, | 
Consider the fundamental system of units £;, corresponding to the basis 
( 7) of &. From B,,% == I", and (6) it follows that 


Ei = (— 1) Ei {1 = 1,2, : Sy nai) 


where the ¢’s are certain integers. It may be shown, asin § 2, that the ts are 
even. Hence the first n, of the Zs belong to F;. Similarly, the next ne belong 
to F} Since the n Cs form a fundamental system in F, it follows that the 
first n, and the next na of them form such systems in F, and F: respectively. 
We have therefore 


THEOREM: 3. Let. F be an algebraic field which is cyclic with respect to 
the rational field and let F be obtained by composition of two fields, F, and Fo, 
the degrees of which are relatively prime. Then F contains a fundamental 
system of units such that certain of them jon such a system in By and cer tain 
others form such a system m Fo. i | 


Every cyclic field is obtained by composition of irreducible cyclic fields, 
the degrees of which are powers of distinct primes. By repeated application 
of the above theorem, it follows that there is a fundamental system of units 
in F which contains a fundamental system in each of the above meitioned 
irreducible fields. | 


UNIVERSITY OF KENTUCKY, 
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NORMAL DIVISION ALGEBRAS OF DEGREE 4 OVER F OF 
CHARACTERS EIG 2 


A. “ApRIAN ALBERT. 


1. Introduction. I have determined ł all normal division algebras of 
degree 4 over any non-modular field F anc it is evident that the determination 
is valid when F is any infinite {f modular field of characteristic p42. ‘There 
remains the case p = 2. 

In the non-modular case there are but two types of algebras, the cyclic 
algebras and a second type containing algebras which may or may not be cyclic. 
I have proved § the existence of both primary and non-primary non-cyche 
algebras over a non-modular F. 

In the present paper I shall assume that F is any infinite field of char- 
acteristic p == 2 and shall determine all normal division algebras D of degree 
4 (order 16) over F. As in the non-modular ‘case the above two types of 
algebras appear. However I shall prove that every non-primary D is evclic. 
I shall also prove that a necessary and sufficient condition that D be cyclic is 
that D contain a quantity ¢ not in F such that # is in P. 

Finally I shall give a construction of the non-cyclic type of algebra D and - 
shall prove that. D is a non-cyclic primary'‘normal division algébra if and. only 
if a certain quadratic form in nine variables (and with coefficients determined 
by the multiplication table of D) is not a zero form. 


2. Presupposed results. Let F be any infinite field and let D be a normal 
division algebra of order m over F. Then iti is well known that m = n?, D has 
rank (or degree) n, and every sub-field of D has degree a divisor of n. In 
particular D has sub-fields of degree n generated by a root # of an irreducible 
equation of degree n over F. Moreover such fields are maximal so that if 
dz = xd for d in D then d is in F(a). rs 


* Presented to the Ameri¢an Mathematical Society, December 1, 1933. Received in 

October, 1933. 

+ Cf. Bulletin of the American Mathematical Society, vol. 38 (1932), pp. 703-706. 
I refer to this paper as A. 
l Ib is well known that the only division algebras over finite fields P are finite 
fields and hence that there exist no normal division algebras of degree n > 1 over P. 

$ See my paper in the Bulletin of the American Mathematical Society, vol. 38 
(1932), pp. 449-456 for non-primary algebras and in ‘the Transactions of the American 
Mathematical Society, vol. 35 (1933), pp. 112-121, for primary algebras. A normal 
‘division algebra D is said to be primary if. it is not expressible as a direct product of | 
normal division algebras of lower degree.’ 
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A field F(s) is called separable if the minimum equation of s, which has 
coefficients in F and is irreducible in F, has no multiple roots. If F has 
chawacteristic p = 2 then F(s) is inseparable if and only, if the equation has 
even powers only. In feo a gaan field 


(1) F(a), a? == y in F, 


is inseparable. But if g? == yx + 1 y£ 0 then F(x) is separa and, if we 
write u == y "2x then 


(2) u? =u + a, a in F. 
By applying certain results of Artin-Schreier I have proved * 


THEOREM 1. Every cycle field of degree four over F of characteristic 2 
ts generated by a root of 


(3) l EE rae yt wut a, 


where a, B are in F, E(u) is a separable quadratic field. Conversely if x satis- 
fies (3) then F(x) is cyclic of degree four over F and contains F(u). 


THEOREM } 2. Let u? = u -F a, v? =v ae B. Then every non-cyclic nor- 
mal quartic field K over F is generated by u and v, K == F(u, r such that 
neither a, B, a + B has the pu ' 


f 


(4) . — 88 + 1) 


for any 8 of F. Conversely if the above condition on a, B, a-+ B is satisfied 
then F (u,v) is a normal non-cychic quartic field. 


I have also proved .- 


THEOREM f 3. Let D 7 a normal dwision algebra of degree four over 
any infinite field F and let F(u) be a quadratic sub-field of D. Then the 
algebra of all quantities of D commutatwe with u is a normal division algebra 
of degree two over F(u). i 


* In a paper “ On non-primitive fields of degree p” over P of characteristic p,” which 
has been offered for publication in the Annals of Mathematics. l 

+ We assume henceforth that F has characteristic 2. Then, if @ and b are com- 
mutative, (a -+ b)? =a" + 2ab + b? = a? + 6?, —1=1. We use these properties 
repeatedly without mention. , 

{In a paper, “On normal simple algebras,” Transactions of the American Mathe- 
matical Society, vol. 34 (1932), pp. 620-625, for F non-modular. The proof holds for 
any infinite field. , l 
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| Tenni * 4,- Every D of degree 4 over F contains a sopiran qanita; 
sub- -field. 


. i f è 
THEOREM 5. Let (o) =0 be the minimum equation of z in D. Then 
of y is in D and $(y) =Q. there exists a t in D such that y == tat". > 


We may now apply Theorem 4. By precisely the proof for the non- 
modular case in A we have immediately ; sE y 


THEOREM 6. Every normal division aigsbra of degree four over an in- 
finite field F contains a quadratic sub-field. 


We do not know, howerer whether or not the above field is separable or 
inseparable. ` : a 


3. The existence of a separable quadratic sub-field of D. Let K =F (u) 
where K is quadratic over F. By Theorem 3 algebra D coritains a normal 
division sub-algebra Q of degree 2 over K and it is known + that 


(5) Q= (LEE), Pipa? SRPEN 


where A and w are in K. Suppose now that w? ==o in F so that K is in- 
separable. Then we may prove. . 


| THEOREM 7. The field K(i) contains a separable rade atie sub-field. 


For let A = M + Agu, v = 1 + Mu + + where Ay and Az are in F. Then 
y? Hil Hae HEH Hui Sa 
N A E EA A A A A 


in F. Since v is evidently not'i in F, the equation v? T v == p defines a ce al 
quadratic sub-field of K (i). 
We apply Theorem 6 to obtain 


THEOREM 8. Every D of degree ee 4 cover F of characteristic 2 contains a 
separable quadratic sub-field. 


- 4, On ‘cyclic algebras. Let K be an infiaite: féld of characteristic two 
_and let Q be a normal division algebra of aeeree two over K. As before Q is 
given by (5). Let € be a scalar root of a? == F À 50 that the matric algebra 
with basis 


* Theorems 4 and 5 are very well known. — 
j A trivial consequence of the general case of Theorem 4 and of the fact that every 
-separable quadratic field is eyclic, 
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Eat i) és =i dia) (22), iojo — Aea | 


is equivalent to.Q. IÍ t= qq Je Got -+ gaj aif then g corresponds to 


` E was + asé) ) 7 
tat aa(E+1) a talt)? 


whose characteristic equation, ane 


"2 


(8) $ (o; Zi, Ge, &, Ms) * 
= wy” — Who + [a,? A ne ue 2) Ta ei (ae? a Gah, n ain) pel = aos 0, 


is the rank equation of Q- Jes ee 
Suppose that K = F (u), w= u + a, so that K is a ache T 
extension of P. Let pe be in F, Am Ài -+ Agu with Ax, de in F. Take 


(9) a = 0, ag = 1, Q3 = m, O sity 3 | gob mi + uij, l 
where l a — ah om ae Ok 
(10) i aT = p (Ae — a) — (Ar + Az + Aea) 


is in FP.. Then (8) becomes 
plr? (M + e)a u,e + A + Aa + Aa) T = 0 


since m -+- Ody — = 0, aÀ == Ay -+ At = == A, Gs? = s O34 —= TU, 


(11) wt — w + Ay + Ast 





and aa? == u (A ae TT = (u -+ a) (Ai + Ag) l 
= Àa% oe ÀA -+ Nott + At + AokU. 
But by (10) we 7a | 


— pla + Ai a Xs cae ——; T %, 
so that (11) becomes * 
(12) w? — w + au +8 = 0, a? = w + (aw -+ 8) 


where ô is in F. By Theorem 1 the field F Gi defined by a root v of (12) is 
a a quartic field over F. We have 


LEMMA LI f Kisa separable giii PF extension of F and if 7? = pin 
F then Q contains a cyclic quartic field over F. 


We next prove 


* Since —1 = 1, — (au +8) = au + ô. 
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‘Luma 2. Let Q contain y not in K puen n k = w n K, K =F ENU) 
o u? =u + ~. Then Q has a basis © °" 


&: 


(18) hyk), BS, y= be, ee ay, 


We take the basis (5) for Q. sagas | bore for any 7 of K since Q 
is a division algebra. Write . 


= Oy ai + gf + aij 


where Os, Ce, Gg, Za are ini F, “By (8) we ae Gz == 0. Then 


P T e A ue a 
GE DYE CFD (Ge aj E isi) = Hi ye E 


We let . 
A= (a E aint), Ag == Big Ay” 
so that | . me os 
ae ET a N eee ee, 
and write - = oh ae se ee ee sk 
k= 7 Os tai 
Then 


-yk = (M + ey) yi =, (a, tnei E, 
a (k + l)y —y + (Ar =e hoy) y — 2a (Aa +. dey) 
= (k T 1)y sg (a — Gta — l)y T (Aapo — aM ) = (k + Dy 


as ts desired, Moreover k? === k a v vin F. For evidently k is not i in F so that 
=— ék + é, é and é in F. Then 


k? = (k +1) ty == (ke + 1)y 
sans > (ék + Eo T 1)y = y(&k + £2) a = [é (k -+ 1) ies ely. 


Now ék 4. E- b= ék -H é + Ën so that é == ] as desired. - may it is 
evident that Q= (1, k; y, ky). 3 - 
We are now in a position to prove 


sitaa 


THEOREM 9. A normal division algebra D of degree 4 over F of char-. 
OROREN 2 ts cyclic if and only vf D contains an vaega able quadr atic sub-field. 


For it i is well known that if Ds 18 ade it contains ¢ a quartic field P (4); 
yt=yin F. But then F(y*) is an inseparable quadratic sub-field of D. 
Conversely let D contain j not in F such that j= p in.F. By Theorem 7 
algebra D contains a separable quadratic sub-field F (u), u? = 'u +- a such that 
u is commutative.with j., By Theorem 3 the algebra of all quantities of D 
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commutative with u is a normal division algebra Q of degree 2 over F(u). 

Evidently j is in Q. By Lemma 2 algebra Q has a basis (5) with 7? = p in F. 

By eLemma' 1 algebra Q contains a oyelig aun field a (2). Hence 

D > Q > F(x) is cyclic. T 
We have immediately. 


THEOREM 10. Every non-primary normal division algebra of degree two 
over F of char Mere 2 ts cyclic. 


For if Di is not primar y it has a sub-algebra Q of degree 2 over F. But 
then Q > F(j), j} = =p in F and D is cyclic by Theorem 9. We also have 


THEOREM 11. Let D be a normal simple algebra of degree four over F 
of characteristic 2. Then if D contains no t not in F suck that P is in F the 
‘algebra D 1s a primary non-cyclic division algebra. : 


For evidently D is not a cyclic division algebra and hence -is either as 
desired or is not a division algebra. But in the latter case D = M X Q -where 
M is a total matric algebra of degree two and Q is normal simple. Moredver if 


a Ciz, Gar, G22 


is an oriy total matric basis of M the quantity t = ere + C21 has 
property ? = M where I is the modulus of D, a contradiction. 


5. The determination. Le do D be a normal división deora of eR four 
over F' of characteristic two. Then either D is cyclic or D contains no in- - 
separable quadratic sub-field. Let D be non-cyclic. a 

- By Theorem 6 algebra D contains a separable quadratic sub-field F FaN 
u? =u- a. Since also (u + 1)? = (u +1) -+ «æ there exists a quantity fa 
in D such that jou == {u + 1) jo by Theorem 5. If jo” is in F then D is cyclic, 
a contradiction. But 72? = ge, gou = uga. and gz is-in the algebra 3 of all 
quantities of D commutative with u.- Evidently F(g2) < F (jz) since- jz is 
not in 3. Hence F'(g2) is a separable quadratic field,: go? == o (g2 +08) and,- 
if v = o™%g, then v? =v + p, ga = av. The algebra F(u, v) is then a quartie ` 
sub-field of D with Gs group aa we have proved 


Lemma. Every D of degres 4 is either cyclic ora crossed product defined 
by a quartic field F(u, v). ; 


. It remains to prove every j algebra is sige of the second type. Let 
then D be cyclic so.that D has a'sub algebra. 


Q = (1,2, v, xv), v? =o, ota Fa, vz = (z + 1)v 


+ 
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where o is in F, a = «u + f with « and 8 in F and Q is a normal division 
algebra of degree two over F(u), a separable quadratic field with u? == u +a. 
In particular F(x) is the cyclicequartic fielé defining D and it is sufficient to 
prove that Q contains a separable quadratic field F(w), w? == w+ y, n in F 
where wis notin F(u). Forthen Dis a crossed product- defined by F(u; w). 
We take 
i ee eee ee TET i 


and utilize (8). Evidently: 
%ı = 0, % = 1, & = si(a +4), «a = o> (u -+ 1), à = a, p =o, 
so that , , 
owa polola Ha) Fotla tawh potuta] 
= W hte 7 
where we so to prove that y isin F. But., 
q = [atot + a? + ao + adu + au +a + (u T a)a] + au + B. 
However 


aè 4 za = a? (u + a) + B? + au + aB = a? -HB of mv is in F, 
au -+ a+ (u + 1ja=0, = «ou -+ otv -+ au + 8 = ocr + B isin F 


where y is in F. We have proved | 


THEOREM 12. Every normal division algebra of degree four over P of 
characteristic two contains a non-cyclic normal a tic field F(u, v) and hence 
is a crossed product.” 


6. The structure of non-cyclic algebras. Let D be a.normal’ simple 
algebra of degree four over F of characteristic 2, and let D contain a quartic 
field F' (u, v) where l 


(14) u =u -ta P= +eB 


with « and 8 in F and such that neither a, B nor a + B has the form ô? $ ò 
for any è in F. The only quadratic sub-feld of F(u, v) distinct from F(u), 


* If D iš a normal division algebra of degree n over F and D contains a normal 
(Galois) field of degree n then D has known structure, satisfies the postulates for the 
algebras of L. E. Dickson (Algebren, p. 51), is what I have called an algebra of type R, 
is what E. Noether has called a crossed product. 5 4 
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F(v).is the fied F(u+v), (u+ vy = (u +v) -+a g8. Moreover 
F(u,v)== F(t) where the minimum equation of 


(18) © i=in)’ 
with respect to F is a quartic with G, group and roots 


(16) i, (1) =i(u,v+1), (i) =i(u + 1,2), 
Ba (i) = G1 [0 (i) ] = 6.[8,(i)] = i(u + 1, v + 1). 


By Theorem * 5, D containe quantities 41, Jae ja = fifo such that 
Jat = O (i) Jr, Jot = ba(t) Joy Jat = O3(4) ja and 
(17) J = Gry. Ja” = 92, je? = Gs 
where gı, 9a, gs are in F(z). Evidently D has a basis 
(18) ji, uji, vt, uvji (i = 0, 1,2,3; k = 1). 


Moreover D has a sub-algebra 3 of order eight over F, order four and degree 
two over F(u) and in fact 3 is the normal simple algebra 


(19) {= (1, V, fis vji), jv = (v + I)a v =v 4 B, J? = 9, 
over F(u). Every quantity of D has the form | 
(20) i Xa -+ Xaf2 


where X, and X, range independently over all quantities of ¥ and the multi- 
plication table of D is completely defined by the fact that 


(21) Jot = (UW+1)fo, jav = vja Jefi = Thije 


with T in F(u, v). 

Since fı is commutative with 4? == 91, 72 with jo” = ge, Ja with f3? = gs, 
we evidently have g, in F(u), gain #(v), gain F(utyv). If gi == y, + you 
and D is non-cyclic then necessarily | 


91 = y2(Yo + U) = Yz, . 
Ug” = U? + y == U + yo F & -H Yo" — Yo = Uo + Mo, % in F. 


Hence without loss of generality we may write gı = pu, p in F. Similarly we 


may write ga = ov, ga ==TW. But here w=u+u-+e,¢ in F and we have 
proved 


* Theorem 5 holds if D is merely normal simple. 


į 
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THEOREM 13. Jf D ts a eee algebra defined by (14)-(21} we 
may take T 
(22) Jı = pl, J2= 00,6 Ja== TW, ° (po, 7 in F), ® 


where «is in F, ao À , 
(23) w =u 4v tHe wW =w ty, y=04 4b +H ee. 


Cecioni has proved that if we have taken D in the above form and if D 


is associative then ` 


ga (9x) = ga (01) 
91(91) 92(1) Gage (9s) ° 


while conversely if (24) is satisfied ther D is. associative. Hence we have 





(24) T = 9293 (81) = 9191 (82) 9292 (01); 


THEOREM 14, Algebra D of Theorem 13 1s associative if and onty if 


r(w +1) p 
(25) ae ST aes [7 (pea) Jo(u+1)(w+t), 
and 
(26) Ty = p*aa*B, 


condiaes now a quantity bj, of 3 where 


b = Bı + Bou + (Bs 4 Bytt)v me By bav. 


We then have (b71)? == fı + feu where f, is in F and we shall compute f; in F. 
Evidently 


(bja)? = [ (b1 + baw) ja]? 
= (bı + bav) [b + ba(v + 1) ]gı == (b1? + 5,78 af bybe) gs 
= [Bi? + B.?(u-+ a) -+ Bibs + BBa 
+ (Bibs + Bbs + BoBs)u + B(Bs? + Bia) + BB2ulpu 


so that. since w? = u +- a, 
(27) f2 == pL Bi? + B? + Ba + Bibs + Bohs 
k + Baba + Boba + Bohs + B(B? + BE + B2a)]. 
Similarly if ` . 
o = yi + yw + (ys + yw)u 
then (cf)? == fs + fwv where 


(28) f = oiy? a y2” a y2°B + YY t YzY4 + Yiya 
F yeys + yeya + aly? + y + yeg) ). 
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Finally. if. . ose 
(29) == (8; n Saj -+ (8s -+ swye 


r e 


then (djs)? =f; + few where 


(30) fe =la + 8,7 -+ 8.” Y T 8:53 + T -H 8104 
l à + 8253 F 8284 FH B (ôs? + 64? -+ Ôa $y) |. 


We shall utilize the above formulas in obtaining a necessary and sufficient 
condition on «, B, y, p,o,7 that D shall be a non-cyclic normal division algebra. 

We have proved that D is non-cyclic if and only if i contains no quantity 
t not in F but such that ¢ is in F. sae then 


(31) =X, +Xja P=, oo (Ain F, x, and: X, in 3), 
where ¢ is not in F. We first prore ne. is 


ET 3. I f ‘ is in S ana oe an P and th? = A m F then there exists 
a quar ta not in 3 such that P = N. 


We let = (1 + ge) ti (1 + 72) so ‘that svdentiy t = Pen Also 
(1 + 72)? =1-+ g: =r 0 in P(w), and hence (1 + je)? => (1 a je), | 
(32). tm (to + aja) (1+ fs) = (to + Poga) + (lo Pole 
where nn i E o 
(33) by = ht, Uy = jotoje? t jab tet = Uy in x. 


i) 


If t is in 3 then t + %)=0, Pir” 4 tyr = (7, + t)r ==0 so that 
h +ë =0. But F has characteristic 2 so that t = Yi = Jahaja”, tija = jati. 
But the only quantiti es of & commutative with jp are quantities * of F'(v) 
a separable quadratic field which cannot contain t. 

Hence if D is cyclic it contains a quantity t= ¥ 1+ aja such that 
X: 0, ?—=Ain F. But if we let Xaj: =} then 


(34) = (XY + Pye (Aids T X-X’) je = 
and (£X: + XX) S J 7X, = 0 since # is in 5. Hence 
(35) l 12 =g in 3, XY +g =M Xi — 7X4. - 
| * For if t is commutative with ja then, by the first paragraph of § 2, t'is in F (ja) 
and hence has the form M + Au -+ (M + Av) j.. If t is also in E we have M == A, == 0, 


t in F(v). 


X 


oo 
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Suppose first that g is not in F. Then F(g) is a sub-field of 3 and j is 
not in X so that F(g) < F(j).~ Hence F(j) is a quartic field and X] = jas 
implies that XY, isin #(j). Sitice xy is in 3 we must have X, in F(g). 

Evidently g?=vg-+ve If vı = 0 then X, = ð, + d9 


Xy + g = 8? + dn + GAA In HM 
Hence v, z£ 0 and we may write 
(36) l Y rg, YP =y +H v= v” In F. 


But then j = ny =9, , = & + êy and i 


(37) 82+ 8P (y +7) try =A in F, 
whence - | naa Sn 
(38) ; - VW = §,*, eek e ~ > m 


We now compute the quantity vi. We write X, = ¢ + dj, so that j = Clo + dja 
and j? == g == (cja)? + (dja)? + e7, where we shall not need the form of. e, 
a quantity of #(u,v). But we know that 


(39) (cja)? + (dis fab tent fot foo 
where f} and fs are in F and f, and f, are given respectively by a (30). 


Hence g? = f? + (ej)? + (fet Pi E Ea 
=P + (eh) H fF +A (9—f) = AEH + (ei)? ff 


where | 

(40) © f= hfh = fa + falo +1) + fs + fe(w +1), 
so that, since evidently v, = f + f, we have 

(41) vı = fa + fo = è. 


Theré remains the case where g is in F. We use the above computation 
which shows that then f + ej, is in F so that evidently f = (f3 + fs) + fa + few 
isin P. But then fa = Fe = 0 for values of the variables not all zero. 
| We now assume that the quadratic form f4 + fo — & is not a zero form. 
Then our above proof shows that D is a non-cyclic normal division algebra. 
For otherwise D contains a quantity ¢ nct in F such that #—Ain F. But 
then either g is in F whence fa + fe —@ — 0 for £0 and for either fe 40 
or /,5@0 or g is notin F and f, + fe — & is a zero form contrary to hypothesis. 

Conversely if Dis a non-cyclic normal division algebra then fs + fe — # 
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is not a zero form.. For otherwise let fa +- fe = 6? for values of the yariables 
not all zero. If all the variables in fs, fe are zero then 8° = 0, 8 = 0, a contra- 
diction: Hence j = cja + dj, «8, jf? = g = f+ eju 9? = vg +r. Ifv 40 
then we write X, == By, y == vrg and have l l 5 


t= py +h P= Bu +y) +y = Bey in F, 


since we have proved that v, = fa + fe = 8°. But then Dis cyclic. If y, =0 
and. g is not in F then g? == v: in F. If g is in F then f, = fe = 0 so that 
if fa 7&0 then (bjz)? = fs in F, b 40, while if fe5£0 then (cja)? = fs in F. 
In any case D contains a ¢ such that ¢ is not in PL? =A iF, contrary to our 
hypothesis that D is PORER We have proved 


t 


THEOREM 15. Let D bė. the linear associative normal simple algebra 
defined as in' Theorems 13, 14. Then D is a primary non-cyclic normal di- 
vision algebra over F of characteristic two if and only tf the quadratic form 
in the variables & Yot °°, Yao Òe * +584 im F, 


(42)° 0 fa fete 
where f, and fe are gwen by (28), (30), is not a zero 0 form. 


We shall not attempt hers to discuss the nonce of p,o, 7, % B, y satis- 
fying 7y = p*a0?8, y =a + 8+ and such that (42) is not a’ zero form. 
It seems likely however that a proof may be: made by the methods of my 
previous papers for the non-modular case. 
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THE REPRESENTATION OF STIRLING’S NUMBERS AND STIR- 
LING’S POLYNOMIALS AS SUMS FACTORIALS. ° 


By MORGAN WARD. 


1. I give:here a new representation of.the Stirling numbers and the 
associated Stirling polynomials * as sums of factorials, and use the formulas 
to deduce various afithmetical and algebraic properties of the numbers. My 
fundamental formula for the Stirling polynomial bike reads as follows: 


(—1) Py ËH? (+2) (2+3) p8 
(5731) nla) = GT Tl [mr pa BP" 1 8) (pF 8) A 
ear (Cle Ce ee m]. 





(p+2)(p +3): 2p 
The constants H,” appearing here are positive integers defined securely by 
(4.1) 0.) Emm (2p +1 —r) Ae + (pr 1) Ay, 


with the initial values 
(4.11) Hoe —=1, Hya =1:3:5"- (2p + 1); Ha =L 
Nielsen f has expressed the Stirling polynomial WYp-1(£) in the form 


Yp- (2) == Op-1,90? -+ 0p-1,1 8? F © + F Op-i,p-28 + Op-1,p-1° 


‘Unfortunately, the numbers opr are not integers, and the recursion formulas 
for them are very complicated, so that it is difficult both to ascertain their 
form,§ and to obtain properties.of the Stirling polynomial from such a repre- 
sentation. In contrast, the numbers Hp” are intégers of comparatively simple 


* We use here freely the notation and formulas for the Stirling numbers given by 
Nielsen in his well known Handbuch der Theorie der Gammafunction (Leipzig, 1905), 
Chapter V. We shall refer to this source as Nielsen, Handbuch, giving page reference. 
A recent paper by C. Tweedie, Proceedings of the Edinburgh Mathematical Society, 
vol. 37 (1918), pp. 2-26, contains many interesting new results on these numbers. Since 
this paper was in press, C. Jordan (Tohoku Journal, vol. 37 (1933), pp. 254-278) has 
given an expression for the Stirling number as a sum of factorials. See especially 
pp. 264-265 of his paper, where his numbers C3 are my Hmi 

t Nielsen, Handbuch, p. 72. 

t Handbuch, pp. 72-73. See also Annali di Matematica, II, vol. 10, pp. 309-316. 

” § Nielsen, Annali di M atematiod, MI, vol. 10, P- 313; Tweedie, paper cited, Sece- 
tion 11. i 
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form, while (8.31) leads directly to interesting congruential properties of the 
. Stirling polynomials and, Stirling. numbers. =. 

e To give an.example of such congruences, | let P be any prime greater than 
2p, and r any positive integer. Then if Cn? denotes the Stirling number, 


C? a4, = 1, (mod Pr) if n + 2 = 0 (mod Pr), 

CP, 4, = H — 1 (mod Pr) if n -+ 3 = 0 (mod Pr). 
As a numerical illustration, take p = 3, P= Y, r= 1. Then from 
Glaisher’s table * of CnP, C3 = 226, C3 = oe and ' 


225 = 1 (mod 7), . 50 =% —1 (mod 7). 

2. We begin with the Stirling numbers of the first kind deiei by 
gle +1) (z+ n—1) = Onar A Oar e: -+ On Pane | -+ Oaa. 
We call n the rank of Cn? and p its order. We have the immediate relations 
(2.1) CPngy = On? + NOn t, 

(02) Co, OG, aea 90 ie), 


We now define On? for all integral values of n and p, positive or negative, 
by the recursion formula (2.1) with the initial values (2. 2). Then it is 
readily shown that 


(2. 8) Cnt! == 0, (n == 0,1, °°; r=1,2,-°-). 
Furthermore, if ` 


 Fa(2) ay On? 


n=0 
is the generating function for the eee numbers 
«OP, 037, O2, 
of fixed order p, then an easy induction shows us that — 
(2. 4) F(a) = [2"/(1—2)°"]Hp(2), (p= 0,1,2+°*) 


where H,(z) is a polynomial in z of degree p—-1 with positive integral 
coefficients, and, by convention, we take : 


(2. 41) E H,(z) =1. 


* Quarterly Journal, vol. 31 (1900), pp. 26-28.. This Table extends as far ‘as 
n == 20. Cp is denoted in Glaisher’s notation by S, (1, 2,» . n — l}. 


STIRLING’S NUMBERS AND POLYNOMIALS. — 8o 
The polynomials H(z) appearing in (2. 4) Banet the recursion relation 
(2.5) Aya (2) = (+p 4 1) Hy(2) + (L—2)2 (d/dz) Hy (2) , 
which with (2. 41) determines them Comes 


8. We next put the polynomial H,(z) in the form — 
(3.1) . H(z) = Hp — Ep (1—2) | | 

4 H(1—2)@—- A 2). 
Before studying the constants H,", we shall deduce our main’ formulas. On 


substituting (8.1) into (2.4) and then. Serene in ascending powers- of 2, 
we find that. 


5. eee „my CEDGD C4 2— A) p 
Fp(z) =" $ Jen Beea Op or 


Therefore by comparing the coefficient of z” on both sides of this expression, 
we find that 


On? =S (D Hy(n—p) (m1 — py (wt p—r—1)/(29—) 1. 


On replacing n by n+ 1 in this éxpression and removing the common factor 
(—1)?*(n-+ 1)n:-- (n-+1—p)/(p +1)! from the right side, we obtain 
finally the formula | 


(8. 2) On bore. !(—1)> 





(n— p)! (p +41)! l 
+e? 1 (o42)(n 4-8) $ 
xie BER gps T (p42) (p43) 2” 


pa (t+ %) (m+ 3) ++ ntp) 7, 
ae AE Spe Vp a) ee Bp) Hy |. 


OPns = [(n 4 1) TOE ] Yous(n) 


Now * 


where wee -is the arene polynomial of order. p— 1, Eis 


es r T = CEDE ot o |. 
Yo-1(m) = as [ae ae) PTT z | 


“Since this formula holds for all positive integral values of n, we dediice that 


` * Nielsen, Handbuch, p. 14, formula (15). 
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{—1) na aHa p 
: (x 4-2) (2'4 8) oo, 
Tt (pER)(p+3) 

cap oe) ee 8) ee (Bee) aes, 

PISU paT ne | 


for all values of the variable z. 
We may use this result to obtain a formula similar to (3.2) for the 
Stirling numbers ©.,* of the second kind * defined by the expansion 


l/a(a +1)- ++ (+ n— i) = > (— 1) ® G8 /a's. 
For ł | es pee 
Ca? = t T o l] Ya (~ 7), 
so that by (8. 21), 


Hp 





ics (n+ p— 1) 
TOR sea 


(n — 2) (n — 3) Hp- 
+ Gra) (pa) n r | 
4 (n—2)(n—8) - =p D n 
+ Gy n s 
These formulas have immediate arithmetical consequences. For suppose 


that P denotes a fixed prime greater than 2p, and r any positive integer. 
Then we deduce from (3.21) that 


E 


ypa (0) = [(—1)7/ (p +1)! Ayr (mod Pr) if n+2=0 (mod Pr), 
yr- (0) == [(—~1)?9/(p + 1)! ] {87 " [1/(p + 2) }HyP*} (mod Pr) 

if a aa (mod P"), 
and so on. ihe are analogous congruences for the Stirling numbers de- 
ducible from (3. 2) and (3. 3) ; namely, 


C? oar (mod Pr) if n + 2==0 (mod P"), 


pa) Cin (p+ 2) Hye *+ Hyp? (mod Pr) if n+ 8e=0 (mod Pr), 
(3. 4) €,? == H,?* (mod Pr) if n— 2 = 0 (mod P”), 
Ca = (p + 2) He" -+ Hp’ (mod Pt) if n— 3 = 0 (mod Pr), 
and so on.. 


* Nielsen, Handbuch, p. 68. 
t Nielsen, Handbuck, p. 74. 
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We may note in passing an interesting consequence of the. form of the 
generating function Fp(2) given in (2.4). For if 


AC? = On? — CP ny SC pn? —= Oo? + OP HHE 4 One 
denote the usual operations of the calculus of-finite differences applied to the 
rank of the Stirling number Ca”, the generating functions of the numbers 
AC? and 30x? are (1—z)Fp(z) and (1—2) F,(z) respectively. But with 
H,(z) in the form (3.1), each of these functions may be immediately ex- 
panded in ascending powers of z. We obtain in this manner the formulas 


Se Oe na ( oa 








(n +1) (n T 2) ] 
Hy p-ti Hp- -2 nine sete AS, seats a Ay? ee ee 
| x| T (+H?) ? 
(8.5) 
EIEE E af? + e. 
OP asa ( 1)? ( + 2 l 
: 3 (n + 8) (nm + 4) 
Hea Or FSO ee a cae ea LARL A s p ea | : 
x Br r+ Gate jaa 
and it is easy to write down analogous formulas for the higher differences and 
summations of 0%... The method by which we obtained the congruences 


(3.4) yields then an E number of congruences involving sums and 
differences of Stirling numbers of the same order. 
If we compare (3.5) (i) with (2.1), we see that ` 


ne? at (— 1)? (o) 


3 T z (n+ 1)(n-+2) a 
x [Bet — ppt + Gt ij(p a) mah Th 


= On the other hand, if we Pee p==p—1 in (3.2), we find that 


Ort = peg r) 

x Fe pipt] 
Therefore, for all integral values of n, we have the fundamental formula 
[ir phar NE ar 
a “be ra fen ae 

ERR SS 
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We may if we please replace n here by’ a continuous variable x as in 
formula (8. 21). l 
* In particular, if we let n = p, we have . 


Hf — Hy? + Hy? —: z o eae S tar EER iJi 


pre 


From this sesuli and the fact that Hy p=], we deduce that 
(3.7) Bp— Ht + Hy? 4 (1) Hp, 


a formula which affords a convenient check when computing the numerical > 
= values of the integers Hy”. 


4. We now proceed with the study of the numbers Hy". If we assume 
that (3.1) holds for all positive integral values of p, we obtain by substituting 
in (2.5) and comparing the coefficients of the various: PORR of 1 —z, the 
recursion relations 


; Hp = (2p + 1) Hp, H?,,, = Hy? and 
(4.1) | Hey = (2p +1 —r) Hy + or + DE, rt, 


Since H? = 1, we deduce from.the first two relations that 
(4.12) © My =1:3: 5- Qo +1, H=,  (p=0,1, °). 


The first few numbers Hp” are given in the following table: * 


p |l r=0 1 E 3 4 5 6 7 8 9 
1 1 

2 3 1 

3 15 10 1 

4 105 105 25 1 

5 945 ` 71260 ` 490 56 1 . E 

6 10395 17325 9450 1918 > 19 “4 

7 135185 270270 190575- 56980 8825 246 Ir) 

8 2027025 4729725 4099095 1636685 302995 22935 501 1 


9 34459425 > 91891800 ` 94594500 47507460 12122110 1487200 74316 1012 1 
10 654729075 1964187225 2348240900 1422280860 456876410 81431350 6914908 235092 2085 1 


Here the number in the 'g-th row and r-th column is Hy”; thus H,? == 25. 
We next extend the definition of H,” to. all integral values of p and r by 
(4.1) and (4.12). By a brief induction, we find, that 


(4.18) Hy =0 (7213 p—0,1,2,---) 
(4.14) Hyer (r= 0, Pe LBB BL pear ti: +). 


= one table has been checked F the use of PEER (3.7). 
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Now replace + by p —r in (4, 1). We obtain | | 
(4.2) Hee (p+r ile + (rt Hee OO, 
Let the generating function of the numbers 
Het Hs Hè”, o Hpt, o> 
be denoted by 4, (2), so that . 
(4. 3) is (z) = Prat = > a 
since by (4.13), Hot = Hy ™ =. > = TT = Í, 


On replacing r by r -+ 1 in (4. 3), Sao ni the summation variable irom 
p to p + 1, and reducing by (4.2), we obtain the formula 


(4.4) (1— (+1) 2)Mea(@) = (r + 1) eh (@) + E e a . 
aE r == 0, 1, 2,° 
Since by (4. 14), H,? = 0 and Hp? = 1, we have 


(4. 41) H(z) = 1. 


These two formulas serve then to define the functions &,(x) completely, 
and X(x) is seen to be a rational function of x. It is easy to determine its 
form. For by direct calculation from (4.4), we find that 


#38 —~ 2a] 
1—2’ H(z) = (1—2)?(1— 2z) g 
x [15 — 45r + 40r? — 1225] 
(1 —a)*(1— ®2)*(1— 3a) ° 
x*|105—8402-++-26252’—41302°+-3500z% 18600-28804] 
(1—2) *(1—22) 3 (1—38a)?(1—42) - 
We are therefore led to infer that the generating function W(x) is of 
the form 


Hi(e) = 
(4. 5) Hs (x) == 


A(x) = 


(4, 51) (2) = oh, (x) /(1—2#)t(1— 2a)" + - - (1 — rg) 


‘where ®,(z) is a polynomial in æ with integral coefficients of degree r(r — 1) /2. 
The proof is a straightforward induction from (4.41) and (4.4) and will be 
omitted, here.* 

If we put the right-hand side of ( 4.51) into partial aoe we see that 
| X,(z) may be written as | l 


* The relationship between ©, 4, (@) and ©,(@) deduced in the course of the in- 
duction is unfortunately too complicated to be of much service. 
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N Bı Í Cy : Oa 
ae Fir a 1— (r— i)e ji ae 
ry . U 
pe ee +75 yr? 
where the numbers 4o,- - -, Ur are all rational. If we now expand the right- 


hand side of this expression in ascending powers of x and collect the coefficient 
of z?, we find that Hp?” is of the form 


Hp == bor? + (co + cip) (r — 1)? +: (Uo + tap + tap? H trap) 


where the numbers 6,,°:- `, Ur- are again all rational. We can however assert 
more than this. For if we ieee the ae just described to the expressions 
in (4.5), we find that * 


Hp =1, He? = [2 — (p+ 3)], 
(4.6) Hp = [8r — (2p + 10)2 + (p° + ap + 13)], 
Hp~* == Ke — (3p 4 21) 32 
+ (8p? + 383p + 96) 20 — (p° + 12p? + 50p + 73)]. 


We infer therefore that H,?-" is actually of the form 


(4. 61) Hf? = [1/(r— 1) 1] 3 (— 1) t 61(p) (r— ])per-1-1 


where 6:(p) is a polynomial in p of degree } with positive integral coefficients, 
and @)(p) = 1. I cannot however prove this statement.t - 


5. We conclude by giving a method for calculating the polynomials 6:(7) 
in (4.61) recursively. We begin by assuming that 


(5.1) Hyper) = (1/1!) X (— 1) 01 (p) (r F1— Dorr, 
è . ‘0 


where @;(p) is a polynomial of the same form as 0:(p). On setting p = p.4- 1 
in (5.1), we find that 


Her = (1/r! i > (—1)* @.(p +1) (r+ a eae 


* All of these formulas have been checked numerically, and are believed to be 
correct. The two congruences mentioned in the introduction are obtained by substi- 
tuting for H,p-1 and H p-2 from (4.6) into (3.4). 

f As additional support for it, I have found that 
H p- == (1/24) [5p+4 — (4p + 36) 443 + (6p2 + 90p + 354) 3p 

— (4p3 + 72p2 + 452p + 992) 2p -+ (p4 + 18p3 + 125p2 + 400p -+ 501) ]. 
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. Tf we now substitute these expressions for H ae Hp”, HD into (4. 2) 
and express the fact that the resulting expression must be an identity in p, 
we obtain the formula _ oy : : . 


(5.2) Wr(p +1) — (r +1)(@:(p +1) —@®:(p)) 
=r(p +r +1) (p) (relZ21), 


which determines @:(p) if 0: (p) -i8 known. 

If we attempt to determine ©:(p) by writing it as a polynomial in p with 
undetermined coefficjents, we find that we can express the coefficients only as 
determinants in the coefficients of @:1(p). We therefore assume instead that 
6:.1(p) and @,(p) are expressed as sums of factorials: 


61-1(p)= Yo typ + yop (p +1) + yeap(p tt) ++: (ptl—2), 
O1(p)=% + ap+op(p+t 1+ + wp(p+1)::-(p+!—I), 


and seek to determine the s in terms of the y. Needless to say, the x and y 
are all integers, when and only when all the coefficients in the ordinary poly- 
nomial expressions for 6:.,(p) and @:(p) are integers. 

If for convenience we set 


(5. 3) 


Clay = Yl yı = Yı = m 0, 
we obtain. on sains kom (5. 3) into (5.2) the difference relation 


(5.4) las—(s+1)(¢ 1) Geer =r (Yo + (r—28) ys—(8 +1) (r—8) ton), 
(s==0,1,--°,7). 


As a numerical verification of this. formula, take r = 3 and 1 = 2 so that 
we have to do with H,?* and Hp. From the formulas (4.6), we have 
O2(p) = 3p? + 33p + 96, 0:(p) = 2p +- 10, so that zo = 96, x, = 30, t: = 8, 
Yo = 10, yı = 2. The formula (5.6) with s = 0,1, 2 then gives 


RL — 42, = 38(8yYo— 8y1) 3 2a, — BT: = 3 (Yo + Ya); Ate = 3y, ; 
or 192 — 120 == 3 (30 — 6); 60—24 = 3(10 +2); 6=6. 


Since (5.4) is effectively a linear difference equation of the first order 
for Ts, the explicit form of x, may be written down, but the general result is 
too complicated to be of interest. 


CREMONA INVOLUTIONS DEFINED BY A PENCIL..OF CUBIC 
SURFACES. 


s i By EvELYN Carrout-Rusk. 


1. Introduction. In an earlier paper * a (k,1) correspondence between 
the surfaces of a pencil of surfaces of order n and the points of an n — 2 fold 
line on each of the surfaces was discussed. If for k = 1, n = 3, the line 
Tı = 0, t = 0 is taken for d, the pencil of cubic surfaces i is tiin by 


(1) , r ae) eea aN, 


where F, (2) == uT -+ va, and F’,(x) = wa, + tae, (u, v, w, t being quadratic 
forms in 2, To, Za, 4y. IË (z) == (0, 0, 2s, 24) isa variable point on the line d, 
then. a point (y) in space deine a cubic surface of the pencil 
Zaks (Y) — ZF” (y) =0. The residual point (y’) in which the line joining 
(y) to (2) meets (1) again, has coördinates of the form pt, = ry1, pla = ry, 
pts = TY, + oF (Y), pta = rya + oF” (y), where ` 


r= P'a (y) [pu (P) + yoo(F)] —Pa(y) [y.w(F) + yst (PY): 
om — {P (y) nuly, F) + ywli, F)] —Fs(y) iwl P) + ytl Fs 


- in which u(F), v(F), etc. are quadratic forms in [0, 0, Fs (y), F’s(y)], and 
u(y, F), v(y, F), ete. are the polar forms of F = [0, 0, Fs (y), (y) ] with 
respect to u(y), v(y), ete., respectively. This involutorial transformation is 
of order eleven and the table of characteristics has the representation _ 


Sim Sir: GE ys? 18g 
`. da~ Fig =d d y l8g 
Sa ~'s | d? d.y? 189 
ye ~ Iso : d8 dt ya 18g? 
-o dagi Too Tio? 
in which the 18g straight lines are. Peres and d and ys constitute the com- ` 
plete base of the pencil. . | 


2. Problem. The problem considered in the present paper is essentially 
concerned with, those cases in which the residual ys is composite. Each com- 
~- ponent contributes a principal surface and a number of parasitic lines. The 
-| interest lies in the distribution of the parasitic lines, the reductions in the 


*E. T. Carroll, “ Systems of involutorial birational transformations contained 
multiply in special linear line complexes,” American Journal of Mathematics, vol, 54 
(1932), pp. 707-717. 
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order of the transformation, and the contact of the various principal surfaces 
along the line d. : 

If ys includes a conic, either proper or composite, which lies.in a Jais 
through d, the conic is a fundamental curve of the second kind. A point in 
this plane lying on neither d nor the conic determines a composite surface of 
the pencil, the plane consisting of a pencil of fundamental lines of the second 
kind with its vertex at the point.Z associated with that surface. In case the 
conic is composite, each component is parasitic in a new sense, every point of 
each having itself and the other entire line for images.. The order of the 
transformation is reduced by unity’for each such conic, proper or composite, 
and the number of parasitic lines is reduced by three. 

If a component of ys is a proper or composite plane cubic curve y, lying 
in a plane u = 0, then one surface of the pencil u = 0 is composite, œ being 
a quadric form vz, 4- Wsz. If ud = 0 is associated with a point Z in the plane 
u == 0, every line of the pencil Z, u is parasitic and the order of the trans- | 
formation is reduced by unity, while the number of parasitic lines is reduced 
by five. In every case the generator of ¢ = 0 through Z is parasitic in the 
proper transformation. In general, if | F | includes kimds.m, km being a cone 
of order m with vertex at Z associated with the composite surface, the order 
of the transformation is reduced by m and the number of parasitic lines by 
4+ m, m= 1. 

A combination of several of these planes of either type or of both does 
not reduce the number of parasitic lines by the sum of the reductions computed 
for each plane individually. Thus, when ys is composed of eight lines, four 
of them meet d, and the four others form a skew quadrilateral, no side of 
which meets d. The number of parasitic lines is four instead of two according 
to the formula 18 — 2 X 3—32 X Bs two peiie of planes intersect in base lines 
‘ and are counted twice. 

+ In addition to the above cases two types appear in which the order of the 

transformation is lowered without ys becoming composite. If |F | includes a 
cubic cone with its vertex on d, the transformation is of order eleven unless 
the vertex is at the associated point of the cone. In the latter case every 
generator of the cone is parasitic and the order of the transformation is re- 
duced to eight; the number of parasitic lines to eleyen. If the pencil of cubic 
surfaces is determined by two cubic cones with vertices at their respective 
associated points, the order of the transformation is five and. the number of 
parasitic lines is four. 


Pa 


'8. . Method. It is necessary to determine the genus of each component 
of ys and the number of intersections of the components in pairs. By mapping ~ 


4 i 
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one cubic surface of the pencil on a plane by the usual six ae method, the 
complete basis curve ys may be represented by cy.: 1°2°3°- - - 6°. The genus 
of &, and hence of yo, is ten. e . 2% 

If the base line d is represented by d, : 12 on the map, the residual ys 
may be represented by cg : 172733485363. Since the line 12 meets-cg in four 
points apart from basis points, d meets yg in four points. The genus of cs, © 
and likewise of ys, is seven. From a point on d there are eight bisecants apart 
from d, which counts for six. . 

There are twenty-seven lines on each cubic PET one of which is d. 
The ten others meeting d are those having fori images the base points 1 and 2; 
the lines 34, 35, 36, 45, 46, 56; and the conics 13456, 23456. 

A point P in space determines the surface of the pencil to which it 
belongs, Hach of the twenty-seven base lines on a cubic surface is met by ten 
others; if P is chosen on one of the ten lines intersecting d and meeting ys 
twice, the line lies on that surface determined by P. If the line meets the 
cubic surface F in its associated point Z, this line is parasitic in the trans- 
formation. It has been shown * that there are eighteen such lines. This may 
also be demonstrated as follows: Given Z, there are ten lines meeting d in 
points P, while given any point P on d, there are eight bisecants of ys through 
it; any point on any one of these bisecants determines a surface, hence will 
fix Z; therefore there exists between Z and P an (8,10) cortespondence ; 
since d is rational, there are eighteen coincidences, nent eighteen parasitic 
lines. l 


å. Classification of ya components. When ys is composite, the components ` 
` may be classified as follows: 


I. k curves yn of order n and a non-composite CUIVe ys-wn Of order 
8 — kn, n = 1, 2, 3,4, kn SS 8. 


II. k% curves yn of order n and 8—- kn eve lines, Æ > 1, n > T; 
kn < 8. 

III. kı curves of order n, i curves of order nz, and 8 — k,n, — kne 

straight lines, ky 50, kez 7 0, ng > Ma > 1, and feta kona < 8. 


5: Case I, A. ys: kyrys-k There exist the following configur doit of d- 
and the & straight lines which do not necessitate the existence of other base 
lines. It is impossible to have four base lines mutually skew or two pairs of 
intersecting lines skew to each other, unless further base lines exist. In the 
former case there are the transversals meeting the four given lines; in the 


t 


* Carroll, op. cit., p. 714. ; ) 
l i A 
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latter case the intersection of the planes of the intersecting lines is an addi- 
tional base, line. The configurations may be represented by the following 
schemes, in which d may be any, one of the lines, so that various subdivisions 
have to be considered for each configuration. i 





© 
uy 
at 
eS 








(a) o) 
Be Ya Wike 7 
(a) (e) E (a) 
3. Pua tie oo 
. (a) EO | 
4 Vette ita 
6) (b) O l A 
(e) (f) (g) 


(c) - (d) 


* In 4 (c) the residual y, consists of iwo conics in planes through the isolated line. 
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6. Yg: 6% vo 


(a) (b) (e) 


=~} 


igi 8% p 


6. Discussion of Case I, A. 1. If yg is composed of a straight line y, and 
yz, there are two possible cases — yı either meets or is skew to d. In the first 
case let d~ dı : 12,7, ~ cı : 84; then yr ~ cr : 172737475968, p = 5. yı and 
d each meet y, in three points. There are two parasitic lines (d, Yı Y7), that 
is, lines meeting d, yn and y, each once, for, given Z, there is just one point P 
on yz but on neither y, nor d, and lying in the plane determined by yı and d; 
given P, there is just one point Z, hence there are two coincidences. 

There remain eight lines meeting d, but not yı, and intersecting y, twice, 
thus determining eight points P for each Z. Given P on d, there are ten 
bisecants of yz, d itself counting for three. Each one of the seven remaining 
bisecants determines a Z; this (8,7) correspondence has fifteen coincidences 
accounting for fifteen parasitic lines of the type (d,y;7). yz is a parasitic line 
and also a fundamental line of the first kind with the plane determined by y, 
and d as its principal image. surface. 

If yı is skew to d, it may be represented by c, : 18 and yr by cz : 112787435368, 
p==4,- Each of the lines y, and d-meets y; in four points. Five lines on a 
cubic surface—those having for. images the point 1, the lines 45, 46, 56, and 
the conic 23456, respectively,—meet d, yı and yr each once, so that given Z, 
there are five points P. A plane passed through P and y; meets yr in seven 
points, four of which lie on yi; the lines from P to the three remaining points 
meet yı and each of these three lines determines a Z. Therefore there are 
eight parasitic lines of the type (d, yz y7r)- 
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There are five other lines lying on each cubic surface, intersecting d and 
meeting y, twice, therefore determining five points P for each Z;. given P, 
there are five bisecants of y: other than d, so that ten parasitic lines (d, 2) 
_ are noted.. 

If y, is defined by u= 0, v= 0, its image surface has the equation 
u(z)o(F) —v(a)u(F) = 0. 


Y. Discussion of Case I, A.3(a). In this configuration @ may intersect 
all, two, or only one of the three straight line components of Ye. 

If d intersects the other lines yı, y^, and y”, the images, of these may be 
denoted by 34, 56, and 35, respectively; the image of ys, the residual curve, 
may then be taken as cs: 172731495162, p = 2. d, Y1 y'1, Yi meet ys I one ,two, 
two, and three points, respectively. The plane determined by d and yı contains 
yı, hence the transformation reduces to order ten; yı and yı are parasitic 
lines. The plane determined by d and y”, has one variable residual line on 
each cubic surface of the pencil; this line passes through the residual point 
of ys in that plane, and has for image the line 46. In this plane thére are two 
parasitic lines of the type (d, yx, ys). Six lines, apart from y”, lie on each 
cubic surface of the pencil and meet d once and ys twice; their images are the 
points 1 and 2, the lines 36, 45, and the conics 23456, 18456. From a point P 
on d may be drawn four bisecants of ys, hence there are ten parasitic lines 
(d, ys"). There are, therefore, fifteen parasitic lines in this case. 

If d intersects yı and y’, but not y”ı, the images of these lines may 
be represented by 34, 56, and 25, respectively, and the image of ys by 
Cs : 17218747516", p — 2. d, yi, Yı, and y”ı meet ys in two, one, two and three 
points, respectively. The transformation is of order ten and the number of 
parasitic lines is fifteen. Four lines, apart from y^, on each cubic surface 
of the pencil meet d and y” hence given Z, there are four points P on d; 
given P, there are two points Z, since the plane determined by P and y”, meets 
ys in three points on y”,, leaving two others; there are therefore six parasitic 
lines of the type (d, y1, ys). Given Z, there are four lines, apart from y, and 
Yı intersecting d and meeting ys twice, while given P, there are three bi- 
secants of ys, apart from d, accounting for seven parasitic lines (d, ys"). 

Lastly, if d meets only one of the base lines yı, the representations of yı; 
Yı and y”ı may be taken as 34, 26, and 15, respectively, so that the image of 
ys 18 Cs : 17273747576", p = 2. These four lines meet ys in three, one, two, and 
two points, respectively. There are two parasitic lines (d, yı, ys), since there 
is one variable line in the plane of d and y, and through the residual point 
on ys. There are four variable lines, apart from y,, lying on each cubic surface 
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and, meeting both d and y’;; three lines may be drawn from a point P on d 
to meet y’, and ys, hence there are seven parasitic lines (d, y1 ys). Similarly 
there are seven. parasitic lines (d, ys, ys). There is one line meeting d once — 
and ys twice, the generator of H,(d, ys) through Z and belonging to the com- 
posite cubic surface of the pencil. This case may be summarized 


parasitic lines ` 
Onder ob SS SS 
dineets transform (d, yn ys) (d, Yn ys) (ds Yo ys) (ds ys") Yı Yı Yı No. 


YoY¥uy1 10 0 O° 2 ‘10 43 1 1 1š 
Y Yı 10 0 © 0: 6 7 1 1 0 15 
yı , 11 3 7 7 1 10 0 18 


8. Discussion of Case I,'A. 6. If ys includes six straight lines and a 
conic, two cases arise, according as the residual line of the plane of the conic 
is a base line or not. In the latter case the configuration is shown by diagram 
(a); the section of each surface of the pencil by the plene of the conic is 
variable and the line forms a pencil with its vertex on one of the base lines; 
each of the six other lines meets the conic in one point. ° 
A conic on F may be represented in three ways: 1. as a line through one - 
base point; 2. as a conic through four base points; 3. as a cubic curve through 
all the base points and having a double point at one of them. If method 1 
is chosen, and the conic is represented by c, : 1, the image of the residual base 
curve is represented by cs : 1°2°3°4°5°68, consisting of seven lines, six.of which 
must meet the given base conic. The images of lines lying on the cubic sur- 
faces of the pencil and meeting c, : 1 are the ten lines ik, 1,4541, and the 
five conics containing the symbol 1. 12, 23, 26, 34, 45, 56, and 18456 may be 
chosen as the representations of the seven lines; the residual line in the plane 
of the conic is 23456 and is intersected by 12. d may be chosen as 1. inter- _ 
secting four others; 2. intersecting three and forming a triangle with two of 
them; 3. intersecting three skew lines. The following results are obtained: 
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_ Case 1 = Case? , — Cases 
‘d~d : 12 d~d : 34 d~d, : 23 
order of trans- ~ order of trans- order of trans- 

formation = 10 formation == 10 formation == 11 . 


Parasitic lines 


3456, y2) 


(d,1 2 3 
(d, 45, ye) R a 
(d, 23, 26) 2 ‘20 
(d, 26, y2) 3 3 
(d, 23, ¥2 f 2 3 
(d, 45, 13456) ; 2o 
(d, 26, 56) ‘ Rs 
(d, 84, 13456) 2 
(d, 34, 45) 2 
(d, 12,26) ` -8 
(d, 12, y2) 4 
base lines inter- , l 
secting d 4 = 8 3 
total number of 
parasitic lines 15 >œ 15 18 


When one base line. is coplanar with the conic, the residual six lines make 
` the complete intersection with a quadric., The configuration of these lines is 
shown in diagram (b). d may be taken as inter- 
secting four, three, or only two skew lines. The 
first case will be discussed in detail. The seven 
lines may be mapped on the plane by the scheme 
as illustrated. Since the lines 12, 13, 28 and 
45, 56, 46. form two sets of skew lines, each line 
of either intersecting all of the other, they lie 
on a quadric surface and furnish a complete intersection of | F |. The residual 
base is a conic represented by cg : 2. 

If d~ d, : 12, each of the four lines pam d is fundamental of the 
first kind, having the plane determined by that line and d for principal image 
surface, and is also parasitic. In each plane thus determined there are two 
additional parasitic lines; those in the plane of d and 13456 meet on 13 and 
the other pairs all meet on yo. The line represented by 23 has one additional ' 
line meeting it and d ón every cubic surface of the pencil. From every point 
P on d it is possible to draw three lines intersecting 23 and the base curve in 
a second point; two of these lines intersect y and the third, 13. The latter 
one lies on the fixed quadric surface, and, therefore, does not participate in 
the correspondence between Z and P. Hence there are three parasitic lines 
of the type (d,23,y2). The line 13 meets yə in one point, so that from P 
only one line may be drawn to intersect 13 and yə» This accounts for two 
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parasitic lines (d,18,y2). Through the’ point Z on d associated with the 
composite cubic surface there passes a generator of the component quadric 
surface which is parasitic. The number of pawasitic lines totals eighteen—the 
four base lines meeting d; eight, in pairs, in the planes determined by d and 
these four base lines; three of the type (d, 23, y2), two of the type (d, 13, y2), 
and the generator of the component quadric surface. The image of y, is T's 
containing all the parasitic lines except the one on the fixed quadric surface 
and the two-in the plane of d and 13456. 


4&4 3S 36 34 





a)! (a) 


Configuration (c) results from an attempt to have only six base lines 
arranged in the scheme (1). ‘This is impossible, as the residual ys raust be 
composite, having as a componert a line intersecting four of the given lines 
(denoted by the dotted line). Adopting the scheme (2), three possible cases 

arise according as d intersects twe pairs of intersecting lines, one pair of inter- 

secting lines and a third line skew to these two, or three mutually skew lines. 
ye ~ Cy : 11213°41516° and with the exception of 12, the straight lines inter- 
sect y in one point. The complete table for this case follows. | 


Case 1 Case 2 Case 3 
order of trans- ‘order of trans- order of trans- 

Parasitic lines formaticn ==9 formation == 10 formation == 11 
(d, 23, ye) 4, 
(d, 23, 34) 2 
(d, 16, ne 2 
(d, 56, ya) 2 2 
(d, 34, yo) 3 
(d, 34, 46) 2 
(d, 23, 12) 2 
(d, 35, 56) 2 
(d, 46, 56) ` 3 
(d, 12 syo) 4 
base lines inter- 

secting d ` 4 3 3 


total number of 
parasitic lines 12. 15. 18 
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9. Discussion of Case I, A. Y. The nine base lines enter symmetrically ; 
each one intersects four others forming two triangles. The representations of 
these lines may be taken as 12, 84, 56, 35, 46, 26, 14, 15, and 23. The equa- 

- tion of the pencil of cubic surfaces may be written 


í 


4 ‘4 
240, Lgb — Zalot V = 0, U= X lili. V= J, biti 
, . $24 j=1 
o=— [uw (ysu— yw) + vii — UD | 
T = UWV (yt — YT) 
U = Ysu (Y) + aayy (y) 
T= byy (y) + byy (y). 


t 


The order of the transformation is seven. The planes yı = 0, y.—0, 
Ya = 0, and y,—0 come off as factors. If (iu), (iv), and (ij) represent 
gı = 0, u= 0; z; =0, v—0; and'a,=—0, z; = 0, respectively, it may be 
shown that 


Sı ~S: d T (84) (3v)? (4u)? (w)? (14) (10)? (28)1(2u)?] 4g 
d~re : (84)! (8v)! (4u)! (ww)* [(14)*(1v)*(28)1(2u)*] 4g 
ca~o: dd (3v)! (4u)! (w)? [ (1v)! . (2u)*] 4g 


J24 = re I2, Iu being composed of two surfaces of order three, one of order 

_ two, and one of order four, (the images of the four lines skew to d, — 3v, 4u, 
34, and wv, respectively). | 

The surfaces S; touch each other along every sheet through d. At every 

point of d one of the tangent planes to t = yù — yz = 0 coincides with 

that of o, = 0, and has three-point contact. Moreover, the surfaces have the 

same tangent plane at each point.of (1v) and of (2u) but not of (wv), (3u), 

(4v). This accounts for twelve lines, leaving four parasitic lines. The same 

may be obtained by the discriminant of the residual conic in the plane tangent 

to Fz at Z after removing d. a 


10. Discussion of Case I, B. ys : byzys-ox, k =1, 2, 4. 

1. When k = 1, three cases arise: 

(a) [yz d] =2. Let the representations be d ~ dy : 12, y2 ~ cz : 8456, 
and ye~ Ce : 127327475767. ye lies on a quadric surface, is of genus four, and 
meets yz twice. The transformation is of order ten and there are fifteen 

- parasitic lines (d, ye?) ; these occur doubly on T, the image of ys; the conic 
is also parasitic. 
' (b) [yz d] —1. d~ d, : 12, Y2 ~ Cy : 1345, and ye ~ cg: 112232425263, 


\ 
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it is noted that y, is of genus three and meets d in three points and yz in five 
points. The. parasitic lines consist of nine paceling ye twice and nine inter- : 
secting both. Y2 and ye. l ° 


(c) [yz d] = 0. Let d—~ dy: 12, yz ~ c2: 1284 and ye ~ ce : 112137475568, 
p==2. ye meets yz in six points and d, in four. The line in the plane of the 
conic and lying on the cubic surface of the pencil associated with the point of 
intersection of d and this plane is parasitic. From any point of d it is possible 
to draw two bisecants of ys and six lines meetihg yz and ys each once. The 
lines on the F, of the map which meet d, ye and y§ are represented by 
1, 2, 85, 36, 45, 46, 13456, 23456. Hence there are fourteen parasitic lines 
(d, Y2 ys); 84 meets ye twice and d once, so that there are three parasitic 
lines (d, y2”). p 3 EE 

A proper ye with a quadrisecant can not be of genus two, if it lies on a 
quadric. Such a yo consists of yı ~ cı : 56 in the.plane of the conic and 
intersecting d, and ays ~ Cs : 112137475762, p = 2. It meets ysin four points 
and d, in three. Moreover, d and ys lie on a quadric H which with the plane 
of yı and ya comprises a complete cubic surface of the pencil. The generator . 
of H through the associated point Z of the composite surface is parasitic. 
There are also two parasitic lines (d, yı ys) in the plane of d and y, and 
fourteen parasitic lines (d, Yz, ys). If Z is the intersection of y, and 4, the 
' transformation is of order ten. | 


2. When k —2 and the two conics lie in planes through d, the residual 
quartic must be of genus one and does not intersect d. The equation of the 
pencil has the form AsH — Ast: H =0, H and H’ being quadratic forms. 
. Both conics 2, = 0, H’ 0 and z, = 0, H —0 are parasitic, and the trans- 
formation is of order nine. The twelve parasitic lines are all of the form 


(d, ys"). 


3. k=4. If the intersection of the two quadrics H = 0, H’ =Q con- 
sists of two conics, the base curve of the pencil is composed of four conica, two 
of which intersect d in two points, the other two being skew to d but meeting 
each other in two points. In case each of the conics meets d in only one 
point, let d ~ dı ¢ 12, ye~ Ca : 1845, y2 m ea : 1846, ya~ ca : 2356, and 
yam ce”, : 2456. The parasitic lines are found to be five each of the types 
(d, Yo Y2) and (d, 2, y”2) and two each of the types (d, yo, 7"), (4, Yo y"2)> 
(d, y’2,y"2), and (d, y's, 72). The image of each base curve is a surface of 
order five, containing nine of the parasitic lines. These two configurations of 


base conics are the only ones possible. 
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11. Discussion of Case 1, C. ys: kysys-sx If ys is skew, k = 1 or 2. 
If k = 1, let y and ys each intersect d twice; there are eight parasitic lines 
(d, ys”) and ten of the form (B ys, ys). If ys meets d in one point, ys mets 
it in three and the genus of ys is one; . there are now three parasitic lines 
:(d, ys"), five of the form (d, ys?) and ii of the form (d, Ys ys). If ya is. 
skew to d, Ys has d for a quadrisecant, the genus of ys is zero, and no bisecant 
of ys intersects d; there are nine pinasi lines (d, ys”) and nine of the form 
(d, Y3 ys). , 
When ys is plane, let its image be cs : 123456, p = 1. The residual ys 
has for image cs : 11218?47576?, p = 2. y, intersects d in one point, ys in five 
points; d and ys have three points in common. d and ys lie on a quadric H; 
u, the plane of ys, and H make a composite surface of the pencil. The 
generator of H through the associated point Z is parasitic and 1s a bisecant 
-of ys. All other parasitic lines are of the type (d, ys: ys). | 


12. Discussion of Case I, D. .ys : ®ys Three cases are possible, genus - 
one for each, genus one for the first and zero for the second, and genus 
zero for each. l | 

When d~ d, : 12 and both curves have genus one, they may be repre- 
sented by ya ~ Ca : 112187415262 and y's ~ c'a : 112182425161. These two curves 
intersect in six points. Of the ten lines on a:cubic surface meeting d, only 
one, namely, 34 meets y4 twice; since from any point on d only one bisecant 
of ys, apart from d, may be drawn, there are two parasitic lines (d, y )- 
Similarly, there are two of the type (d, y’2).. There are eight lines on a cubic, 
surface intersecting both y4 and y'a; from a point P on d may be drawn six 
secants of y, and y's apart from d, hence there are fourteen parasitic lines 
(d, Yo Ya) 

ya ~ Ca | 17293747576? ad Weng: : 119232415161 represent quartic curves 
of genus zero and genus one, respectively. Since d intersects y, in three points, 
there are no bisecants of y, from points on d. A cubic surface contains five 
‘pisecants of y’, meeting d, and from P on d may be drawn two bisecants of y'i, 
hence there are seven. parasitic lines (d, y’42). There are five lines intersecting 
both y, and y’, and from P on d nine such lines may be drawn but d counts 
for three of them, hence there are eleven parasitic lines (d, ya Y'a). 

Lastly, when the genus of each curve is zero, the quartic curves must 
` intersect in eight points, and the representations y4 ~ C4 : 122081425162 and 
Yam Ca | 1023745261 may be made. In this case there are five parasitic 
lines of the types (d, y4) and (d, y’) and eight of the type (d, ya Y4). 


13. Cases II and III. These cases may. be considered along the lines of 
the preceding discussions and are, in general, special examples of Case I. 
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14, Reductions in the order of the transformation, ys being non-composite. 
If the pencil of cubic surfaces zF — 2,K == 0 is determined by a general | cubie 
surface F == gu + 2.0 = 0 (u,v being quadratic forms in 24, 2, Ts, Ta) and 
a cubic cone with vertex at (0,0,0,1) K= z, + tw = 0 (w,v being 
quadratic forms in 2, t2, £s), the following table of characteristics is obtained: ` 


Si om Ss : d d? ya ilg = 
d~ rı : Bad ya? 11g 
os œ~ 05: @ d Ys lig 
N : Ya m~ Fia . a® d* Ys" lig? . 


ene 2 
Jog == r7 Tya 


Given the pencil z,K —2,K’ = 0, K == gu + taw = 0 (u,v being quad- 
ratic forms in Ti, £a 24) and K = sw + gw (u’,v’ being quadratic forms 
IN T1, Zo, Ta). Here K = 0 and K’ — 0 are general cubic cones containing d 
and having vertices at (0,0,1,0) and (0,0, 0,1), respectively. The residual 
curve of intersection of K and K” is ys, having double points at the vertices 
of the cone and meeting d nowhere else. The table of characteristics is 
written : 

Sı ~S, : d d? ya 4g 
dom ta: ad ys 49 
o~ 02: d å 49 
ya Ta A i ha is 4q? 


T, is a ruled surface, the image of any point of ys being a straight line. 
The section of Ts by any plane through d consists of d counted four times and 
of four straight lines, each of which passes through a common point on d and 
is drawn to one of the four points of ys in that plane. 

Every plane through d meets op in’ a residual line of invariant points. 
Since every plane through d is invariant, the transformation in each such 
plane is cubic; it is a non-perspective Jonquières involution with-vertex V in 
the point of intersection of the generator of c in that plane with d. The 
image of V is a conic determined by V andthe four points of ys in that plane 
and having the generator of o, as a'tangent line at V. This conic is also the 
residual.section of the plane tangent to the cubic surface associated. with V. 


WELLS COLLEGE. ; 


` PLANAR CREMONA TRANSFORMATIONS. 


By SHERBURNE F. BARBER. 


1. Introduction. A plane curve ee ot order yo with multiplicities y; at 
Py, i.e. m distinct points F; (i= 1,: - m), is transformed by a Cremona 
transformation T of order n with r; i-fold distinct F-points F; (t=1,--°-5, 
p= m) into a curve”, (in the same or a different pine) of order yo and 
with ser ale yj at Qm’, m distinct points F; (j=1, >>, ‘m) of ‘which 
| Bi” Le ca (p= < m) are the F-points of T- where 


iy o == Myo — Try. — — Tey mT pyp 
(1) 8: Wp Syo — tuyi —' = iyi ** — Losyp Mma "+ p) 
Y pak == Y pak l | (k =1,::,m— p). 


The numbers s; are the multiplicities of T- at F;.. The directions around 
the points F; correspond to the: points of a rational P-curve P; of order r; 
with an a;;-fold point at #;. Two sets of points, such as Pm? and Ym’, are 
said to be congruent sets of points under a The element S has thë ey 
quadratic and linear forms . 


(2) yf — yt —° . — ym 
(8) — | 3yo — yr Ym 
The numbers 7; satisfy the Diophantine equations `` 


i=l 


: os 
(4) Sr2—n—1, . Sri 8(n—1). 
i=l ` 


The general solution of these equations is not known nor is there any criterion 
for picking out from the algebraic solutions those which correspond to existent 
geometric situations. The only sure method of finding new types is by con- 
structing products of known types. 

‘The elements S constitute a group Om,2 of finite ‘order for p S 8, of in- 
finite order for p= 9, which is generated by the permutation Eea i of 
yit ©- ym and Aiza where ` 


(5) dari Y= yi TIES — y= ys - .  (j==0,1,2,8) 

Yk = Yk (k = 4, - 7 m). 
The subgroup IL of gm,2 is. generated by transpositions of the type (12), i.e. 
| 409 
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/ 3 Piers , , 
yo 7 Yo Yim Yz Y2 = Yi 


6 T2: ; 
(6) PIE VG = y. S. - gre (j= 3, +, m). 


' This is involutorial and has the space of fixed points y;—-y2. Hence Tis is ` 
a central involution with space of fixed points yı — yz and centre at the pole 
of this fixed space with respect to the invariant quadric (2). The involutions 
conjugate to Tı, are determined by the spaces conjugate to y;—-y2. Thus 
we find that A23 is determined by yo — yı —yz— ys The forms conjugate 
to yı — yz under the Cremona transformations on m F-points will be’ called 
discriminant or D-conditions. Thus we find the conjugate set: 


Yı — Yz 


Yo — Yı Y2 -7 Ys 
(7%) Ryo — Yi Ye a ems Vg 
Goyo — Cy1— te as 


together with all that arise from these is the aE of I. 


2. The group einai by two discriminant conditions. The general 
- discriminant condition (1, p. 16) on m points (m > 9) is not known. We 
shall select two particular ones of the form 


(8). (Cry) == Coryo — Cty — ¢ — Cmiym (=I, 2) 


where the’ coefficients cx, are integers satisfying - 


Cot” — bri -— + + t — Cmi? == — 2 


(9) 


1 
3Coi — C — - *— Cmi =Q. 


The- element. A P. 17) of Jm. 2. coe by- (8) js- 


a a = (aty OE = 


where the subscript j (j =0,1,: +, m) is to'be attached to y’, y and the . 
unattached c;. This element, denoted by T i is of period two; two such ele- 
ments will in general generate ‘a ‘dihedral group of infinite order and we are 
thus led to consider the product ` . 


GD | Waele : y= [elor) + (nea + (cordon ty 


where k= (cıc2). The dihedral group contains elements of two types 
— W, W, W, We <- and- - WI, WeI, WHI: - -of which the first 


A 
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have no period and the second are of period two. For the simpler involutions 
we observe the discriminant conditions from which they arise 


WI? Po(cry) + Pi(cey) 
WI, : Py(evy) +.Po(cey) ` 
(12) | f WI, : Po(ery) 
Wl, : Py (Coy) 
WI, : Po(cry) + P3 (czy), | 
where P, = 1, Py = Ie, P, = (k? — 1). We wish to aaan the m of 


Pm(¢ry) + Pina (Czy) to which wel, is attached. If Pm(ery) + Pm-a( Czy) 
is a pec ninani condition, on applying (9) we obtain 


(13) l Pr? -+ P’ m-i — bP mPa = 1. | 
For the early cases, if we define P_, == 0 we observe the recurrence relation 
(4). Pp bP rg Prine 
If we suppose (14) true for r == m we derive 
_(15) | Of Pores, 
ao Ping + Pr? — bPaPna = 1. 


Hence if (16) is true, both (15) and (13) are true. But (16) holds for early 
values of m. Hence (13) and (15) are true by induction. . 

More generally to find all discriminant conditions in the pencil determined 
by (cry) and (cay) ‘we seek the conditions under which 


(17) es (cry) Ly (oxy) | 


is a discriminant condition. Analogous to (13) we seek the nena solution 
in integers of 


(18) a ot +y — hay =l, 


of which a particular solution is g = k, y= 1. 
The general solution (ë, p. 409) of 


(19) Aw 2 2Bay + oy == ¢ 
is 
(20) Ån + Ynsi (— B. + K2) 

= [Aq + b(— B + r» E Ka”; 


(a,b) isa particular solution of (19), (p,q) is the smallest solution of | 
p? — 2Bpq + ACg?= 1 for.which p° + q> 1 and K = B?— AC = (k? — 4) /4. 
For (18), — B + K* = — k/2 + (k? — 4) 4/2 == p; whence 
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P + kp +1 = 0, C= a= p=k, yy a ge] 
and the general solution of (18) is i 
(21) Ena F Pyn = (21 -+ PYL) (T1 F pyr)" = (1 + pyr) (Ta + Pyn) . 


Expanding and equating coefficients, wè obtain - 
(22) Yny = Tny En = Eln — Cnm1y 


whence £ = Pm, Y == Pm, since. the initial conditions are the same. Equation 
(18) can be written as (22 — ky)? — (k? —4)y? = 4, the form of the Pell 
equation (ë, p. 873). The fact that the solutions of the Pell equation CON- 
stitute a singly infinite set shows that the: sequence (22) comprises all the 
solutions of (18). : 


(23) The form x(cry) + y(cy), if (cry) and (coy) are existant discrimi- 
nant conditions, is an existant discriminant condition, where s == Pm, y = Pm 
The polynómials P; are connected by the recurrence relation (14). 


For early values of & the values of the polynomials P;(k) are tabulated 
as follows: 


© 
ay 
| 
pt 
7 
ew 
a 
Qo 


(24) P, 


| 


mown © | 


ornon | 
ao 


isi aries espa es 
na Pp wwe oO | 
Qt 

Or 


For k = 0 and k= 1 we get groups of orders 4 and 6 respectively ; for all 
other cases the group is infinite. 
By direct substitution it is verified that - 


(25) Pp (it) = E (—1)*( "7 kr 

r=0 : ' , - 
satisfies (14). Between the polynomials P; there exists the further relation 
(26) PPP PaPa GSD 


deduced by use of (14) applied r times. 
The bilinear invariant of any two involutorial elements, WJ, and WeI, 
attached to the D-conditions 


(27) Pr (ey) b Te ii (ax), ies T Ae (dey). 
is 
(28) . E7 — Pera — Prr 
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If s=r -41 in (27) we,can solve completely for ea (czy) since the. de- 
terminant Pa-r-1 = Po = 1, ef. ( 26). In other words 


(29) <Any two consecutive invelutions will. generate the group, j 


The group generated by the involutions I;, I, is a dihedral group, ‘in 
general of infinite order. The group may be generated by W == Iı >I; and Iz 
subject to the relations I? == 1, IW == WI.. The entire group is not in 
general generated by any two of its involutions. If WI, and W®/, are any 
two of the involutions in the given group, these two generate a dihedral group. 
whose cyclic subgroup is generated by W = Wel,: Wel, == We, Thus only 
the cyclic elements W* where k==0 mod (a—b) of the original group will 
occur in the group generated by W*Z,, Unless the given involutions WZ, and 
WI, are adjacent, the discriminant conditions attached to them will, when 
used as (Cry), (czy), not determine in the above fashion all the discriminant 
conditions of the form (17). .If they were so used, other. discriminant con- 
ditions could be interpolated between them. We wish to examine the possi- 
bility of such an interpolation. | 

We suppose (dıy), (dey) are known with kh’ = Ps-r-2 — Ps, and we seek 
(ery), (Czy) as in (27). The number k’ may arise from the table (24) as the 
difference of two numbers in some column, once removed, and always appears 
in the row Pı; in this case s—r = 1 and Psr2— Pr = P, — P, = — k. 
If an examination reveals it in the latter position only, (dry), (dey) are 
adjacent. - In general such-is the case since the aggregate of numbers repre- 
sented by Pe-r — Pe-r-o is very restricted. If, however, k’ does appear as the 
difference of two numbers we seek to’ interpolate involutions between (diy), 
(dey). Since any two consecutive involutions generate the group, we seek that 
particular pair (cy), (cy) of which the former is (diy) itself. This requires 
that we reduce the subscripts in (27) r times and that system becomes 


(30). (ery) =(dy), Pe-r (Oxy) + Pana (coy) = (dey). 


The coefficients Cya ‘must be integral for the ‘solution to be geometric; 
this may or may not be sufficient. The final test is whether (cay) can be 
transformed into a form y;—y,;. In certain particular cases however it is 
possible to find (ry); (czy); for example 


(diy) se yg Og ger yg 
(31) 
(doy) FS eae Tami oy es Ddye —— a ake oem Plyn 
Hor which. ¥ m= —18,. (xy) — (diy), ae 


Since ue === a 2; WI 2 and the components arise = om the discriminant 


8 


4 
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conditions Pm (cry) -+ Pmui(cesy) and (cry) respectively, the form of W” is 
found to be : | 


(32) yY =e [P 2 m1 (Cry ) 4- P m-t. ‘m2 { Coy’) |e 
+ [PmPm-1 (ery) + Pm- (Czy) ]te + Y 


3. Conditions for permutability of two cyclic groups generated as in § 2, 
To consider the permutability of two infinite cyclic groups of the type dis- 
cussed in § 2, we select four discriminant conditions (cy), (czy), (cay), (cay) 
which yield Iı: I and I’ I,. The condition 


(33) Il: Izla == Ilt LI 
may be expressed as the. following bilinear form in y and y’, 


(34) (ery) (cay )[aAC + aB + bA + c] + (Cay) (cy) C 
l + (cay) (cay ) [AC + B] + (ery) (cay) [a0 + b] 
== (Cay) (czy) [aAc-+ AB + ab + C] + (cay) (ry’) C 
+ (easy) (czy) Lac + B] + (cesy) (ery) [Ac + b] 


where kij al (cic;) and = kin, b = kig C == hers, A m Egas B = koa, 6; Ton Kage 
Since the group is to be abelian it must contain the additional elements: 


Llata, Ial lale, Lalala, tilelas. 


The elements of the linear group arise from each other by permutation of the 
indices. Regarding (1), (2), (8), (4) as the identical order of the indices, 
the products above arise from the transpositions (12), (84) and the permuta- 
tion, (18). (24). These generate the octic group | 


1 1 
` (18) (24) (aA) (cC) 
(14) (23) - (aA) (bB) 
(12) (84) (bB) (cC) 
, (35) (12) (bC) (cB) 
(34) (bc) (BC) 
(13 24) (aA) (6CBe) 
(14 23) (aA) (bcBC). 


The condition (34) is an identity in (n + 1)? coefficients yi’; which involves 
both the coefficients c; explicitly and their combinations k4; The resulting 
system of (n -+ 1)? equations would be too complicated for immediate dis- 
cussion. We therefore seek a derived system which will contain the k; alone. 
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The resulting values for the &;; will lead'to such a simplification of the identity 
(34) as to admit of its complete discussion, 

In (34) we let y and y takp on the values Cı, C2, cs, C4 and obtain sixteen 
equations in the six quantities a, b, c, “A, B,C. Of these equations two pairs 
are identical; moreover each of these two equations appears as a linear com- 
bination of two other equations. We are thus left with only twelve equations 
which must be all or part of a conjugate set under the octic group (35). 
_ When we arrange the equations in conjugate sets, we find eight new ones. “The 
twenty equations in all divide into three conjugate sets of four equations each 
and one conjugate set of eight equations. Sample equations from each set are 
listed. Ifaor A appears as a factor of an equation, it is cancelled; as we saw, 
cf. (24), the cyclic group is finite if a or A is zero. ‘The sample equations are 


ad: be +H AB + c0) + 4(b? + e) +2(0C + cB) —0, 

‘abc AB -+ ab?B J- ac?B -+ bc?A + DAB? -+ DBC — aA 
-l be + e + cB? — 2aB — RbA — 40 = 0, 

(36)... PAC — ac AO” -f GAB + abA? — aBC — bc AC — abC? 
| ABO? — 20°C — 2420 + acd — bcB 

— 6° — C3 — B*C — 2ab —2AB + 40 = 0, . 

abc AC + aA?C + BABC J- ab? + b?cA + acC + 20A? 
ae + be? + 00? + aAB -+ eBO + 2cA — 2a0 — 4b = 0. 


Of these four equations, the first three are members of conjugate sets of ‘ate 
equations and the last a member of the conjugate set of eight equations. : The 
above are combinations of the following eight equations: 


(41) aA: be + A(DB + c0) + a(b? + e) 4.2 (b0 + cB) <0, 
(Az) ad BO +.A(bB + c0) + a(B? + 0) + 2(b0 + cB) =0, 
(A;) ad -bO + A(b? + GC?) + a(bB + c0) + 2(bc + BC) =0, 
(44) aA: Bo + A(B* + e) + a(bB + c0) 4 2(bc+ BC) =0, 
- (Bı) C (ad + bB— cC) + 2(bA + aB + 2c) =0, - 
(Bz) o(aA + bB—~cC) +.2(AB-+ ab +20) =0, - 
(Bs) b(aA —bB +60) + 2 (ae + AC + 2B) =0, — 
(B.) B(ad — 0B + c0) + 2(cA + a0 + 2b) = 0. 


(37) 


(Bı) and (B4) are linear and homogeneous j in a, b, c and yield the values 
(38) a= 29, b = — p0, c=— pB, AERA 
If Dea values are substituted in (4a) > “(Bəy (Bs) we obtain .. 


ee 2o(o" —1)(ABO'+ B? + 0°) =0, O(P — 1) (AC + 2B) =ò, 
Bp? 4) (4B 20) ~0. 
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Suppose p= 0 and take p? = 1 to obtain . 


oy DI 2, bb, om —B, A=A, B=B, C= —b, 
(©) “Tr: a——2,b—b,c—B, AA, B>B, Ob. 
If p ae 1 ane Baume opran from (39) ` 

ie. EE E Gat. eee Pe ee oes 


Tt eae, Bee pn ee | 
Finally if Ben p 0, 1 wé obtain from (39) b= B == c = 0 = 0 and the 
identity (34) is satisfied. It, instead of (Bı) and (B4), we select another pair 
such as (Bz), (Ba) linear in a, B, C we arrive ultimately at the same solutions. 

We have to place the solutions (40) and (41) iw the original condition 
(34). If we use the solution Z and ‘equate to zero the coefficient of yiy’; 
we obtain: e 


| (42) [Ci + Ciz] [((B— Ab) ¢j4— beja] 
— [en + cja] [ (b — AB) cis — Boia] == 0 (i, j=0, 1, m). 


If i == 4 since [Cn + Ciz] is not in general Zero, ef. (49), 


. cis = [ (2B — Ab) / (2b —AB) lesa 
Cia + Cia = [ (b + B) (2 — A) / (2b — AB) Jos (ü=0,1 L: m). 


_ For this solution. kas + kes — kia — koa == 0, i e. 


(43) 


(44) l (Cor -+ Coz) a ea) sors a (Ci -+ m (Cis ea Cia) = (), 
The permutations of (35) change this into 
(45) . (Cos + Cog) (Cox aa Coz) vm È> (Cig + Cis) (Cir ais Cia) = l. 


Equation (45) merely expresses a condition that the rôle of (czy), (cay) is the 
same as that of (cry) (Coy). In view of (48), (45) becomes = 
(46) 26(b +B) (2—A)/(2b— AB) —0. r; 
If A = 2i in (46), from (48) (b — B) (Cis + Cig) = 0 or b = B., If b = — B 
in (46), from (43) B(A +2) (cis + cia) = 0, whence either B= 0, or 
A=—2 IfB=0, b= 0 then c= 0, C == 0 and we have an earlier case. 
If c = 0 in (46), then B= 0;in (42) if i = j, (Cin + Ciz) (Aces + 2cis)b = 0. 
If Acis = — 26i3, Cig = — 26;3/A and from (9) there results A = + 2: in 
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this case two-ofthe doriana conditions differ. at most -in sign.: Hence we 
have the two solutions « ee MS oe a a re ae 


Ia: . a=}, b=}, an A =?, B =b, CO=—d,. 
In: a=}, b =b, c =b, A =— 2, B =—b, 0=— b. 


(47) 


Putting’ these values in (42) we obtain the. redpective conditions on the 
coefficients : 


(cis + ciz) (Cis won — (Cj F Cjz) (Cis ++ Cia) = 0 
(48) Ce + e) (Cj3 — C74) — (Cia + Ciz) (Cia Cis), = 0. a 
G j == ( 0, Loter (9 
The assumption was nai that Ci + cio 0. Tf ca + ci = 0 for a. 
particular 7 consider the P-curve-P; in the proguck Ila.. 


(49) Fem P(e) + (xy) Jeiz + (coy) ci Hyi 


The coefficient of Yi İS — 2¢i1Ci2 — Cig — Ci + 1 = 1; the P-curve thus has, 
a multiplicity (— 1) at F;. To be geometric, the P-curve must reduce to the - 
directions around F. For the indices j different from 1 we must. then have 


(50) © (Rej + jn — 0n) ciz = (Opn F Cya) Gin =0. 


Hither ci = 0, ci = 0 and I,J, belongs to (m— L) nad of m points or 
Cj, + Cj = 0 and (cry), (coy) differ in sign only. These cases we do not 
wish to consider. 

A similar treatment of solution IT leads to the following eonclusions with | 
corresponding conditions on the coefficients : 


51 | Ia: a = — R, b = b, c= b, ' A = — 3}, B =b, C =b, 
(51) Ih:  a=—?, b=b, c=—b, A=?, B=—b, Cb, 


(Cir — Ciz) (C73 — ja) — (Cji — Cj2) (Cis — Cig) == 0, 
(Ca — Ciz) (Cja + Cja) — (Cji — Cj2) (Cis + Cis) = == 0, 


Solutions JII and IV of (41) duplicate the previous results. 
_ Throughout the investigation of equations (39): the assumption has been 
made that p 7 0. Consider the vanishing of P ag its conjugates anger the 


group (35): 


53 (C1) ABC-4-4A?4-B-+ 0—4 = 0, (C3) abO-f-a? b°4-02—4 ak 0, 
(53) (Oa) aBe +a? +B*+o?—4—0, (01) Abo+-A?-+b?-+2—4 = 0, 


(52) 


The equations (C2), (Cs), (04). are valid from another point of view; (Cx) 
for instance, i is the factor p for the solution of the pair ‘of eens (Ba) » (Bs). 
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If the last three equations are solved for B, C, A respectively and these values, ` ` 
substituted in (C1) and all such possible selections are made, there result: 


(Cs) + abe +a? +b? —4 = 0, (C7) +ABc+A2+B?+e24 = 0, 
(0e) HADC+A? 4074024 = 0," (03) baBC+a?+B?4+074 = 0. 


(54). 
Using the plus sign we verify that ` 
(55) ~ (a—4A)(b—B) (60) =0 
and using the minus sign that | 
(66) o @ +A) +B) (+0) =0. 
There af thus six cases to' be spunidered according as’ 
(57) a = A, b= B, c= 0, a= — A, b= B, e= — 0. 
Consider first ETN (0): a ; (Cs) become | _ = E 
ABC + A? 4B? + -G?— 4 = 0,- ABe +b Abd BeA 0, 
8) aa ts AP 4B 02—40, Abe + AP +0? fot—4—=0, 
Subtracting these equations in pairs there arise the four possibilities 


b=B b=B ` c=Q © ABŁ0+e=0. 
c=0? AB4+0+c=0? AC4+b+B=0? 40 +B+b=0 
(59) D oR ar> i area ae 

| Ab AO pen: 
For the fourth possibility b = B, c — Cand two of the cases reduce to a = A, 
b= B, c= C. Placing these values in (4,)-- - (B1) > - - (Cs) the sélutions 
turn out to be special. cases of (40) or lead to coincidences among the dis- 
criminant conditions. From (59) there remain the cases 


60) b= B > ar Game 7, po Pe: a 

ee) AB+C+c—0? AC+O4+B—0. - 

We consider only the former ease for which con -i i (Cs) reduce to 
(61) ABC A?4B°+C0?—4=0, AB+C0+e=0, 


and give the values’ 


(62) 28 = d0 [(42—4) (G84) ]4, ‘om (AB 0). 
5 Le e : ‘ies ee er as Aa Re ge ce ER ga aiara a e ae 


etsy 
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l In (34) let y =y, (ciy) = T; a substitute to obtain 


(63) (2,04 — yes) [+ (A? —4)*(C?—4) 4] n X 
H- (2284 -+ 423 + Aaets) (0 = c) = 0. 


This identity may be satisfied in one of several ways. If it is satisfied by the 
vanishing of the coefficients, the situation reduces to a = A, b= B, c= C. 
Since one of the quadratics TiTa — Fel, and Lala -+ LiT -+ Aver, is not a 
multiple of the- other, we consider the possibility of-a linear relation among 
the variables of the form : 


(64) La == TE $ SZ + tats. 


Again the possibilities give nothing new. Finally the variables may be te 
related as- 
(65) l T = — om -+ latas . Ta = ML, ape Molo. 


This situation was considered in §2 (27) where it was found that the group 
generated by (csy), (czy) was all or part of that generated by (ery), (czy). 
In like fashion we may treat the other cases of (57) and we find no solutions 
other than (40) and (41). We sum the results of this section in 


_ (66) A necessary and sufficient condition for the permutability of two in- 
finite cyclic groups generated respectwely by the pairs of discriminant con- 
ditions (Cry) and (Coy), (esy) and (csy) all distinct; as either (1) that the 
bilinear forms be one of the aggregates . 


‘ hb Is °° Ih 
kız 2 2 "en ee EE, 
kas b. Dra b 
kia E, AG... pe o e 
leza A os. =—9 2. 
las | b sab b r, 
Ios i |: b b 


where b- 18 an arbitrary parameter and the. coefficients. cy (k ==1,: + -,4) 
satisfy for Ig, Iv, Ia, In respectively the following identities 

(Cir + Cia) (Ca + C52) — (Cjr + C42) (Cis + Cia) = 0, 

(Cir + Ciz),( Cis — Cia) =~ (Cji + C52) (Cis — Cig) = 0, 

(Cis — Cio) (C53 — Cy) — (Cji — C2) (Cis — Cig) = 0, 

(ci — — Ciz) (cjs + Cia) i (cji S Cj2) (Ci +- Cis) == 0, 

(4,9 j =0,1,--°, m) 

or (2) that b = B = c = C = 0. 
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4. The Cremona group -forP?. The determination * of the numbers 
n, Ti, Sj, %ij for p = 9 is complete (*). To generate an abelian subgroup in 
that case two kinds of generators were used. "One kind ca” (t= 2,-- -,9) 
has the form . | 


n= 36p;7 + 1, r= 86 (22, ri = bpi (2p: + 1) 


67 , 
GD ams mlp (kjg k ji, amr ur 
By replacing 2p; by ki this becomes the product of the involutions which arise 
_ from the discriminant conditions . 
(ciy) = Bliye — (ki + 1y: 3 | 
(68) — (ki — 1) yi— eign Fe tye eye be Ht pe), 
(Cry) =— y + yi. ° 


It is readily verified that the conditions of (66) are satisfied. 
There are seven distinct types of planar Cremona transformations on 9 
_ points; we shall follow the notation in the reference cited. The two relations 
for a P-curve | l 


(69) È Qij = 83y — l, Desay sy? Hl 
7 i 
lead for types I, IIT, V, VII to the following two relations 


. 9 A ki 
(70) (a) È a = 8r, (b) E8? =v? + Ry. 
¿=L 4=1 | 
For these four types we pròve by direct substitution im the corresponding 
formulas 


(71) If êv, y 1s a solution of (Y0) which corresponds to a transformation T, 
then 8; + e, v -+ Be, y (e any integer positwe, negative, or zero) ts a solution 
of (70) which corresponds to the same transformation. 


In order to determine the transformations by a single set of integers §1,°°°, 89 
we determine e so that v is 0, 1, or — 1 in accordance with the above theorem. 
Using these values for v, in turn, a (70) become, respectively, 


(12) (a) 330,33 - 33,2 = 2y, 27 +1, 2y +r. 


qal 


(73) To write a transformation of one of the types I, HI, F, VII, partition 


i Correotioni to the published formulas are as follows: for type III replace a,, 
by Y + è; — òy ag by Y— Egg + 9, —- 9,3 for type VI replace a,, by Y -+»—eé’,,, 
— 8, msp a,, by Y +rv—e',,,——%,—8,; for type VIL replace a, by y— «,,, 
+ 8, — 8, 3 = ae 
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one of the numbers 0,.8, — 3 into nine integers 81,°.° °, 593 then determine y 
from (%2)5 these'values, substituted in the-proper ‘formulas, yiéld existant 
transformations. i : | 


For types II, IV, VI we sled v & v — 1, and proceed as above. 
(74) To write a transformation of one d the types TI, IV, VI, partition one 


of the numbers 2, —- t, — 4 into a ia ; then determine 4 eo 
(15) Seer ys: Saye ay ay ohremey. T 
, 4=1 sa 


respectively. These values substituted in the proper for mulas ola aceon 
transformations. ' 


5. An abelian sub group for Pate The. a mS of D-conditions 
obtained from those for nine points, satisfy. the conditions of (66) and generate 
an abelian subgroup for ten points, depending on nine paramierets 


Ales yo—2hby Gans = (y= ) ye (lvl E 1 G A 
A , ; ~ Yarm i Y4. . . ; 


t rà 


. ey + -¢ Sa + - 


TTE ERE come E Aye ya 


(16) | s ae « oo ee ee Ee a cols 
a REE aaa cad s (yst: °° rY10). 
yr Y2 
(Aat y Bhp (Bho 1) ytan CHN) Gass oe -e yic) 
- Yo o To TY gr “YG > = 


The two examples of § 4, and g 5 are sufficient to indicate that the general 
theorem of (66) does have application. The subgroup for Pè has a finite 
number of conjugates whereas the one for Pao? is not so characterized. Could 
one exhibit a closed. set of discriminant conditions. for P? such as exist for 
Po’, one might hope to regain this property. 


en g ToN “A 
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. SOME THEOREMS ON. TRIODIC CONTINUA.* 
By N. E. RUTT. 


It is proposed in this paper to examine triodic continua t from a point 
of view somewhat different from any other now in print, and to prove for 
unbounded continua a statement resembling the triod theorera.{ Two lemmas 
will be established first. 


Lanes I. If Kisa a compact indecomposable plane continuum and H is. 
a compact plane continuum having im common with K a set T such that 
H —T is connected and K — T is nonvacuous, then there is a com ponans § 
of K containing no point of H. 


The proof is immediate it T= H or T = 0, so suppose 734 H and , 
T 0.: Moreover let the noncompact component of the plane complement 
of K contain H— T. Assume that the lemma is not true. As T is closed 
- and compact it is the sum-of a set of mutually exclusive compact continua 
no one of which has a complement among whose components is one. which is 
compact and contains points of K+ H. If to each element of this. set all 
the bounded components of its complement are added, a collection results in 
one to one reciprocal correspondence with the original one, in which the 
elements are still mutually exclusive bounded continua having a closed sum. 
As no one of them divides the plane, they may serve as the only nondegenerate 
elements of an upper semicontinuous collection, completely occupying the 
plane and providing a continuous transformation of the plane into itself. q 
Lt H, K, and T are converted into Ht, Kz, and Ti by this transformation, 
then it is clear that T; is totally disconnected, that K: is indecomposable, 
that all relations assumed in the hypotheses ‘of the lemma between K and H 
exist also between K: and H E and that some point of T: is contained in 
every composant of K:. But this implies that every point of T, is arcwise 


* Presented to the Society June 23, 1933. 

t For definition see R. L. Moore, Point Set Theory, p. 254. 

ER L. Moore, “ Concerning ‘triods ‘in the plane and the junction points of plane 
continua,” Proceedings of the National Academy of Sciences, vol, 14, no. 1, cee 85-88, 
Theorem I. 

§ The term composant, is used here to represent, as originally by J aniszewski, any 
maximal proper strongly connected subset of a continuum. 

. TR. L. Moore, “ Concerning upper semicontinuous collections òf continua,” Trans- 
actions “of the American M athematical Society, vol. ‘oT (1925), pp. 416-428. 
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accessible from: the complement of K's, in fact there exists a ‘simple’ ¢losed 
curve: separating K:— T: from H:— TZ; and containing ony one ee 
T; of K: +H: But this is a contradiction.* a e 


ioti. If K is a end ee continuum containing the point k, 
and: expressible as the sum of a set [Ka] of continua each of which contaims 
k and is a proper subset of K, then K is expressible as the sum. of two. of. its 
proper subcontinua each of which contains k. . 


If 2, y, and z àre any three distinct points of K and K is irreducible 
between s and z and between’ y and z then it is reducible between z and y, 
for let Ks and Ky be any two elements of [Ka] containing x and y respectively 
and consider Ks + Ky. As Ks is a proper ‘subcontinuum of K containing v 
it does not contain z, and for a similar’ reason K, does not contain z. Thus 
as both Ks and Ky contain k and neither one contains z their sum i8 a proper 
subcontinuum of K containing | a+y. Thus K vis decomposable. 

Omitting cases in which the lemma is evidently true, suppose then that 
K is the sum of the proper subcortinua A and B, where B does not contain k 
and A is irreducible between k and’ any point whatever ‘of A- B. ‘Consider 
the components of K — A. If there are’ at least two of these and one of them 
is not contained in ‘the limit” sum of the ‘others, ‘let it be D. Then’ A +. D 
and A.+.(B— D), are subcontinua of K of the sort desired, -On.the other | 
hand if every component of K — A,is contained in the limit sum of.the rest, 
let y. be a component of c( AY) f and. [Dy] be the nonvacuous.collection of the 
components of K — A contained in it. If [Dy] includes an element .D, such 
that two different components, yr and ys, of.y-c(Dy) contain points.. of B, 
then the theorem is true owing to the representation. of’ K as ‘the sum of the 
continua A+ D; + yr: B and A+ c(y-)-B. But in’ case no such two 
domains exist then the elements of [Dy] form a collection which.is orderable $ 
in y and if D, and Ds are nonconsecutive elements: of [Dy]: both arcwise 
accessible: from the domain upon whose:boundary all of [Dy] have points, 
then, with [Dp] and [Do] the subclasses in [Dy] complementary to D, + Ds, 
two elements of [Dy] being separated by D, and D, if and only if they come 
from different classes, a representation of K of the sort required, will be E 


. A+B- oly) +D- + Ds-+3Dp and A+ B-o(y) + Dy + Ds + 3 Do. 


*S. Mazurkiewicz, ““ Sur ' les points accessibles : des. continus- indecomposables,” 
Fundamenta Mathematicae, vol. 14, pp.. 107-115, : 
` In general c(X) will be the complement. of the point kot xX. 
: iN. E. Rutt, “On certain types of plane nin Prárisačtions, of he American 
Mathematical: Society, vol: 33, no. 3, Pee SUA 816. i d 
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:, , Dhere..remains.only. the case in which B —B -A is a connected. set O. 
As. the theorem, will be true if C, is éxpressible as the sum of two- proper 
subcontinua both containing points.of A suppose that it is not.- If ĝi is 
indecomposable, consider ‘any element Ks of [Ka] having a point in C,. As 
Ka contains A but not K; it appéars that C3 :K+ is a proper subset of C; and 
C,-K, is a set each of whose components belongs to a composant of O, and 
contains points‘of A’ B. By varying « it is seen that every composant of O1 
contains a point of A, a contradiction of Lemma I. 
Finally suppose G r= Pı + Qi where P, and Qi, ate proper subcontinua 
of Cy and Q A = 0. Let A, = A + Pı. As in the case of A it may be 
concluded that A, — Ay: Q, 1s connected and that A,.1s irreducible between 
k and every point of A,-Q,., As in the case of B it may be shown that 
C: = K — Ay; is connected and that Qa is the sum of its proper subcontinua 
Q2 and E, with Q2: A: = 0, and so on. In general a. well ordered sequence 
Q, Qe, Qa +5 Quy’ -*, Qn: results. Ifthe sequence has a last element 
let it be Qa, and if it has no last element let the product of its elements be Qa. 
If nondegenerate, Qh is necessarily indecomposable and the theorem follows. 
If Qy is a single point it must be the infinite product of the elements of the 
sequence. But in this case K is not reducible between k and Qu, as. any 
continuum containing k and Qa, must contain 3A, and.3A, > E — Qr. ` 


COROLLARY. If K is a compact continuum in the plane containing the 
subcontinuum k and expressible as the sum of œ collection of proper subcon- ` 
tinua [Ka] each of which contains ke, then it is the sum uF two pr oper 
subcontinua each of which contains k. co 


The corollae follows easily from the _ preceding Jemma by means of an. 
upper semicontinuous transformation of space.. 


THrorem I: If K i'a plane bounded continuum: not separating the 
plane and expressible for any point k of K-as the sum of two of its proper . 
subcontynua each of which contains k, then K is triodic. 


` Let k be any point of K, and let Ka and Ky be. subcontinua of K of the 
type assumed. The set Ke = Ka Ky is connected as otherwise Ka + Ky 
separates the plane. Consider now any ‘point x of Ka— Ke, and let Kz be 
an irreducible subcontinuum of Ky:containing.¢ and Ke. If for each x such 
a continuum exists which is proper in Ka then it follows from the corollary 
above that the:theorem is-true, as Ka is expressible’as the sum of the two 
continua Kp and Kg both containing Ke and. neither one containing Ka— Ke, - 
so that the,.continua Kp, Ke ‘and Kit Kr Ka exhibit. K as triodic, the set 
K, K, being clearly a continuum witha- point in common with Ka. 
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On the other hand if there: exists an v in Kei Ke such that the’ only 
subcontinuum of Ka containing æ and Ke contains Ka; then consider a. * By 
supposition K is the sum of two of its proper subcontinua’ X, and Xs; each 
of which contains z As Ka is irreducible between: and-K,; if Xr Xy 
then Xr D Ka— Ko, and consequently both Xr and Xs contain Ka— Ke, 

set clearly connected, and have points in Ko including of course the, ua 
= D=Ks: (Ka— Ko). Thus ¥,—Ky-X, and Ys =K X, are. continua 
neither one of which contains the other and both of which contain D, 2 that 
the continua is Ys, and (Ka — Ke) n Y, Ys exhibit: K-as-a oe 


_ Lemma HI. Let. K be a bounded: pontine the inte 8 be, Q com~ ° 
ponent of c{K) with boundary, A, and F, and F, be two bounded continua 
such that , , 


(a) K. P, K: Ps, ô- F, ie 8: Pr are. ala NONVACUOUS, 
(b), Fi K Fand F,—K:F, are. connected but (K. Zs ‘in ics fe Po) 
_is not, and RA i 
(e) K- FLAK: F} belongs to.a proper ubani D yi À. 
Then K. + Fy + F is a continuum F. containing.a triod. 


Clearly the set (D+ Fi). + (D+ F,) separates’$ between two points 
fı and; js ‘whith are not separated’ by éither K+ Fy or K+ F,. ‘Let A be an 
are in ô connecting fı and f, but not intersecting Fa, and let a be a ‘simple 
closed curve in § containing fi +. fy but no other points ‘of A a P,. Com- 
plementary to A+ C are three domains ‘two of which must contain pcints ' 
of (D+F,)- (D + F.) belonging to different components of ¢(A +0) -F 
and having points of C as limits, that is having subsets in F.:c(K + F;). 
' But then these components, contain subsets -U and: V. which are subcontinua 
of F, with points in D + F, andinc(K + F). Thus A+ F,, D -4 + se 
D' + V cs F, contains a triod. 


DOA IV. When Kisa bounden P A the Bman 3 is a com- 
ponent.of:c(K), and F is-a.closed set such that. H =8 -F has. ng a. finite 
number of, components, then: : r 

(a) If. H- K has three or more. ain K a F contains a triod,- 
(b). If H: K has exactly two components and their sum is a subset of D, 
g proper subcontinuum of. K, then K + H contains a.triod. : 


In (a) if H:K contains components ie Pe, Ps, let Mi» Nz» ys be mutually 
exclusive neighborhdods of these with simple closed curves as boundaries not 
intersecting H-R. Let I: Es, K: 3 be the components of K + H in 113 725 N3 
respectively containing Pa, F», Py. Now Ki, Ba, Ks are mutually exclusive 


i 
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continua ‘no one. of which is contained in K, 80. K ~t- K., K +- Ka, 7 + K; 
clearly contains:a triod... 

e In (b) if the two conipenents of H. K are PB, and Fz, form K, and K: 
as above. Then K, D+ K, D+ Ke clearly contains a triod. 


THrorEm II. if K isa bounded continuum expressible for any point k 
as the sum of three. of its’ subcontinua each one containing k, and no one 
coniained in the sum of ihe other two, then K contains a triod. 


If TA some Sa : ‘nee ease E Ka, K», K; as jed in the 
theorem such that K, Kz, Ka- Kı, Ko: Ka are all connected, that K contains 
`a triod is readily seen. So suppose that K,- K, is disconnected and let & be 
a component of c(K;-+'K,) containing points of Ka. Let A be the outer 
boundary of & and 8 be the component of c(A) containing 8. Clearly 
ò- K0. It is easy to find a triod in K when more than two components 
of c(A) contain points of K. When exactly two contain points of K, each 
must include just one component of K-c(A) and a situation arises identical 
with one dismissed below in which one domain contains two distinct com- 
ponents. So it mayas well be supposed that only 8 of the components of 
c(A) contains any points of K. The many cases remaining will be carefully 
listed below, but a. full discussion will, be given only in a.few of typical sorts. 
l Whenever for given point k, the. sets Kı, Ke, K; are continua of the type 
supposed i in the theorem, then each of the three’ contains points, hereafter to 
be called essential, which are not contained by either of the other two. 


The cases ‘in which Ks A DA will be treated first. 


(A The sét: x A POTERIS of more. than two components. This case 
is obvious. . Se l ; 2° 


(B) The set K-—-A consists of a pair of components & and S whose 
limit sets G, and G, are mutually separated. Clearly G; and Gs are connected ` 
(Lemma IV): - If A contains a continuum D such that D- G, 540, D* Gs 540, 
and A— (D + G, + Gs) A 0 use Lemma IV.’ Suppose that no such ‘con- 
tinuum’as D exists. - If in -R there are two continua Rp and Ry each having 
points in both G, and ¢(G,-), then when’ (2, + Gr) (Ea + Gr) is discon- 
nected Lemma III applies and. when it is not A + Ry- Rg, Gr + Rp, Gr + Ra 
clearly contains a triod unless either Ry D Ra or Ra Ry. So of any two 
sub¢ontinua of R or of § having points in both ‘A and c(A) one contains the 
other. “Let ROK ‘and. consider K 1 K», "Ks. 3. Among the components of 
K, 8, K: 8, and K,- 8 is ‘one “containing. S. If it belongs to, K,, then 
Ky A+ S and all essential’ points of K, and Kz belong to R. Let 


$ 


my 
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P, = R: Ka, P == K,:¢(K,); and Ps = K;:¢(Ki). Clearly Pi, Pz, and Ps 
are connected and if (P,-+P.+G,-)-(Pi+P:+G,) is. disconnected 
then Lemma III applies, while if not then P:P; + Ki Po + Pi + Gr, 
P, + Pı -+.G, contains a triod: In this case the theorem is true. 


(C) The set K — A consists of a pair of components Æ and S whose 
limit sets G, and Gs are not necessarily mutually separated. If either G, or 
G, is disconnected it consists of precisely two components. If either one is 
disconnected an argument resembling the proof of Lemma IV may be used, 
and if neither is thet the methods of (B) apply. 


(D) The set K—A is a single component H whose limit set in’ A is 
disconnected into two sets G, and Gs, both evidently connected. Let k be a 
point of H, and let A- K; be the set of components, evidently not more than 
two in number, K’; and K”;. By methods employed in other connections all 
possibilities except two are easily dismissed. The two will be discussed. 

(i) Suppose A=K’,+ K’, where K’,: Gr540, K'it Gs==0, Kn G9, 
and, K’,:@G,540. In order that A = K’, + K’, the set -‘K’,:K’,. must be 
disconnected. Accordingly K’,- a ate H ) has at least three components 
and Lemma IV applies. 

(ii) Suppose A =— K’. There are various ‘subcasés. - | 
(a) All three of K,, Ka, and E, have essential points in H. Consider 
the sets P, —8- Ky, P: = ĝ: Ka, and P; = 8> Ka. 

(1) If any one of these has a component with limits in both Gr and, Gs, 
as A contains mutually exclusive subcontinua D, ‘and Ds with points in one 
and only one of G, and ‘Gs TORPECHTEIY, then, P being the ‘component, 


P -+ Gr + Gs + Dr, P+ G++ G+ Du P+ Ort ht Ks: o(A + P) 


contains a triod. . . : 

(2) If none of these has such a ‘component, let P’; P'a, m represent 
the particular components of Pı, P2, P, containing essential points. Two of 
these must have limit points in the same one of Gy and’ Gs. ‘Suppose that 
P’, and P’, have limits in G,. It is easily seen that K contains a triod 
unless (Gr + P1) + (Gr + P’2) is connected and when it is connected then 
à+- PP, GrH Ph, Gr + P'a contains a triod. 


(b) ‘Finally let Kı have no essential points in, H. 


(1) If H contains a proper subcontinuum with points in both G, and Gs, 
a triod can be found as in (1) above. . me oe g ee ee 
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(2) If two components from the same or from different ones of P,, Pa, Ps; 
‘ave limits'in the same one of G, and Gs, triods may be found as in (2) above. 
e (3) Neither-P, nor P; may have a component with limits in G,: and 
another with limits in Gs, since if one did then it would contain A’ and K 1, 
could have no essential points at all. 

(4) ‘When P is connected and has limit points only in G,.and P, is 
connected and has limit points only in Gs, the existence of a triod in K is 
clear unless of any two subcontinua of P, or P, with points in A and in ¢(A), 
one necessarily contains the other. Under these circumstances let k be a point 
of A— (Gr + G;) and consider with respect to this new ka new set of con- 
tinua Kı, Ke, and Ks. One of these three must contain a point of P,- Ps 
and. thus, as (b) (1) has already been treated, must contain ell of Pa — P` Ps 
or P;-——P2:P;,while the same one or some other must contain all the 
remainder of H. In either case K is the sum of just two of the three. 


(E) | The set K— A is'a single component of H, and H +A is a proper 
connected subset of A. ; Unless of. any two subcontinua of, Æ with points in A 
and in ¢(A) one contains the other, the existence of a triod.in K is evident. 
When of any. two, one does contain the other, let H D k and K, D H, as it is 
clear that one of the three must contain H. Thus both K, and Ks have 
essential points in A and it is possible. to apply Lemma ITT. | 


- Now the cases in which. K—AD A will be treated. 


(A) The set K— A consists of more than two components. This case 
is obvious. | E AREA E 


(B). The P K- — eres of two ree R T S&S. with limiting 
sets G, and Gs in A. If G, were to contain two continua neither one of which 
contained the other, both of: them containing: points of A and of ¢(A) belong- 
ing to a proper subcontinuum of A, then a triod could readily be found in K. 

(i) T£ G- D Aand Gs DA let RD k and consider sets Kı, Ko, Ks for 
this selection of K.. Owing | to comments just, made above it is clear that the - 
only situation remaining uncompleted requires one of these sets to contain 
E and another to contain S, so. that K is the, sum of jusz two of them, a 
contradiction. 

Gi) If G = A and Ge D A let g > k and among the related sets 
K., K, K; let K, DS. Suppose Praa Kk and P;—¢(8)-K;. If 
either of these were to' be dis¢orinected it would’ be evident that K contains a 
triod; „If both are-connected' then whether or not (Ps + Gs) > (Pa + Ge) 
is connected it appears that K contains a triod upon using Lemma III. | 

(iii) Finally let G- DA and GDA. Let ADk, and consider Ky, Ka, Ks. 
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It is clear that c(A) contains essential. points of all three and that two of the 
three, say K, and K, have essential points in one, say R, of R and S. Let 
P,=K,:R and P= K $ Rye both of them. clearly connected sets. . If 
(Pi +- A) (P2+A) isa connected set D, then 8 -+ A +D, A+ D+P,, 
A -+D -~ P: contains a triod, and if it is not connected then Lemma III 
may be aes 


(C). The set K — A consists of a single enn H. E ADE 
and consider Kı, Ka, and K}. It is readily seen that H contains essential . 
points of all three ef these. Let : P, =={e(A): Kı, P,~=c(A+ K.) Ke, 
and P;==¢c(A-+ Ki + K) Ks. It is clear from Lemma IV that 
Pi: Pin (t= 1,2,8) has at most two components, G’; and Gi, and from 
this fact and other considerations that Pi has at most two components, that 
when it has two, say Pi and P”;,-the limit set of each is a continuum and 
when they are distinct they must be G’; and G”; respectively, and that when 
it has cnly one the limit set, is either a continuum or. a pair of mutually 
exclusive continua, namely a and Gi. . 


(i) Let P’; and P” 4 exist. 


(a) When both P’, and P”, exist let F” and F”, be ‘subcontinua of Pa 
whose sum does not include P,-c(G’, + @,), each containing points of A, 
and, one in addition containing points of P’, and the other of P”,. It is clear 
that both of these exist, but they máy of course be subsets of A. Then 
A + Pa +p Pa p Pa t Oa A+ P,4+ P24 Gs+P% A+ K, contains 
a triod. | | 

(b) When both G’, and G”, exist but P”. does not, obtain mutually 
exclusive subcontinua H’, and H”, of P's containing points of P’, and of C: 
and G” respectively, and then in the sentence just above replace P, by 
G’, + Ba, and P”, by Oa + Hs. 

(c) When neither G” nor P”, exist examining the relations of P: with 
| the rest of K reduces all cases occurring to ones essentially equivalent to the 
two just completed except when neither G’’, nor P” exist. In this case let 
F’, and F”, be subcontinua of P’, and P^ -+ P, respectively having a sum 
which contains. neither P,-¢(G@%, + G’;) nor P.-¢(G’;), each one containing © 
a point of A, and the first containing a point of G”, while the second contains 
one of G’,. Clearly these continua exist as the position of & and the distri- | 
bution of the essential points of Kı, K2, Ka show easily. They may of course 
reduce considerably in special cases, even down to subsets of A, , Then 


A+ PF. HOHP HHHP, A+P.+Po+ Pit Os 
A+ Fa + @, + Fa + P's 
contains a triod. . 2 
9 
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(i) Let G’, and G” exist but not P”. 
> exist, the sets F’, and 


(a) When both P’, and P”, or both G’, and G” 

F”, may be constructed as in (a) and (b) above, and no new cases needing 
special mention arise. 

(b) When neither P”, nor G”, exist, depending upon whether both P’; 
and P”, or both G’, and Gs, or whether neither P”, nor G”, exist, a pair of 
continua F, and F”, (like Æ, and F”, except that it must be specified that 
their sum does not contain (P, + P2) -¢(G’s + G”) ), or a pair of continua 
F: and F’, (as in (c) just above) may be found, and ther a riod is contained 

either in 


A+Pi+ Po, in A+P3+F%+Pe+@%,, in AHEHE Hat, 


in this same set with P’, replaced by H's + Q's and P”, by H”, + G's, 
or in the set of the last sentence of (i) (c). 

(iii) Finally let neither G”, nor P”, ‘exist. 

(a) When either both of P’, and P ’s or both of G’, and G”: exist upon 
regarding momentarily A -+ P, as A and reviewing (1) (a) and (i) (b) it is 
seen that the arguments used there are applicable here also. 

(b) When neither P” nor @’”’, exist but either both of P’; and P”, or 
both of G’, and G”; exist then the methods of (ii) () may be used without 
important change. 

(c) Finally when none of P”, G's, Ps, Gs exist, the ne of. 
(1) (¢) may be used again. 


(d 


The theorem is seen to be proved at last. 


Remarks. A plane bounded dendron or acyclic continuous curve having 
at least three end points is a convenient simple example of a set satisfying 
the hypotheses of Theorem I. A plane bounded cycelicly connected continuous 
curve which is not a mere simple closed curve is a convenient example of a set 
satisfying the hypotheses of Theorem I]. It is evident that each of yee sets 
contains at least one. simple triod and therefore is triodic. 

Neither Lemma I nor Lemma IT is true as stated in space of more than 
two dimensions. This may be seen by means of easy examples. The condition 
in Theorem I is obviously necessary that K be a triod whether K divides the- 
plane or not. That it is not, however, sufficient if K divides the plane is made 
evident at once by any simple closed curve. Upon examining the simple 
continuous are it is seen that the condition of Theorem I must apply to all 
points of K except at most one, whereas that one exception is actually allowable 
the argument itself. shows readily enough. The condition of Theorem TI is 
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not necessary. A simple triod consisting of three arcs has three points, namely 
the free ends of the ares, which do not admit being used as the point k. 
The triod theorem referred* to at the beginning of the paper states that 
no plane collection of mutually exclusive bounded triodic continua can be 
uncountable. Theorem III below makes a somewhat similar statement con- 
cerning a plane collection of unbounded continua. Professor Kuratowski has 
described a complicated continuum* not containing a bounded subcontinuum 
which is triodic and satisfying the supposition made in this theorem about 
the continua involved. Other much simpler examples { serving equally well 
exist, however, and concerning collections of continua of either of the types 
referred to, the theorem states that the elements can not be both uncountable ` 
in number and mutually exclusive. It Will be seen that Theorem III is not 
true if the collection includes elements separating the plane, and this any 
uncountable system of parallel straight lines in the plane shows at once. 


Lemma V. If Ka and K p are unbounded plane continua whose sum does 
not divide the plane, then the components of Ka' Ky are all unbounded. | 


If one of the components were bounded and the plane were inverted using 
as center of inversion a point not belonging to Ka + Ko then the set into which 
Ka: Ky would invert would be disconnected. . Such being the case Ke + Ko 
must have divided the plane before inversion. When Ka- Ky occupies the 
whole plane other easy choices may be made for the center of inversion when 
. Inversion is useful. 


Lemma VI. If K is an unbounded plane continuum not dividing the 
plane and is the sum of two of its unbounded subcontinua Ka and Ky neither 
one of which contains the other, then K contains two distinct points a and b 
and a closed set H not containing either a or b such that any simple closed 
curve O enclosing a and b and excluding H has upon it two distinct points 
m and n each-of which belongs to an unbounded component of K- ci(C).t . 


As K is a continuum, Ke: Ks =Æ 0, and Ky: Ky is a closed set. Let it 
be H. Leta and b be points respectively of Ka — H and Ky — H, and let C 
be any simple closed curve enclosing a -+b and not’ intersecting H>- Then 
e(C) D H, and ce(C)-K consists’ of components no one of which contains 
both a and b: Now both Ka and K» have points both inside and outside C 
so in ct(C) each of these has an unbounded component with a point on C 


.* B. Knaster and C. Kuratowski, “Sur les continus non-bornés,’ Fundamenta 
Mathematicae, vol. 5, see figure on page 43. 

+ J. H. Roberts, “ Concerning atriodic continua, Monatsheften fiir Mathematik und 
Physik, 37, Band 2, example on page 223. _ 

ł When C is a simple closed curve in the plane (C0 ) is its. interior, e(C ) is its 
exterior, and ci(C) and ce({C) are the 2 complements of these sets. 
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which is not contained in the other. Let these points be m and n, the corre- 
sponding components just identified being M`and N whether distinct or not. 


THEOREM. III. Jf [Wal]. is a collectio’ of unbounded plane continua 
none of them separating the plane and each one having two unbounded sub- 
continua neither one of which contains the other, then the elements of the 
collection are not both mutually exclusive and uncountable in number.” 


For the typical element W of [Wa] let U and V be a typical pair.of sub- 
continua of the sort assumed.’ Suppose that thé theorem is not true. Then 
for uncountably many of the distinct elements of [Wa] dither (1) U: V 540, 
or (2) U- V =0. 

. If (1) occurs let: U + V == K and consider the uncountable collection of 
mutually exclusive continua [Kg]. Let [Hg], [ag], and [4g] be the collec- 
tions of sets and points derived in the proof of Lemma VI. It is readily 
seen that circles Ca and Cy each contained in the exterior of the other and 
uncountable subcollections [Hy], [ay], [by] out of corresponding elements 
ofa subcollection [Ky] of [Kg] exist such that i(Ca) contains all of [ay] 
and i(Cy) contains all of [b], and e(Ca)-e(Cy) contains all of [Ay]. 
Let, Kp and. Ky be elements of [Ky] néither of which contains æ or b. As 
Kp +- K does not separate the plane it does not separate a from b and so 
there is a simple closed curve enclosing a+b and excluding Kp + Ky. 
Out-of it and Ca + Cy may be constructed a simple closed curve C such that 
i(C) D (4(Ca) ++ 4(Cr) ), that C consists of a subare A of Ca, a subarc B of 
Co, and two ares P and Q complementary to these having only their end points 
in Oa + Cp, and that i(C) - ¢(i(Cx) + 4(Cx) ) contains no points of Kp + Ka 
Consider now Mp and Np, Mz and Ng as determined in Lemma VI. Clearly 
M,-C and Mg-C are on A, and Np: C and Na -C are on B, and because of 
this it may readily be seen that no component of any element of [Hy] can 
contain a point of P + @ so that e(C) contains all of [H]. 

It is now possible to use Lemma VI to advantage. Points mg nay Ng 
exist for every element Ky of [Ky], and no. such pair of points can be sepa- 
‘rated on O by any other pair. Thus C contains-an uncountable infinity of 
mutually exclusive ares. This contradiction shows (1) impossible. In (2) 
the points of the collections [ag] and [bg] must be chosen from corr esponding 
elements of the collections [Us] and [Vg]. The case can then be reduced to 
an absurdity along much the same but less complicated lines as above. The 
contradiction is'thus general, and the theorem proved. 
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* As this theorem has been anticipated in an example ‘by J. H. Roberts, “ Con- 
cerning atriodic continua,” loc. cit., its proof will be reduced here to a summary. ` 


CYCLIC ELEMENTS OF HIGHER ORDERS. 
By G. T. WHYBURN. | 


In this paper itis purposed to develop a decomposition of closed and 
bounded (compact) subsets M of n-dimensional euclidean space R” into sets 
E, for each r == 0,1,.2,° - - which is analogous to the decomposition of locally 
connected continua’ into true eyclié elements.* The sets Æ, are defined ‘with 
respect to the 7-dimensional complete cycles in M, and in case 7 = 0 they are 
maximal subcontinua of M which are not separated by any one point. Thus 
in case M is locally connected, the sets E, are exactly the true cyclic elements 
of M; and since the properties exhibited by the sets Æ, for arbitrary r with 
respect to s-cycles are parallel to those exhibited by the sets W, with respect 
to 0-cycles, these sets will be called the r-th order cyclic elements of M. Most 
of the results established below for the sets Æ, reduce to or follow from known ' 
properties of the true cyclic elements in case M is locally connected and r = 0. 

The usual terminology and notation of point set theory will be employed, 
the diameter of a set X being denoted by è( X), etc, The letter M will desig- 
nate a compact subset of R” as indicated above. The results themselves do 
not seem to require anything more of M than that it be compact and metric, 
but the proofs lean heavily on linkings and on the duality theorem, so that 
such an imbedding requirement is necessary for the present at least. The 
notions of a complete cycle and its associated concepts are used in the sense 
of Vietoris and Alexandroff.t Complete cycles in M are denoted by y” and 
ordinary geometric cycles in A” — M are denoted by T”, in each case the super- 
script indicating the dimensionality of the cycle. Homologies are indicated 
by the symbol ~ and bounding relations by —. All bounding relations and 
cycles are understood to be taken modulo 2, and orientation of cycles plays 


* See my paper “Concerning the structure of a continuous curve,” American 
Journal of Mathematics, vol. 50 (1928), pp. 167-184; also Kuratowski and Whyburn, 
“Sur les éléments cycliques et leurs applications,” Fundamenta Mathematicae, vol. 16 
(1930), pp. 305-331, and note bibliography at the end of this article, That decom- 
' positions such as we obtain in the present paper might be possible has been predicted 
by R. L. Wilder (see his first paper cited below). 

ft See Vietoris, “ Uber den höheren Zusammenhang kompakter Räume . . .,” Mathe- 
matische Annalen, vol. 97, pp. 545-572; Alexandroff, “ Untersuchungen über Gestalt 
und Lage abgeschlossener Mengen beliebiger Dimensionen,” Annals of Mathematics, 
ser. 2, vol. 30 (1928), pp. 101-187; see also Lefschetz, “ Topology,” American Mathe- 
matical Society Colloquium Publications, vol. 12 (1980). 
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no part in our treatment. A 0-cycle T° is understood to be any even number 
of O-cells (i. e:, points). 


1. The sets T, and E. A closed set of points which carries no essential * 
~ complete r-dimensional cycle (i. e., no y”) will be called a T,-set, or simply 
a Tr. ‘Thus any closed subset of a T,-set is itself a Tp-set. A non-degenerate 
. subset X of M will be called an H-set, or merely an Er, provided X is not 
separated (disconnected) by any T, in X and X is saturated in M relative to 
this property: The existence of an KH, in M containing any given non- 
degenerate set X having the property not to be separated by any T, has been 
established by the author as a particular case of a general existence theorem 
on maximal sets.+ However, for convenience of reference we list this result 
together with some properties of the sets H, as 


(1.1) For any non-degenerate subset X of M.which is not separated by any 
T,, there exists a unique Er in M containing X. Furthermore, each E; is a 
continuum; and the common part of any two distinct sets EH, is a T,-set. 


(1.2) Suppose the compact set B carries the homology y" == yf + yo" ~ 0 
and that X is a closed subset of B gwing the separation B— X == B, + B, 
where yi7 © Bi +X, (t=1,2). Then if every r-cycle in X is ~0 in X, 
i.e, of f pr(X) = 0, we have y ~ 0 in Bi + X, (i= 1,2). 


This result is a generalization of a Jemma proved by the author in the 
article just cited, and it is established by the same argument as was given to 
prove the lemma.§ | : ' 


(1.3) If yC E, and y~0 in M, then any irreducible membrane B 
carrying the homology y" ~ 0 in M is contained in E, so that y’ ~0 in Er. 


This has also been proven by the author in the above mentioned article. 
It will be noted that it follows readily from (1.2). 


(1.4) Any carrier OC M of an essential y" contains a subcontinuum K 
which is not disconnected by any T,.-set. Thus K'C some Er. 


We may suppose that y” is not ~@ in C. Then p(C) > 0, and since 


* A yr'is essential if it has at least one carrier in which it is not ~ 0. 

+See Bulletin of the American Mathematical Society, vol. 40 (1934). 

t Here pr(X) denotes the r-th connectivity (Betti or Brouwer) number of the 
set X. See, for example, Alexandroff, loc. cit.; also Wilder, Bulletin of the American 
Mathematical Society, vol. 38 (1932), pp. 649-692. 

§ See my paper, loc. cit. 
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by the duality theorem,* pt(C) == p"*1(R*—(C), there exists a I in 
E» — C which is linked with C. Now C contains a subset K which is irre- 
dueibly linked with I’, Bŷ a theorem of Alexandroff,t any set F which 
disconnects K must have | ca a a 2(F ) = prt a > 0; and thus no such 
‘set F is ‘a Ty_,-set. 


(1.41) If M contains an essential y", then M contains momiak 
sets Er. ; 


(1.42) Any closed subset K of M which is irreducibly linked Oy s some pert 
in Rn — K is contained wholly in some single Er. 


(1.5) Every Ty1-set is a T,-set, (r = 1,2,3,° >). 


Suppose, on the contrary, that some Try contains an essential r-cycle. 
Then by (1.41), 7, has at least one set #,_, of itself. But then if P is any 
set separating E,-ı, P carries some essential (r—1)-cycle. Thus T7,., carries 
an essential (r — 1)-cycle, contrary to definition. 


(1. 6) For each r and each E, in M there exists a sequence of sets 
Ey, £4, ° s +, Hrs such that Wasd Bre Dr z <8) Weg D Er. 


This results at once from (1.5). For since no H, is disconnected by any 
T, and'since every T, is a T,, therefore FE, is not disconnected by any Tri; 
and hence it lies wholly in some single #,,. Similarly #,., lies in some &,.., 
and so on. 


(1.%) For each r, dim Er = + 4-1. 


Proof. This is immediate for r= 0, since each E, is a non-degenerate - 
continuum and. hence dim Fẹ = 1. Suppose it to have been proven for 
r= k—1. Then for each Er, we have | 


Now let us consider any set Fẹ. By. definition of Ep, any set F which | 
separates Fy must carry. some essential k-cycle. Thus by (1.41) any such 
set F contains a set #",., of itself. By (i) we have 


* See Alexandroff, loc. cit., p. 156; Frankl, Wiener Akademie Anzeiger, Abt., 2A, 
vol. 136 (1927), pp. 689-699; Lefschetz, Annals of Mathematics, vol. 29 (1928), pp. 
232-254; Alexander, Transactions of the American Mathematical Society, vol. 23 
(1022); pp. 333-349. 

. f See Alexandroff, loc, cit., p. 153, Satz IV. 

t The notation dim X means the Menger-Urysohn dimension of the set X. 
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(ii) dim F > dim Ep =k. 


Thus any set separating Ers is of dimeasion = k, and consequently 
dim Ey >k -- A a , 

Thus the truth of our theorem for r == k -— 1 implies its truth for r = k. 
Accordingly, by complete induction, the theorem is established., 


2. Connectivity Numbers. The formula p" (M) = 3 p" (E'r-1). 


co 
(2.1) If F is closed and F == > Ti,.,, then F is a Tr" 
{zt 


¢ 


For suppose on the contrary that F contains an essential 7-cycle. Then 
by (1.41) there exists at least one set Kf, in F. Thus we have 


Cc 

EF 4 SET > HF 4 “They. 
: : ' 41 i 

But each term in this sum is a closed set which must be non-dense on BF p1, 

since any open subset of EF, contains sets disconnecting EF,- which cannot 

be contained in any 7,.,; and clearly this is impossible. 


e 


k 
(2.11) S Tt. ts a T,, for every k. 
4=1 


We proceed to establish the following formula for the r-th connectivity 
number of the sum of any finite number of sets Er: | 


(2. 2) | (È Ba) =p ta). 


4=1 


This is trivial in case k == 1. Suppose it proven for k =m -— 1. Then 


m-l m-i 


p (D B'r- = È pr (F's 1). Now 


f . m-l Meo L 
Bpi A S Et, = = > Ee, i Et, 1 == 2 Ttr EY 
4x1 4=1 


since by (1.1) the common part of any two sets Er is à Tra Thus by (2.1), 


n-i 


oe -1 D Etra) = p" ( 2 T: va) = ù. 
Whence, by an addition theorem of Mayer,* we have 


* See W. Mayer, Monatshefte für Mathematik und Physik, vol. 36 (1929), p. 40, 
formula (96). This formula has been, extended to complete cycles by E, R. van Kampen 
and P. M. Swingle. 
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OO PÈ Ba) 2È p(B). 
Now, denoting > Et, by K, let us take any y rein K: E” p- aren is ~ 0 


in K. Let B be an irreducible nahi ane in K carrying the homology y+ ~ 0. 
By (1.38), we have B C #™,_,.. Whence +! ~ 0 in KE”, Thus any y"™ 
in K- E”, which is ~0 in K is ~0 in K. sce consequently, by the 
addition theorem quoted above we have 


(ii) © P y3 Ey) = p (E + Era) S 2 p" (Etra). 


This together with (1) gives the desired formula for k == m. Thus by in- 
. duction the formula is established for al: values of k. 


(2.8) If yr C Ert (i= 1,2,3, +, k; Sr), where the sets Ert are al 
distinct, and y: #0 m Ert, then > yi” +40 in M. 


Let us suppose this is not so, and let us choose & as the least integer for 
which it fails. It follows readily from (1.2) and (1.3), that k>1. By 
supposition there exists a set of oe lye" |, wherg Ww C Ert, ye? #0 in Ert, 
(4 == 1, 2,- ie ” <S1), and y = y: ~ 0 in M. Let B be an irreducible 

membrane carrying the homology i ~ 0 in M, and let N denote the ‘set 
B+ > Ert. Since k > 1, there must exist some 7-set Tr in Ẹ giving a 
4=1 : ; 
separation N — Tr =N, +4 Ne. Since for each i, Ert — Tre Ep? is con- 
nected, each of the sets Wt is contained wholly in either N, + Tr or Nae + Tr. 
Thus y" breaks up into two cycles “8? and bo”, where ê: C Ni + Ty, 
(4 == 1, 2), where 6," is made up of all those cycles y:” such that Ept C Ni + T, 
and 82” consists of all the remaining ones. Since every Tr is a Tr, by (1.2) 
we have & ~ 0 in Ni + Ty, (i=1,2). Since k was chosen a minimum, 
either 6,” or 8", say 8,7, must be identical with y”. But then by (1.2) we 
have y" ~ 0 in B: (N, + Tr), contrary to the fact that B is an irreducible 


carrier of the homology y” ~ 0. Thus the supposition that our, theorem is not 
true leads to a contradiction. 


(2.4) If there are only a finite number of sets Ey. in M such that 
p (Er) > 0 and if K denotes the sum of all such sets Bra, then 
pr(M) 5 p” (K). 


Suppose, on the contrary, that pr (M ) > p(k). Then by the daality 
theorem quoted above, p'r (R» — M) > p-r-(R" —K). Thus ye BA aa 
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Torrt, + +, 1+) is a base for the (n — r—- 1)-cycles in &*” —.M, then 
since t > p**"(h" — K), the cycles in this base cannot be independent in 
Rn — K. Accordingly there exists some combtnation of them, say It, which 
is ~ 0 in R”-— K. This means that r” links M but does not link K. This 
“Is impossible, for if any," links M, it irreducibly links some subset F of M; 
and by (1.42) we have FC some #,-C K, so that I~’? links K. This 
contradiction proves our result, | l 


(2.5) p (M) =X p (Er), the summation being catended over all sets 
E, in M. -` l 


Proof. It follows by (2.3) that we have 
(i) p (M) = 3 p" (Er). 


For, taking 7 =r — 1 in that theorem, it follows that if we choose in each 
E, a basis (y:"), [i = 1, 2,- © - p" (E-1)], for the r-cycles in that set, then 
there will exist no relation of the form y~ 0 between any of ‘the whole 
aggregate of cycles [(y;")] obtained for all sets Fr, in M. Thus the cycles 
in this aggregate are independent in M and (i) follows. i 
Now to prove the reverse inequality, we note that we can suppose 
3 p" (Er) to be finite; for if it is infinite, then by (i) it follows that p" (M) 
is infinite and this gives the desired relation. Thus by (i) there can be only 
a finite number, say k, of sets Er with p" (E,1) > 0. Let K denote the sum 
of all such sets Eis. Then by (2.2) we have _ 


(ii) : pt (K) = Šp (Etra). 


Now by (2. a aoa with (ii) we obtain 


(iii) p (M) < p (K) = -pr (B44). 
Whence | | 
(iv) pCi) = È p (Er), 


since for any Fr not in K, pr (Em1) = 0. 
The inequalities (i) and (iv) give our desired formula. 


(2.51) In order that p (M) =0 it is necessary tid sufficient that 
p" (B+) =0,'for each B, in M.* 


* For the case where M is a locally connected continuum and.r = 1, this reduces 
to a result recently established by Borsuk; see Fundamenta Mathematicee, vol. 20 
- (1933), p. 280. In connection with this same case, see R. L. Wilder, Annals of Mathe- 
matics, vol. 34 (1933), pp. 441-449. 
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(2.52) In order that M should separate R” it is necessary and sufficient that 
some En-a in M should separate R”. 


This follows at once from (2.51) together with the duality theorem 
quoted above. For, taking r==n— 1 and applying (2.51), we have that 

p= (M) > 0 if and only if p"""(Z,-2) > 0 for some Hn. Thus by the duality 
ee p(n — M) > 0 if and i if p°(" — En-2) > 0 for some nee 
and this is equivalent to (2. 52). 


(2.6) For each °S r, p (M) = 3p" (E, J, the summation being extended 
over all sets Er in M. 


This follows from (2.3) by the same argument as given to prove (1) . 
under (2.5). 


(2. 61) If p (M) =0, hei pr (Ey) oa for each <r and each set Er 
in M. 


(2.7) For each 1 <r, p'(M =3 p (Ey), the summation being extended 
over all sets Er in M. 


This is an immediate consequence of (2.5) and (1.6). 


3. E,-sums. A set X is said to be +*-connected provided that every y" in 
X is ~ 0 in X, i. e., provided p"(X)= 0; a closed, connected, and y*-connected 
set X will be called a y’-continuum. A a -compact set X is said to be locally 
y"-connected provided that for each e > 0a & > 0 exists such that every y" in 
X which is oe by some set of diameter < ĝe is ~ 0 in some subset of X 
of diameter < e.” 

A closed subset K of M having the property that K contains every Æ, in 
M such that #,- K carries some essential y" will.be called a K,-set, or simply 
a K,: in other words, if K,- E, 7, always implies E, C K, then K is a 
K,. A y*-connected K, will be called a C,-set or simply a Cr. Finally, a 
closed subset A of M will be called an Ar-set or merely an Ay provided that 
for each y" in A, every irreducible. membrane in M carying the homology 
y” ~ 0 in M is contained wholly in A.’ These sets K,, C,, and Ar are analogous 
to the so called A-sets in locally connected continua, and indeed they all 
reduce to the A-sets in case M is a locally connected continuum and r —0. 
On account of this analogy they may be thought of as #,-sums. 

By (1.1) and (1.3) we have at once 


_™ Compare with Alexandroff, loc. cit., p. 181, and Lefschetz, loc. cit. 
f See Kuratowski and Whyburn, loc. cit. 


t 
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(3. 01) Every B, is a Kr’ Ay ( i.e., both a K, and an Ar). 


(3.1) For any closed set F in M and any Kr, every y" in F- Kr which is 
-c~ 0 in F and also in K, is ~ 0 in F: K,. 


Suppose, on the contrary, that some y" in F- K, is ~ 0 in F and in K, 
= not in F-K,. Then by a result of Alexandroff,* there exists a T”™"-2 in 
— (F4 K+) such that re ~ 0 in R*—F and-also in R” —K, but | 
sate +0 in R”— (F + K,).° In other words, re- links F + K, but does 
not link either. F or Kt. Now E -+ K, contains a subsete B which irreducibly 
links I", By (1.42), B is contained wholly in some Er. Now since I"? 
` links B but links neither F nor K,, B is not contained in either F or Kr. But 
then E, (K, — F: K,) Æ 0 4 Ep: (F—F: Ki). Thus FK,- E, discon- 
nects H,, and hence this set contains an essential y". Thus K, E, is not a Te, 
and this gives #, C #,, contrary to the fact that B is not contained in K 
. Thus the supposition that (8.1) is not true leads to a contradiction. 


(3.11) If Fisa +*-continuum in M, so also is every set F- Or.. 
(8.12) If M bocom every Er is a Or. 3 

(3.13) IFM is locally y"-connected, so also is évery set Ep. 
(3.2) Every Cr is an Ar. | 


For let B be any irreducible membrane in M carrying the homology 
y ~ 0, where yc Cr. Then since y” ~ 0 in C, and also in B, by (3.1), 
y’ ~ 0 in B- Cr. And since B is irreducible, this gives B C On 


(3. 3) The pr oduct of any number of sets 1 fe is & set {z ay 


In other words, we have 


(3. 31) WA, =A, 
(3.32) | ÜK, =K, 
(3. 33) u CeCe 


The first of these is an immediate consequence of the definition of an Ar. 
To prove (3.32), let F, be any H,-set with E, ' I K, 5& Tr. Then we have 
H,: K, T, for every K, in our collection. Whence, Er C K, for every K,, 
and this gives #, = Il Ky. 


* See Alexandroff, loc. cit., pp. 178-179. 
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To prove (3.33), we note: in the first „place that since each Cr is a Kr, 
then-by (3.32), UC, isa K,; and by (3.2) and (3.31) it is also an Ar. 
Thus if we take any. y” in I C-eand any. irreducible membrane B in some one 
D, of our collection so that y” ~ 0 in B, we have BC HOr. Whence y~ 0 


in I Op. Ting I C, is y’-connected and hence is a Cr > ; 


y*-connected 


y" r-connected \ 
locally y"-connected ° 


» every Ay is f locally y ego umeaeee 


(3.4) IfM is sf? 
This is an immediate consequence of the definition 7 Ae 

(3. a yf M is y ree every K, Ay is a Or. 

(3. 42) If M is locally y"-connected, so also is every Cr. 
This is a consequence of (3. 2) and (3. ai 


a) Ár i 
(3.5) If X is any say 40 ar and Tr ts i Tp-set in X. gwing a peN 


a) Ár 
Deke ee i ae (i =Í, nar 


To prove (a), let y” be any ? sdei in X: + T, and let B be any irreducible 
carrier of the homology y” ~ 0 in M. Then BC X. Thus if B is not con- 
tained in X: + T,, we would have-the separation B—B-T,—B-X,+ B Xa 
This is impossible by (1.2), since: y” is carried by B-X;-+ T, and B is 
irreducible. . Thus BC X: + Dry ‘which shows that X: + Te (1—1,2), 
is an Ár. 

Part (b) is immediate; for, if an Bei is sti that EH, wee i+T,) is not a 


. T,-set, then Er: 4,540; and since “#,—H,-T, is connected, we have 


E, C X; + Ty. | 

To prove (c), we note that by parts (a) and (b), X:+ 7; is both an 
A, and a K,, since every O, is an Ap’ Kr. Thus since, XY is y’-connected and 
X: -+ T, is an Ar: K, relative to x, we have by (3. = that X: + Tr is a Cy. 


(3.6) If 0 = SK, isay "-continuum in M, then C is a On 


Proof. We have only to show that C is a K, r, To this end, take any Er 
such that C: E, contains an essential y”. Since C is y’-connected, there exists 
an irreducible membrane B in C carrying the homology y ~ 0, By (1.3), 


we have BC E. Since B= ÈB. K,?, at least one of the sets ‘[B- EF ‘J 


say B- K,*, contains an open subset R of B such that B — R carries y". Since 
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E contains subsets which separate B into two. sets one of which carries y”, 
and since by (1.2) every such set contains an-essential r-cycle, it follows 
that B-K,* and hence #,-K,* contains am essential r-cycle. But then 
E, C K,* C C, and therefore C is a Kr: . ` 


3.61) Any y"-connected C> + C,? or Kp -+ K,? is a Or. 
YY 


Definition. A closed subset A of M will be said to have property P pro- 
vided each point of A either belongs to some F, which is contained in A, to 
no E, whatever, or to an Æ, with a A = Tr A closed set having property P 
will be called a P,. oe, ps ) 

We have immediately 


(3. 71) Every K, has property P. 


(3.72) If no irreducible carrier of an homology ame 0 in any Er ts con- 
tained wholly in the sum of the remains ing Er-sets, where y” ts an essential 
cycle, then the property of being a Cr is equivalent to the property of being 
y -connected and having property P. . 


Proof. The first property implies the second by (3. 71). To show the 
reverse implication, let O be any y’-continuum having property P and let us 
take any Æ, such that #,:C contains an essential 1-cycle-y". Since y"-~ 0 
in C, we may choose an irreducible carrier B of this homology, and by (1.3) 
we have BC EH. By hypothesis there exists a point «-of B which is contained 
in no #,-set other than Ær Thus since #,-Cs4T, and gef, we have 
E, C C by property P. Thus Ọ is a K- and hence a C*. 


(3.73) If no E, intersects uncountably many other B,-sets, the hypothesis 
of (3.72) is satisfied; and ee Ne two properties there mentioned are 
equivalent. 


-We have only to show that the hypothesis of (3.72) is satisfied. If this. 
is not so, then there exists an irreducible carrier B of an homology y” ~ 0 
in some E,, where y” is an essential cycle, and a countable sequence (Brt) 
co - l i 
of other Fr-sets such that B C Ù$ Eż. But then some one of these, sav H,*, 
i=t 
contains an open subset R of B such that B— R carries y"; and this is 
impossible, because by the argument given under (3. 6), every such subset of 
P contains an essential -cycle whereas F,” By = Tr. 


(8.74) In case r=0, the hypothesis of (3. 73), and hence also of (3. 72) 
is satisfied. Thus in this casé the two properties in (3.72) are equivalent.. 
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This is a known * property of the sets fio. 
From the definition of property P we obtain at: once 


6 75) Any closed set which is obtained by adding together Er-sets is a Pr. 
Also any closed set which is the sum v of E,-sets plus points belonging to no Er 
_ Sets 48 a Pr : 


(3.8) Notes. Any closed set K such that for each Br, Er: K = T, is a Ky. 
in particular, if K intersects no #,, then it is a Kr. Such sets K are analogous 
to the closed sets of cat points and end points of a locally connected continuum. 
We have similar results concerning them. For example, if each of any number 
of them is y r-connected, so also is their product [by (3.383) ]. In case M has 
no true #,-sets, i. e if M is y’-acycle, then (a) every closed subset of M is a 
K, and (b) every y’-connected closed subset of M is a Cr. In general, every 
such set K as mentioned above is y’-acyclic. If M is locally y*-connected, 
every y"-connected closed subset K such that for each Er, K- Er = T, is a Cr, 
and hence by (3. 42).1s locally y r-connected. 

The following table gives at a glance the relations existing between the 
various types of sets considered in this section.. A symbol +- or —-“in a given 
row and column indicates the truth or falsity of the statement: Every set of 
the type designating the row is a set of the type heading the column. 


a E, | Ke Cr Ae P, 
e a + — + 4+ 
Lg a= a fea. aes T 
Ce oe aE ar T Res 
A oe ee ee 
fe Se, SE 


l 4. Extensible and reducible properties. A property X will be said to be 

E,-extensible provided that when each E, in M has property X, then M itself 
has property X. A property X is said to be #,-reducible provided that when 
M has property X, so also does each FE, in M. Some properties of this type 
have already been. established, ` e.g., (2.51) and (2.52), and more will be 
proven in this section. The #,-extensible and reducible properties are strictly 
analogous to the cyclicly extensible and reducible properties } of locally con- 
nected continua, to which they reduce in case M is a locally’ connected 
continuum and r== 0. RS oe 


* See my paper in American Journal of Mathematics, vol. 55 (1933), p. 456. 
‘+See my paper “Concerning the structure of a continuous curve,” loc. cit, and 
Kuratowski and Whyburn, “Sur. les éléments cycliques .. .,” loc, cit. 


144 G. T. WHYBURN. 


(4.1) Let N be a y-subcontinuum of M such that for. all save a null 
sequence * [Etr] of sets Era in M we have N- Er = Trt Then if N- Etra 
is locally y"-connected ie each i, N men ws locally y Opang, 


Pr oof. San on the contr ary, that N., is not CETE r-connected. 
Then it follows at once that there exists:an e > 0 and an infinite null sequence 
of closed subsets Xi, X2, © > of N with e> 6(X;) —0 such that each X; 
carries an 7-cycle which is not homologus to 0 in any subset of N of diameter 
< 4e Then if Ve(X:) denotes the set of all points at a distance < e 
from Xj, it follows by the duality theorem that X; Mnks some Py"? in 
R” —V.(Xi)-N; and thus X; contains a closed subset Y; which ‘is irre- 
ducibly linked with Ty. Now for-each i, by (1.42), there exists an F” 
in M such that Y: C Ht . Since Y; carries some y;” which is not homologous 
to 0 in any subset of NV of diameter < e, no #,., can contain infinitely many 
of the sets Y; by hypothesis. Thus by the condition on the diameters of' the 
sets Etr, there exists an integer k such that (Em Gm) <e But y”~ 0 in N. 
Whence yx” B in N- we a which ig imipossible ‘sitice CN ae i) < e. 





(4. 11) Duman M 1s y ET and that the sets “Bey in M. a m a null 
family. Then tf.each Er., ts locally r -connected, so also is M. 


(4.12) If the sets Er- în M form a null family, ies any bronau N 
of M such that N - Er is either vacuous or locally y"-connected for each Er- is 
itself locally y” r-connected. 


Defimtion. M will be sad to be hereditarile y bel y -connected pro- 
vided every y’-subcontinuum of M is locally y’-connected. 


(4.2) If the sets Era in M form a null family, the property of being 
hereditarily locally y"-connected in M is H,-eatensible and redueible. i 


The reducibility js- obvious and the extensibility ‘follows immediately 
from (4, 12). i i l 


(4. 3) Suppose M is locally y’-connected and let B be any y’-subcontinuum of 
M which is not locally y*-connected. Then for some « > 0 there exists a null 
sequence of closed subsets [Di] of B such that for each 1, Di. is contained 
= wholly in some L,* and D; carries some yi" such that every carrier of tne 
homology y ~ 0 in B is of diameter > «. 


*A sequence or family [X i] of séts is called a null sequence or null family provided 
. that at most a finite number of the sets exceed any given e > 0 in diameter. 
tie, this set is a 7 -set. , i i 
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Proof. By virtue of the non-local-y"-connectivity of B it follows that 
there exists an e > 0 and a null sequence [Yi] of closed subsets of B, where 
each. Y; carries some y’, say Osr, such that every carrier of the homology 
Cir ~ 0 in B is of diameter > 4e. Furthermore since M is locally’ y’- 
connected, we may suppose that, for each t; the homology C ~ 0 in M is 
carried by some subset of M of diameter < e Then if Fi=V.(Y;)-M, 
we have C: ~ 0 in F; and C: ~~ 0 in B but O: #0 in B-F;. By a result 
of Alexandroff’s,* there exists a T"7-? in R* — (B + Fi) which links B + Fi 
but links neither B nor #;. Then B + F: contains a closed subset A; which 
irreducibly links I", By another result of Alexandroff’s ł it follows that 
some E, contains X; for each 1. Since Fr"? links neither B nor Fj, there 
_ exist complexes Ky and Ky in R” — B and R” — Fi; respectively, each bounded 

by ™7-*, Then r» = Ky, -+ Ky is a cycle in R” — B: Fi. 

Now I" must link X¥;-B-F;. For if T" ~ 0 in R”— X,-B: Fs, 
there exists a complex Q in R*—X;:B-#F bounded by I". We may 
suppose Q subdivided so finely that no simplex of Q has points in common 
with each of the séts X;-B and Xi: Fi, because Q does not intersect the 
product of these sets. Let K be the complex consisting of all simplexes of Q 
which have points in common with 4;°B and let K —> A=, Let P denote 
the complex A= + K; (mod 2), i. e., the complex consisting of all simplexes 
of A* 7 which are not in K; + all simplexes of K; which are not in Anm, 
Then since A”71-—>0, we have P-—>I" 7". Another way to define P is as 
follows: Let S be the complex consisting of all simplexes of A” which are 
not in K; and let T be the complex consisting of the remaining simplexes in 
At, Let R be the complex consisting of all simplexes of Ky which are not 
in A= (i. e., the ones not in T). Then if § = 2", we have T — gmr- 
and R-> Tr? .. Zr Thus if we set P = 8 + R, we have PI”. 

Now by virtue of the definition of K we have 


PX, B =X; B S+X,-B-R=0. 





-Also P-X;:Fi=0, because R-X: FC K; and Kr: Fi = 0 


and S- X; Fi = 0 by virtue of the definition of K, i.e., each simplex of g 
is on a simplex of K which intersects B-X; and which therefore cannot 
intersect X; Fi. But then 


P-X;—P-Xi-B +P-X,:F,=0, and 7? ~0 in #*— Xi, 
contrary to the fact that T"? links Xi. 


* See Alexandroff, loc. cit., p. 178. 
_ Loe, cit., p. 153. 


10 
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Therefore T” links X;-B-F;. Consequently it links some yi7 in 
XA;,:F,-B; and since It ig in RX — B- By, yt 0 in BF Now if 
there were a carrier H; of the homology y: ~ 0 in B of diameter < e, we 
would have H: © F; which would give y: ~0 in B- F;.. Thus there is no 
such carrier of diameter.-<e« Hence if we set D: = Xi: B- Fi, all the 
conditions for our theorem are satisfied. = 


(4.4) In addition to the h ypothesis of (4.3), let us suppose that B inter- 
sects only a null sequence of sets Hy in M in more than a T,-set. Then there 
exists some E, in M such that E, B is not locally y r-connected. 


This follows at once from (4.3). As a consequence of (4.4), we have 
immediately ' ` a PE | 


°(4.5) If M is locally y'-connected and the sets E, form. a null family * 
then the property of being hereditarily locally y'-connected is Er-estensible 
and reducible in M. . 


By way of recapitulation we list here the extensible and reducible 
properties which have been established in the preceding sections. 
The following properties are Ly extensible and reducible: 
(1) to have a “vanishing r’-th Betti number for any 7 >r, [ (2. 51) 
and (2.7) ] 
(2) to be y”-connected for any 1’ >r jome as D] 
(3) to separate Rr? when M C R2, [ (2. 52)] 
(4) to be a Tasi Ch: 41)]. 
In case M is y"*!-connected and the sets F, form a null family we have also 
(5) to be locally y**!-connected [(3.13), (4.11)] . 
(6) to be hereditarily locally y'-connected [(4.2)]. i 
` In case M is locally y’-connected and the sets #, form a null family we have 
i ' (7) to be hereditarily locally y*-connected [(4.5)]. 


The following properties are E,-reducible: 


(i) to be y’’-connected, for any 7 =r, [ (2. 6)]. 
(ii) to be locally y’’-connected, for any 77 = r., 
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* For r == 0 this condition follows from the local connectivity hence is superfluous. 


APPLICATION: OF BERNOULLI POLYNOMIALS OF NEGATIVE 
ORDER TO DIFFERENCING (SECOND PAPER).* 


By B. F. KIMBALL, 


1. This paper along with the preceding one by the author ¢ gives a:solu-. 
tion of the problem of the expansion of the n-th difference of a function in . 
terms of its derivatives. In the author’s first paper the case of real, equal 
difference intervals was studied and certain problems of interest were treated 


by the es there developed. Ga A is denotes the n-th difference of 


f(x) with complex difference intervals 


@1@2"° * "Wn, Aa Tamme Bon at wn) 


we have { 


(1. 1) „Å L= È (1/2m! )B; mi Ta fm (a +m). 


The results oaned in §5 of the present paper taken along with the theorem 
of § 4 give a means for studying the rapidity of convergence:of the above series 
when the difference intervals are unequal and complex; and in some cases a 


means for finding the asymptotic value of . A f(z) asn—- œ. 


WH e o s Wn : l 
Nörlund § has developed the theory of the Bernoulli polynomials of nega- _ 
tive order. The author in dealing with specific series of the above type has 
been interested to carry. the study of these polynomials further. 


2. Lesumé of some of the propertiss of B-" (2, w, 2° "° * wn). In order 
to simplify the notation in this paper the Bernoulli polynomials with difference 
_ Intervals w,we- ' - Ws OT ww." + ‘ws Will in many cases be written simply as 
B,-*(«). We recall that 


d By"(z) 


(2.1) - 


=r B (x), By” (z) s=1. 


* Presented to the Society, April 14, 1933. 

t “ Application' of Bernoulli polynomials of negative order to differencing,” American 
Journal of Mathematics, vol. 55 (1933), p. 399. 

t Kimball, loc. cit., formula (1.3). l ` 

§ Nörlund, Differenzenrechnung, Julius Springer: (1924), Chapter VI. Further 
references to this book will be denoted by the letter N. 
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Let the difference intervals, real or complex, be denoted by wiw2* * tOn 
and set ta = $ (01 + o2 +`’ * on). Then S p. 140) 


(2.2) 
for all positive integral m and n and for m = 0 or n==0. Also (N, p. 140) 


(— Ta) = 0 


Gra 


(2.3) Bom (— 1) | | 
1 l 2m ! 

— ae 2 GPG DT Ge DE 
where s is a positive integer or zero such that s, -+ s2 +` ` *S,—=m and the 
summation extends over all possible values of the numbers s. Thus we see 
that B>"(—-7m) 18 a homogeneous, ne eae of degree 2m in 
Wyo" * l Wn. ' 

If all the intervals w» are known to be real, we dangle them by wx and: 
set tr == $(W, + Wz + ' ` -Wnr). The above formula shows that if all the 
diference intervals are real, the value of Bz” (— tn) ts unchanged in replacing 
one or more negative diference intervals, by their absolute values. Again, we 
_ note that for real difference intervals, Bon =e ta) is positive. If the difference 
intervals are all equal to unity, Bo» 2 (— $n) is more easily calculated by a 
formula developed by the author * than by Norlund’s.formula (2.3). If the 
difference intervals are all equal, say to w, we have 


(2. 4) | Bo (— tm). = o°™ B "4 Cae 4n) 


where B>n(— $n) denotes polynomial with difference intervals equal to unity. 
When the difference intervals are unequal, formula (2.3) serves to determine 
the structure of the polynomial. 

Now from (2.1) and (2.2), using Taylor’s expansion, we have 


(2.5) Bena) =$ (2m )Bzt, (re) (tr) 
and 

Rare) Ba (2 =} ( ea) aca — Tn) © (E F tn) 7H, 
It is thus noted that for z real or complex, | 
(2-7) a a -Bata E 

and _ l . 

(2.8) Ba, (maHa) =— By, (Sa), 


* Kimball, lee. cit., formula (2. 12}. 
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i 


Thus tf the intervals wx are all real, Bon (xz) is positive for all real values of x 
with tts minimum value at t = ~ tn; and Bom (x) is positive for x real and 
greater than —t, and negative for x real and less than — tn. 


3. Reduction formula for Br”(s). -Norlund has obtained a reduction 
formula for the Bernoulli polynomial with equal difference intervals (cf. N, 
p. 145). The analogous formula for unequal difference intervals can be ob- 
tained in a somewhat similar manner as follows. By the differentiation of 
what Norlund calls the generating function of the Bernoulli polynomials of 
negative order [ef. N, p. 142, Erzeugende Funklion—formula (75)] one 
obtains the relation 


(3.1) 4 (8/0oz) Br” (a, 01° - on) 


= BrP (2+ oog" on) — Br™ (2, wr: * ton). 
Since the following difference equation holds 
(3.2) Br} (s + 0) — BRO (s) = or Br (x) 
we may write (3.1) in the form (cf. N (79), p. 144) 


(3. 3) w; (0/00) Br" (a, wt > * on) l 
= ayt B-n (2, w1 wn) -{- Bro? (z, wg’ n ) — By" (z, w a ‘wa ) . 


Summing this equation for all the intervals œ; one obtains | 


(3.4) > 04 (8/004) By" (2) 
= — nBr” (s£) + P oiB-»” (£) + $ pea (z, [o]) 


where we have denoted by B,-“-» (x, [e;]) the polynomial of n — 1-th orcer 
with difference intervals wwz' * * øn, w; being omitted. Now 


(3. 5) | x(d/dz)B,*(2) = arB-" (x). 


But referring to (2.5) and (2.6) we note that B,*(z) is a homogeneous 
polynomial of degree r in 2, 02° * ‘on. Hence using the theorem of Euler 


2(d/da) B(x) + S o: (8/do,) Be" (2) = rB (2). 
dml s . 
Thus adding equations (3.4) and (3.5) and solving for B,-"(x) we have: ’ 


(3.6) B*(2) = [1/(0 +1)] {ZB (a, [wi]) +(e + Bos) Be, (2)). 
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` 


One notes that if all the difference intervals are-equal to unity, this relation 
reduces to that given by Nörlund (cf. N, (81), p. 145). 


4. Upper bound of B-(—t,). We take the’ difference intervals wp as 
- positive: By‘ virtue of (3.6) we. have: ok. 


(41) Bea (te) = [1/ (n + 2m) ] $ Bee? (— ty [oe] i 
- Denote by > a summation extended over 7 == 1, 2,3,°* «n omitting j =1. 
Thus we have: . ee 


(4.2) Bag (— t [a] | 
> Bza (— tg, [wiw] H 2m (tn — wi) Bz (— tn [we])} 


eas z Sm 
i E | i 
since — tn -+ 2 wy ==. —— by + Btn — wi, Where B> 5 (T, [wiw;|) is the poly- 
- nomial with W: and Wj omitted from: the difference intervals Di Wa" * * Wn. 
Thus 


Ro a > ie ae tn, Led) 


(> > B7 Pie (a tny [w:w;] 42m Su = “wi Bete bm, [we] )}. 


“imine 


Recalling the properties of the polynomial of odd degree Gs 8) et seq.) 
we noe that’: 


(4.4) De l1) = Bz (— twa — dun, [wi]) < 0. 


2m-1 
We now consider two cases: Case 1 where e fn = wi for i= 1,2, =m, and - 
Case 2 where tn <.w; for some +==1,2,°:! en. > an 
- Case 1. ty = w; for i = 1,2, -h Thus Én — W; 18 EA or Zero. 


Let M be the minimum ‘absolute value of BZD (— tn, [w:]). Now 


B (— tn [0] is negatiye. Hence 


(4. 5) Su —w) Bebe bn [ws mene! | $a — wo) -—0— 2) tal 


and we have 


1 n 4 
222P a bn es) 
j 


(4. 6) Ba(— t) = Snye DÀ 


APPLICATION OF BERNOULLI POLYNOMIALS (SECOND PAPER). 151 


where if n == 2 the equality sign holds but if n > 2, the inequality sign applies. 
One notes that if n = 2, t, = 3 (wW, + wz) and hence the condition of Case 1 
does not hold unless w, = wx in "which. case the left-hand term of (4. ae is 
equal to zero and hence the equality sign must be’ used, l 
Case 2. tn < wi for sorre t == 1,2,:- +n. One has to be satisfied. with 
the relation (4.1).° Now from the equality [N, p. 14, formula (81)] 


A f(%) = f™ [a + 8 (w, + w+: wh 0<8<1, w, real, 
Wyo oo Wk m is 
it is seen that 


| Bott) (— tm [wi]) = [— tm + h], 0 < h < Bin — wy. 

- Hence 

ses aes = tn, [w:]) < in", (4 aa L, 2, ~~ n) 
and we have l i 


Ba(— h) < [n/ (n + 2m) Jtn. . 


Under Case 1 above, we now w distinguish between the cases, Case (1.1) 
when ty =: wi + Ww 1, j= 1,2, 0, tE j and Case (1.2) when tn < wi + w; 
for some tand j,7>4j. We find that under the condition of Case (1. 1), 


1 ud sae 
B a tn, [wiw;]) S rcs 2 Bow) (— tn, [wiw;wi]) 
where the summation A for k = 1, 2,3,- + +, with the omission of k == i and 


=j. Under Case (1.2) we cannot go further than to state that 


n(n—i) , 
(2m -+-.n) (2m + n— 1) 
For the general case the reasoning is the same. Thus we have the following 
theorem : 


Bon A tn) < bn? 


THEOREM. Let w,w2* + + Wn denote the n positive difference intervals of 
Bon on (2; WyWe" + * Wn). Set ty = 4 (W FH Wa't Wa). Let 2 Wi represent the 


sum of r intervals w, with different subscripts taken bon the above group. 
If r is an integer (or zero) such that 


nhw = 0 
r 


for all possible sums > w; taken from the above group, then 
r £ 
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Ba (ho atts 0n) ST my (Tb am) a r F aay 


where the equal sign does not apply when n > 2. 


` One notes that if the difference intérvals are all equal, r can be taken as 
[4n] and no larger. This gives the result announced in the previous paper 
by the author.* 


5. Discussion of Bn (—'tm) when w; is comples., 


(A) -If all the difference intervals w; are pure imaginaries, we set 
wi == tw; where w; is real. Since Bo*(—t™) is a homogeneous polynomial 
of degree 2m in w; we find that 


(5. 1) B- (— ry Tn. W109 ° * wn) == (— 1)” BaS tn, WiWg °° Wn). 


Thus the coefficients of (x + Tn)* in the expansion of Br” (a, wiw2° > wn) are 
real quantities alternating in sign.’ [v. formulae (2.5) and (2. 6) ]. 

(B) In general, when w; is complex, referring to formula (2.3)—-which . 
holds equally well for complex difference intervals—we note that the coeffi- — 
cient of any term in ww,- - - 2% ig a positive real number. Thus by 
virtue of the fact that the absolute value of a sum is less than or equal to the 
sum of the absolute values of the terms in the sum, we have the relation 


ee eee 
(28, + 1)! (2s: H1)! ++ (2s, 1)! 
am | oo Vas 

SZ FoF. ia ppl! | o 


Hence it follows that . 


001 282q99782 > + + ayy 288 | 


|282 . . «8 | Wyn |28n, 


: (5. 2): 5 -| B (— Tn, 012° * wn) 5 < Bz” (— ln» Wye,*.* * Wn) 


where w; = | o; | and EEE renter ee "+ Wn). 


“Or Kimball, loc. cit., Theorem 2. 


NON-HOLON OMIC GEOMETRIES. . 


By J onw L. VANDERSLIOE. 


Of great significance in the unification and development of nineteenth- . 
century geometry was the famous observation of Felix Klein that a geometry 
could be defined as the invariant theory of a transformation group acting upon 
a manifold. Today *it is common knowledge that this point of view has only 
limited application and that a strict adherence to it has long: been abandoned. 
"Nevertheless its fruits are far from exhausted. Consider the case of the so- 
called non-holonomic geometries of which the Riemannian geometry is the 
most familiar type. These form probably the most notorious exceptions to 
Klein’s rule. Yet it is a fact first emphasized by Cartan * and Schouten f 
and foreshadowed in the work of Ricci, Konig, Weyl, and others that these 
geometries have much in common with those of the classical type, that a pro- 
lific source of new non-holonomic geometries and a powerful aid in the study 
of the old ones lies in the adoption of a standpoint which is a direct generaliza- 
tion of Klein’s. Roughly speaking this standpoint consists in regarding a 
non-holonomic geometry as the theory of isomorphic displacements of spaces 
with classical geometries along arbitrary curves of an underlying manifold. 
Up to the present time only the Riemannian (generalized euclidean) and the 
generalized affine, projective, non-euclidean and conformal geometries have 
been treated extensively in this way. In the literature there are also several 
brief discussions of the general case in which the displaced spaces carry Klein 
geometries with arbitrary fundamental groups.{ 

The present paper develops the general theory of non-holonomic geome- 
tries as generalizations of Klein geometries starting from a set of fundamental 
assumptions presented in the form of postulates. There will be four groups 
of these defining respéctively, the initial structure of the underlying manifold, 
the associated Klein spaces, the relationship between the underlying’ space and 


* E. Cartan, “Les récentes généralisations de la notion d’espace,” Bulletin’ des 
Sctences mathématiques, vol. 48 (1924), pp. 294-320. 

tJ. A. Schouten, “Erlanger Programm und Uebertragungslehre,” Rendiconti del 
Circolo Matematico di Palermo, vol. 50 (1925), pp. 142-169. 

Į E. Cartan, “Sur les variétés à connexion affine et la théorie de la relativité 
généralisée.” Annales de VEcole Normale, vol. 40: (1923), pp. 383-390; J. A. Schouten, 
loc. cit.. p. 163 ff.; H. Weyl, “On the foundations of general infinitesimal geometry,” | 
Bulletin of the American Mathematical Society, vol. 35. (1929), pp. 716-725; H. P. 
Robertson and-H. Weyl, “On a problem in the theory of groups etc.,” ibid., pp. 686-690, 
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each associated space, and:the relationship. between the different associated 
spaces. In giving these postulates we are not so. much-interested in: logical 
rigor as in stating explicitly the initial assumptions involved in the construc- 
tion of a non-holonomic geometry so 'as to furnish a common basis and a means 
of parallel development to the important special types. Whenever possible and 
sometimes at the expense of brevity we state the postulates in purely geo- 
metrical form. For the most part the terminology is that of Veblen and 
Whitehead i in the Cambi idge Tr act, “ Foundations of differential geometry ” 
and in several instances knowledge: of the contents of this book will be assumed. 

We do not, take the position that the non-holonomic geometries defined 
by our postulates represent the only significant generalized geometries, nor do 
we wish to minimize the importance of other points of view toward these same 
geometries. Our treatment is not in, conflict with the conception of a geome- 
try as the theory of a geometric object ; * the analytical development soon. gives 
rise to a “ ' geometric object ” fit (p. 161) upon which the subsequent discussion l 
is based. Rather does our theory furnish one method among many of dis- 
covering geometrical obj ects which are of significance. i 

We wish at this point to express our appreciation to Professor Veblen for 
his valuable a ieee and advice in the’ ' preparation of this paper. 


1. The underlying space; Postulates ÁA. As our Postulates A char- 
acterizing the underlying manifold of a non-holonomic geometry we shall use 
without modification the recent differential geometric axioms of Veblen and 
Whitehead.+| Essentially, these axioms limit the underlying space to being a 
topological manifold having an arbitrary but fixed class. u (degree of smooth- 
ness) as defined through: the intermediation of a very general class of “ allow- 
able” codrdinate systems related to each other by transformations of class u 
(number of continuous derivatives) . Any n-dimensional space satisfying these 
axioms will be called an: An. Subsequent’ developments will show that it is 
| always to choose uZ 3. (S5: D8), (p. 161), and 7. i 


2. A class of Klein spaces; Postulates B. Thus far we have used the 
term Klein space rather vaguely as representing a space carrying a transforma- 
tion group. By means.of Postulates B we shall now.give an explicit definition 
of a class of Klein spaces | which we believe’ includes all those that may be 


* Cf. O. Veblen and J. B. C. Whitehead, “The Foundations of Differential Geo- 

‘metry ” (Cambridge Pract), p. 46 ff. 
` F Op. cit., Chapter IV. Also, s A set of axioms ; for differential komar Pro- 
ceedings of. the National, Academy of Sciences, vol. 17 (1931), pp. 551-561. $ 
ț It has points of similarity with the class of me homogeneous. pe with a Lie 
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-profitably generalized to -thè non-holonomic case... In selecting this restricted 
class we have been guided ‘by the general considerations that. the structure of 
any space of the class ‘be definable in its entirety by means of preferred coördi- 
nate systems, that in any discussion each space permit simple treatment as a 
whole without recourse to infinitesimal methods. It is also to be characteristic 
of this class that any two spaces bearing the same group are isomorphic, indeed 
the postulates select from all spaces admitting the same group one of simple 
topological character. Thus for the-euclidean group all space forms are ex- 
cluded except the open. n-cell: - In the subsequent generalization -these spaces 
are to serve as tangent spaces to an An to aid in the infinitesimal investigation 
of the latter and for such a purpose we consider -the above properties essential. 

-In form the postulates are a rather direct extension of the, axioms G of 
Veblen and Whitehead * to apply.to spaces which are not necessarily homeo- 
morphic to the arithmetic space. R space Day the O B is 
termed 'a By. 7 


Definition. G is a family of continuous transformations betiveen regions 
of the arithmetic space of n-dimensions. 


B(1) Each preferred coördinate system is a one-to- -one transformation 
of a subset of the space Bn into the arithmetic space of n- -diìmenisions. . 

B(2) Hach point is represented in at Teast one ‘preferred. coördinate 
system. 

B(3) Any transformation between two preferred codrdinate systems ade: 
fined on the common domain of these systems) belongs to G. 

B(4) The domairis of any three preferred codrdinate . systems hava at 
least one point in common. t ; i 

B (5) With every preferred. codrdinate ‘system and transformatio on of. G 
there, exists a unique preferred coördinate. system related to the ' first on their 
common domain by the transformation of G. , 

B(6) Ifa transformation of G leaves pointwise invariant a region of its 
domain of definition it is the identity. a | 


The geometries defined by the axioms @ of Veblen and Whitehead, of 


group” recently studied by Cartan. See, for example, his M émorial, La théorie des 
groupes finis' et continus et Caen situs a ne): 
` * Op. cit, p. 24, - ; : 

. tEg. projective, conformal: and onenei spaces. 

t And hence also a region in common if we define a region | of B, as the image in a 
preferied codrdinate system of a region of the arithmetic space. It should be remarked 
that.with this definition of region postulates B endow a Ba aaa with the E 
properties of the arithmetic space. ` 
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which the affine and euclidean are the most notable, form a sub-class of those 
defined by postulates B above. Indeed one of the leading virtues of the 
postulates we have given is the fact that they : are also satisfied by the classical 
projective, conformal, and non-euclidean geometries. 


THEoREM 2.1. The family G is the realization of a group. 


In the first place it is immediately evident from the postulates that 
the identity is in G together with the inverse of any transformation of G 
Secondly, suppose T; and 7’, are transformations of @ amd that T, determines 
by B(5) a preferred system X, from a preferred system X and T a preferred 
system Xə from X,. Then TT, defines on the common domain D of Z, 
A, and X, (B(4)) the transformation from X to Xz. . But by B(3) the trans- 
formation between X and X, is a transformation, say T, of G defined on the 
common domain J), of X and X,. Hence T; — TT, on D. There can be 
no other transformation 7’, of G with this property for if so 7377", 541 
would contradict B(6). This proves the theorem. 

Two spaces B,™, Bn with the same group @ will be called isomorphic 

if there exist a one-to-one point correspondence between them such that the 
domain of each preferred codrdinate system of By” is mapped on the domain 
of a preferred system of B,‘*, and conversely, points with the same codrdinates 
correspond. Of course two spaces isomorphic in the above sense have iden- 
tical properties. 
‘This definition of isomorphism at first appears too strong; it might seem 
necessary to allow for the equivalence of spaces with simply isomorphic funda- 
mental groups. This is not the case however ; the actual analytic form of G 
is essential because of the precise nature of ae, coordinate systems. For 
example, preferred systems for euclidean geometry are rectangular Cartesian 
systems and hence the group for this geometry must have the precise form 
of the euclidean group expressed in Cartesian codrdinates. 


THEOREM 2.2. Two spaces B,, B,@ with the same group G admit 
a family of isomorphisms in one-to-one correspondence with the transforma- 
tions of G. 


Let D; be the domain of a preferred codrdinate system X, in B,“, Da the ’ 
domain of X, in Ba®. Applying any transformation T of G to X, and Z- 
one obtains by B(4) two new preferred systems Xir, Xer of domains Dıy ard 
Don respectively. It follows readily from the axioms that to every transforma- 
tion T of G will correspond in the above manner one and only one preferred 
coordinate system X,7 of B, and Xor of Ba”, and that all preferred coördi- 
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nate systems in either space aze obtained in this way. Consequently a one-to- 
one correspondence is set up between the preferred systems of the two spaces. 
Now consider the representation of B,“” on Bn“ in which each domain Dir 
is mapped on the corresponding domain Der making points with the same 
codrdinates coincide. This representation is an isomorphism in the sense 
defined above. For proof it is only necessary to show that the representation 
is one-to-one, or what is equivalent, to show that the transformation T, of G 
defined by B(3) on the common domain of any pair of preferred systems in 
B, is identical with the transformation T, of G defined in the common 
domain of the corresponding pair in By. Consider the domain D*, of By 
common to the given pair and the original D,; also the similarly defined 
D*, of Ba. That these common domains exist follows from B(5) and of 
‘course in the above representation they correspond. Then from the manner 
in which the correspondence was established between the ‘codrdinate -systems 
of B, and B, it is evident that Tı and T, are identical in so far as they 
act upon the corresponding domains D*, and D*,. Hence T, and T; are 
completely identical; if not TaT, would be a transformation of G other than 
the identity leaving an n-dimensional arithmetic domain pointwise invariant 
contrary. to the hypothesis on &. Thus for every choice of preferred system Xz 
as correspondent of a fixed X, a unique and distinct isomorphism is determined 
between the given spaces, and indeed- all isomorphisms are obtained in this 
way. The resulting one-to-one correspondence set up between the preferred 
codrdinate systems of Br” ane the ia car of B,™ and B,® establishes 
the theorem. 

As an immediate corollary of theorem 4.2. it follows that a space Bn 
admits a group of automorphisms isomorphic to its fundamental group G. 
Thus having started with the notion of preferred. codrdinate systems we arrive 
at the existence of a group, of motions, the fundamental concept of the classical 
geometries. | 
_ For the future development it will be necessary to consider the analytic 
expression of the isomorphisirs of two Br s. This requires a fixed codrdinate 
system in both B, and Ban- and since .a.codrdinate system is notin general 
defined over the entire space en isomorphism is not analytically expressible in 
its entirety but only locally in the domains of the chosen coérdinate systems. 
Let X, and X, of domains D, and Dz be fixed préferred systems in Bn‘ and 
B,®. Let Xor be any other preferred ‘system of By‘ related to ¥, by the 
transformation T of G. The isomorphic representation of B® on By,@ 
determined by the corresponcence of X, and Xor is expressible analytically 
in the systems X, and X, by the transformation Y, = = TX 1, which‘is defined 
for any T of G in some n-cell of D.. Thus we ‘have the following theorem 
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- THEOREM 2.3. Hapressed in -two fined codrdinate systems X, and'X,.of 
B®. and B,® the family of isomorphic representations of By. on Ba. is 
‘gwen by X = TX, where T runs thr di abl i mations ke the Cg 
mental group G. - . 


e proceeding to the generalization of spaces of type B we impose two . 
additional’ postulates in order to make possible a differential geornetric treat- 
ment. ‘Their introduction has been delayed because the resulte of this section 
are independent of them. o 

 B(t) Bach transformation of GŒ is of class * v = 2.5 

B(8) The set G forms} an Ar of Class w = > į, 

In the presence of BY ) and B(8), ‘Theorem (2. 1) becomes o 


THEOREM R la. The set G forms an r-parameter Lie transformation 
group of class = 2, B 

The above:restriction that the class be = 2 ale sieiiis the donelo 
‘of one parameter subgroups-of @ from its- infinitesimal transformations, a con- - 
struction of fundamental importance -in the sequel. . igs 

It will often be- convenient to use in a-given Bn the class of aiina 
systems obtained by submitting each preferred system to the set. of all affine 
(linear) transformations. The introduction of these systems which will be 
called quasi-preferred allows, for example, the use of oblique coördinate SyS~_ 
tems in euclidean geometry; in projective geometry on the other hand no 
extension takes place. In general the transformations between quasi-preferred 
‘codrdinate systems do not form a group. 


3. Generalized Klein spaces. The next step is the generalization of 
the class of Klein spaces defined above to the non-holonomic type. The pro- 
cedure is as follows. With every point P of an’ A» ($1) there is associated 
_ a Ba (§ 2) each B,(P) having the samé fundamental group G. A first set 
of postulates, C, defines a class of point correspondences between each B,(P) 
` and the neighborhood of P in A» establishing a relation of tangency while a 
second set, D, defines point correspondences between spaces associate to dif- 
ferent points of An. The former will be called local correspondences, the 
latter. displacements. ) Ea T | 


Local correspondence, postulates g. 


' (1) A local correspondence for a Ba(P), PC An is a one-to-one bi- 
continuous point transformation of a-region.of By (P) into a region of. An. 


* When v =w (analytic functions) B(6) is redundant. . 
f In the sense of postulates A. 


t 
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C (2) If Cı, Cz are two local correspondences for Ba(P), the product 
CCa% (a point transformation in An) is defined in a region containing P and 
as expressed in an ‘allowable codrdinate system « of domain containing P is of 
order greater than one in the ‘increments *' of the codrdinatés z about P.: 

C(8) If C1, O: are transformations satisfying C(1), C(2) ‘and if C, is a 
local correspondence, then so also is C2. 

C(4) For each B,(P), P are there exists at least one local corre- 
spondence. | 

With these postulates w we have attempted to define the aalo of tangency 
abstractly without the use of an ambient space. | 


THEOREM 3.1. For a given allowable codrdinate: system x of An and 
point P of coordinates q there exists at least one quasi-preferred coordinate 
system Y` of Bn 2 in ence the local as at P are hii ice as 


(3. 1) So Y= g + eeg) mE 
where the é run through all functions of class > 0 and order ke 


dn the first place, it follows from C(2) that P has a unique correspondent, 
say P’, in Ba(P). „Now let Y be any quasi-preferred system of Bra (P) in 
_which the coördinates :of P’ vanish and let 


(3.2) °° F= Ft( 8p) peo} = 0 
_be a local correspondence. From ((2) 
(OF*/8(82!))p = aj? 


_ where the a; form a nén-singular matrix. If Yt be that quasi-preferred 
system related to Yt by . priy 


Yin ee eee 
(3.2) becomes in the new codrdinates ` | 
Fi at— qt teat(e—q) 
where ¢,? is of class > 0 and order greater than one. That all correspondences 


are obtained by letting the «t vary as in the statement of the theorem then 
follows immediately from aa): oe : 


* Thus © 0,71 is doii in an allowable coördinate system œ containing P as 
Soi? = pi (ôe) where the gi are -of “glass > 0 by O{1) and lim ¢t(da) /dixt = 0 
6290 -~ ' 


(j=l. + +5”) by 0(2). 
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This theorem makes clear how the local correspondences lend tangentia! 
‘character to Ba (P). 

Any quasi-preferred coordinate apei in Ba(P ) in which the local corre- 
spondences are given by (3.1) will be called a tangential coördinate system 
associated with the system z. | : | 


Displacements; * Postulates D. 


Definition. A one-cell of An is called allowable if it is simple and of 
class | = 2. 

D(1) Given any two points P and Q of A» and an allowable one-cell C 
joining them, there is a unique i representetion De(P, Q) of Bu(Q) 
on B,(P). 

D(2) If P, Q, and R are any thr ee cone of an allowable piece Q, then 
DP, Q) followed by De(Q, E) is identical with De(P, R}. 

Two immediate consequences of these first two postulates are that 
D,(P, P) is the identity and that D.(P, Q) is the inverse of D.(Q, P). 


Definition. An allowable codrdinate system v of domain Ds in An to- 
gether with a quasi-preferred coördinate system Zp in each Ba(P), PC Dz. 
is called an admissible reference scheme for a domain DC D, if 

(i) the domain of Z,, P C D, contains the contact point, and 

(ii) De(P:, Ps), (C, Pip Po contained in D), expressed as a transforma- 
tion between Zp, and Zp is of class = 2 as function of P, on C at each point 
of the domain of Zp, at which the transformation is defined. 

Thus in the. codrdinate systems Zp Do(P;:,P2) -is a transformation 
Zi, = Ft (Zp P2) mapping the point of codrdinates Ziy in Ba(Pı) upon the 
point of codrdinates 4*,, in Ba(P:) and (11) asserts that F’ are of class = 2 
in P for all values of P, and 4*,, for which F* are finite. Incidentally it 
-~ follows from postulates B and the fact that D¢(P;P2) is an isomorphism, that 
for any point P, of C, F° are defined in some subdomain of the domain of Zp 
and this is sufficient to define the complete isomorphism between B,(P,) and 
B,(P2) (ef. Theorem 2. 3). 


Definition. Da(P, P 4+- aP), a Jm [Do(F, P +- ae) /AP\aP, where 


* Veblen and Whitehead, op. cit., p. 91, lave given a very general set of axioms 
for a displacement thecry, but to permit of differential geometric treatment a more 
specialized set is necessary here. | 
‘ { In other words, if it has no double points and is representable in an allowable 
coördinate system œ by wi == vi(t) of class = 2 in the parameter t. 
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D,(P,P + AP) is expressed in an admissible reference scheme, is called an 
' infinitesimal displacement from P along C. 

In terms of these definitions the final two displacement postulates are: 

D(8) For any point P of An there exists an admissible scheme of tan- 
gential coérdinate systems the domain of which contains P. 

D(4) If two allowable one-cells C, ©” are tangent * at a point P, the 
infinitesimal transformations Ds(P, P +4- dP), De (P,P + dP) are identical 
as expressed in an admissible reference scheme. 

An A, together with its associated Bn’s satisfying nostatus A, B, ©, D 
will be called an X» and it is with the geometry of an Xn» that we are here 
concerned. Such a geometry is conveniently termed non-holonomic since in 
general the isomorphisms between different associated spaces are only unique 
as defined along a curve. 


4, Differential equations of displacement. As a consequence of postu- 
lates D'a set of differential equations can be derived which when integrated 
along 'a one-cell furnish the corresponding displacement. l 

Let (s, Y) be an admissible reference scheme of tangential codrdinate 
systems for a domain D of R. Consider the family of curves - 


(4.1) at at + pit 


of which there is one curve passing through Tọ in each direction pê. This 
family will fill out a certain neighborhood of z, in D. The. displacements 
D, (2, ©) from z, along the curves of the family can be written | 


(4. 2) Yt = F(Y t, p) 


where Y, are tangential coördinates in 'Bn(zo) and where the F? are con- 
tinuous of class = 2 in ¢ since the Y’s form an admissible reference scheme. . 
The infinitesimal displacements defined at z, along the curves e 1) and ~ 
obtained by differentiating (4.2) at £o have the form 


(4.8) AY' =f; (Y, p)p! dt 


where f;? are homogeneous of degree zero in p? since the displacements are 
. independent of the choice of parameter t. Then by virtue of D(4) the in- 


* More generally tangency may be replaced by contact of order p > 0. Certain 
non-holonomic geometries have been considered in which p>il. Seeeg., H. V. Craig, 
“On parallel displacement in non-Finsler space,” Transactions of the American Mathe- 
matical Society, vol. 33 (1931), pp. 125-142; A. Kawaguchi, “ Die Differentialgeometrie 
in der Verallgemeinsten Mannigfaltigkeit,” Rendiconti del Circolo matematico di Pa- 
lermo, vol. 61 (1932), pp. 245-271, “ The foundation of the theory of displacements, 2 
Proc, imp, Acad, eee vol. 9 (1933), PP. 351- 354. 
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finitesimal displacement at z, along any-allowable one-cell in the direction pt 
is given by (4.3). £ being any point-in D, there is a well-defined set of 
functions f}*(Y,2,-dze) determining an infinitesimal coe piecemen in each. 
direction:at-each point 2 of D, viz. 


(4, 4) o - aye if, (F,r, dx) dei = 0. 


The finite displacements between the associated spaces along an allowable one- 
cell are reconstructed by the integration of (4.4) along’ the one-cell. Since 
the finite displacements are of class = 2 along one-cells of class = 2, the f;! 
_ must be of class = 1 in their arguments so long as x is in D and 3(dat)? 540. 

Itis often desirable to write the differential equations (4.4) in terms of 
‘preferred codrdinate systems. In order to, do this it will first be necessary 
to show the existence of admissible reference schemes of preferred systems. 
‘We return to the family of curves..(4. 1) and note. that. since. the-functions Ft 
of (4.2) may be. obtained by the integration of (4..4) along the family, the 
Fi must be of class -= 2 in all arguments.. Since besides pt and ¢ can occur 
only in the combination ptt the transformation. (4.2) may be written. 


(4.5) -. Pte PUY, 2) 


‘where Ft are of class = 2 in x within a sufficiently limited domain D, D a. 
Now since the displacements are isomorphisms a family of preferred codrdinate 
systems {X} exists, one in each B,(P) such that the eases atone 
(4.1) are represented in these codrdinates by l 


(4. 6) | Xt = Xp. 


Furthermore, from the continuity of the displacements ‘in tangential coördi- 
nates it follows that in a sufficiently restricted domain D, D To each of these - 
‘systems contains the contact point provided the system ¥,t in Bu({Zo) does. 
The systems F of (4.5) will be related to the systems X of 4.6 by, say 


(4. 7) : | T T). 


Since (4. 6) iui be a consequence of (4.5) in D, = DD, by virtue of (4. 7) 
it follows that (4.7) are continuous of class == 2 in Y and s for «| Dy. 
Therefore the preferred codrdinate systems X together with. the underlving 
system « form an admissible preferred reference scheme for the domain D3. 
This important result: we state as- . | 


THEOREM 4.1. For each point P of the domain of an admissible tan- 
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— gential refer ‘once scheme (a, Y) there exists am admissible preferred reference 
scheme (2, X) for a domain ne P: 


‘Suppose that @'has'r sahal ee and that SENZ ) (a = 1, +r) 
be a set of. independent infinitesimal generators of G, When. the differential 
equations of displacement are written in. terms of ań adinissible. preferred - 
reference scheme, they must then be of the form 


(4.8) 9. dÆ $a, de) bat (X) dat — 0 


where Aj* are homogeneous of degree zero in dx and continuous. of class = 2 
in the arguments. (4.8) have the advantage of exhibiting explicitly the precise 
functional form of the most general displacement equations for a given funda- 
mental group G. 


; 5. “Curvature; ‘Holonomic spaces. . In a given Bn (P),. P. € R hens isa 
unique automorphism associated with every closed curve O of class: 2.con- 
taining P and contained i in Ff, namely the automorphism obtained by mapping 
Bn(P) upon itself by displacement around O. `The set of all’ these auto- 
morphisms. of B,(P) forms an invariant subgroup Hof G. The group H is 
independent of the particular point’ P originally chosen and ‘may be called 
following Cartan the holonomy group of Xa for the region R. 

At any point P there will be a family of infinitesimal transformations 
- of H defined by displacements about infinitesimal circuits at P. Ata point 
at which this family reduces to the ‘identity, the-X,, is said to have no curvature. 
` The analytical expression of these infinitesimal transformations is readily. ob- 
' tained by the use of the familiar device of displacing B,(P) about an in- 
' finitesimal parallelogram of edges dz, Sa. Expressed in an admissible pre- 
ferred reference scheme (z, x ) for the neighborhood of P, the resulting in- 
finitesimal displacement is * 


(5.1) AXi = m= R'y(z, X, dž, dx) dzis“ 
where j 
Rip = e(a, 82) É; (x) one, de) Ea x) 
+ (2, de) WA w(t t(x) E en), 
By the use of the relations 
Eg'8E,t OX b mn E tési AX" l mos OVa pét 


* Cf. Weyl, loc. cit., p. 717. 
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where cag are the structure constants of G 


a a ODS | H 
(5.2) Bip = [P BE) AEUR OE + Stays (a, dz) 0" (a, 80) | af (2) 
showing explicitly that AX? is an infinitesimal transformation of G. 


From (5.1) the necessary and sufficient conditions for the curvature to 
vanish at x are 


(5. 3) | (a) Rtp(X, x, dk, 8) =0 
which imply 

} Ont (2, da) 

(5.3) 00 D eA 


Since (5.3) are the conditions of integrability of (4.8) we have 


THEoREm 5.1. A necessary and sufficient condition that the displace- 
ments De(Py,P.) defined in a simply-connected region E be independent of 
the path C C- R is that the curvature vanish at every point of R. 


The geometry is said to be holonomic in the given region. 

When the curvature vanishes at every point of a region R, thé equa- 
tions of displacement (4.8) are completely integrable and any displacement 
D.(P:,P2) is independent of the one cell C. When this,is the case, the 
geometry is said to be holonomic in =. 


6. Preferred coördinate systems in Án. In the holonomic case it is 
possible in an invariantive way to introduce codrdinate systems locally in the 
underlying space A» which are rélated to each other by transformations of G 
This fact expresses that a holonomic space is locally of the same character as . 
the associated spaces. We shall discuss this question, first POOE and 
then analytically, 

We confine attention to the domain of an ants eii reference 
= scheme (z, X) of &. ‘Let 2, Q, be a pair of points in the chosen domain ard 
let Xo (x) be the coördinates * of the contact point in B,(#). Since the space 
is assumed holonomic there is a unique isomorphic representation of Ba(qı) 
upon B»(zı) in which X,(qi) is mapped upon a point X (zi, q1) of Ba (21). 
As g, varies within a. EOT restricted domain D, while T. remains fixed, 
a correspondence 
(6.1) E X= X'e, q) 


is established between D and a region of By ( A ). This correspondence may þe 


* The functions X, will be continuous of order => 2 by virtue of ( 4. 7) a 
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interpreted as an introduction of preferred codrdinates in D. Allowing s to 
vary, a family of codrdinate systems X (x, q) is obtained the members of which 
are related by transformations * of G and serve also as preferred systems for D. 
And having once introduced a preferred system &(2,q), all the preferred 
systems of B,(«)-having a domain in common with the image of D, serve 
equally well as preferred systems for D. | 

We now proceed to the derivation of a set of partial differential equations 
having for solution these preferred systems as functions of q. 

Since (5.8) are satisfied, (4.8) may be written as a set of total dif- 
‘ferential equations . 
(6.23) > | 0X*/da!l = fji (x, X) 
which are completely integrable. The complete solution depending on n 
arbitrary constants may be written 
n (6.3) 0 Be Xt g(a, q, X) 


where X are the n arbitrary initial values assumed by ¥ at z =q. Thus | 
Xt = ¢*(q,9,X). If now X is set equal to the contact point Xo(q) of Ba(q) 
equations (6.3) furnish the correspondence (6.1) which served to introduce 
preferred codrdinates in An». 


It is a well-known property of the solutions of equations of the form 
(6.2) that 


Xt = $ (q, z 2) 


where x and g have been interchanged in (6.3). The Soens p (q, £, X k 
are-a set of first integrals of (6. 2) and therefore satisfy. 


“ay /0 + (ENF (a, Z) =0 ` 
identically in vz, X and the parameters q. Therefore 


agi =— ry ~ f(g x). 
Hence t for X? == Xot (q) . 
| Zi  9X* aX, 
(6. 5) Smala =tio X) 


*Ti X(#,,q), X(#,,q) are two systems of the family, the transformation between 
‘them is just that produced by displacement from w, to æ, according to (4.8). 

+ Note that there are two meanings to @/@q¢, according as it acts upon g only as 
it occurs explicitly in the function or upon g totally. In the first case we write 
d¢( )/ðq, in the second, ax /4 and similarly for other functions. 
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Higher derivatives of. ¥ with respect to q are expressible in analogous 
form. by differentiation of (6.5) totally with respect to a -and.-use of the 
derivatives of. (6.4) with respect to X. : Thus 





ext kt (OX RRA ak 
(6-8) sora BEER (agi -taz (Z AoE) ) 








gôg" 
nD Ca fla, Xo) 0X o 
aX! \6q/0q" _ OX —™ ôg : 
fat (9, XG), ax gm i af? sg He Xo), m 7 Of! (q, X.) 
Hlg Xo ag ae a: Xx a) axe 


The symmetry of these derivatives in. j, k is 4 consequence of the integrability | 
conditions of (6. 2). 


TA 


In general ' 
(6.7) 
ax = PŽ OX oft Vo 
TE OX RAA rii E- — fa weno) 


where x represents terms linear in’ pa derivatives of x a pespec’ to Xo 
‘of lower order than p. 
“It will be névéessary here to ‘make the sistiniption ° 


(6.8) . det |.AXo¢/dqi — fit (q, Xo) | Æ 0. . (generically). - 


Geometrically this condition requires that the contact points of the Br’s in a 
neighborhood of g form. an n-dimensional set when mapped upon Ba(q) by 
(6.2)., With this assumption equations (6..7) for as p may be: solved for 
GPX /GX i+ - -3X linearly in terms of 0°X+/dgh-:+- bgi (s = 1,- ep). 

We now make use of the fact that the transformations of the fundamental 
group G are given by the complete solution of a system of mixed total dif- 
ferential equations, the so-called Mayer-Lie system associated with the group.* 
They have the form | 


Xa. e GXi o taI? 7 aX. ax 
(6. 9) | 5 O%. je a 
m E o ag) kee 
nt GACH) E oe) ge ene of G. 
These ET can be onpa with (6. v) for c= l,- -ya and with- 


Xi = "Xot q) to give rise ‘to a mixed system 7 


* Bianchi, Teoria dei gruppi continui finiti (1918), p- 40. 
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aği 5 ' ja-l 
a a S 
l ee i aq Og. ` ` ôg 
(6. 10) a af may 
T 0 ~a( 4,2 — +t, 
> ? Bq 2 âq- F - ôq 


These finally are the equations which we set out to derive ; the complete 
set of solutions depending obviously on r parameters’ gives the family of pre- 
ferred systems for domains of A». The proof is almost immediate. From the 
manner of forming (6.10) it is evident that for the initial conditions on the 
parametric derivatives obtained from (6.7) by making 


7 ži | 
(6.11) g=a, Z = X; (2), (Ga). a) a (aa). o 
(s = 2, : -a — 1) . 
the solution is given by (6.3) with X = Xo(q), ie. 
At = p(x, g, Xo(4)), 


and since there can be only one solution with given initial conditions it is . 
unique. But now every solution Æ! =— ¥+(X) of (6.9), that is, every trans- 
formation of G furnishes at least formally a solution of (6.10) 


(6.12). _ At = Xi (h(x, q, Xo(q)))- 


These solutions depend upon r-parameters and hence form the complete solu- 


tion of (6.2). - Also they obviously give the desired family of preferred | | 


codrdinate systems. This completes the proof. It is to be noted. that the 
complete integrability of (6.10) is a consequence of the integrability of (6. 2). 
Formally the equations (6. 10) also exist when the integrability conditions 
(5.3) are not satisfied, the functions @ and Q being in general homogeneous 
of degree zero in dg, And they. will be of geometrical significance since by 
their use preferred codrdinates can at least be introduced along curves of the 
An.. Important use of this possibility will be made in §§ 11, 12. 
Any passive system of differential equations having as complete solution 
the transformations of G could be used in place of the Mayer-Lie system (6. 9) 
in forming the fundamental differential equations. Although the alternative 
system to (6.10) thus obtained may no longer be total, it may have the merit 
of greater simplicity. 
It should be remarked that the equations (6. 10) ale be used as a basis 
for-the generalization of a classical Klein geometry instead of the ndtion of 
displacement. The general method would be to write down’ the -completely 
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integrable differential equations for the introduction of preferred codrdinates 
in a B, referred to general codrdinates and then retaining the form of the 
equations to remove the restriction that they be completely integrable.* 


7. Transformation of coérdinates. In order to preserve the continuity 
of the fundamental displacements, the allowable codrdinate transformations 
in X,, must be restricted to those between admissible reference schemes. Fur- 
thermore, for all our purposes, quasi-preferred codrdinate svstems are the 
most general that we need use in the associated spaces. We therefore restrict 
the allowable codrdinate transformations to those between aCe ie quasi- 
preferred reference schemes -(#, Y), viz. 


(a) Tt =t (a) 
et) T (b) P= ËF, 2) 
where Zt (x) are continuous of class u and Fi of class = 2. In particular, if Y 
and Y are tangential coördinate systems (7%.1(b)) have the general form 


(7:1) (c) Yt m= Yi atiri + éY, 2) 


“where the e? are of order > 1 in F. 


Under a transformation of the form (7. 1) the displacement equations 
(4.4) take the form 


dY: —F,*(Y, z, dz) dzi = 


where the parameters fji in the new coördinate scheme (Z, Y) are related to 
those in the original scheme (g, F) by 


4 Bayes i _. OF ain dae 
(7.2) Fit(P¥, z, dz) = | fe(¥,2,de) 5+ 5— |S. 
The quantities f;* are therefore the components of a “ geometric object” and, 
as we have remarked in the introduction, a non-holonomic geometry with 
(4. 4) as equations of displacement may be conceived as the theory of this 
“ geometric object.” l 


8. Local isomorphism and invariant theory. 


Two non-holonomic spaces Xn, Xn are said to be locally isomorphic if 
there exists 
* As an example of this method as applied to projective geometry, cf. Veblen, 


55 Generalized projective EOE Journal of the London Mathematical Society, vol, 4 
(1929), p. 142. 
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(i) á one-to- -One ` “correspondence of class u, T= f (£); between a region 
R of An anda region È of An « yo 

(ii) an isomorphic correspondence between By (x) and Ba (Z) for every 
pair of corresponding points x, and & of R and R respectively, by which the 
local correspondences and displacements in Xn are carried anto those in Xn. 


The preservation of the local correspondences is best expressed by the use 
of tangential codrdinate systems since in them the local correspondences receive 
their simplest expression. Thus referring Xn, Xn to admissible tangential 
reference schemes, if k 
(8. 1) Gt om ae) 


is a correspondence between regions of An i A, the isomorphisms between 
the associated spaces as expressed in the tangential reference schemes must 
be (cf. 7.1 (c)) a | 

(8.2) - — 7 Yt = Yigiti + 4 (Y, x) 


where are of order > 1 in Y and such that F is one of the tangential 
coordinate systems. associated with Z as a system of codrdinates in An. 

If furthermore the displacements are to be preserved, (8.1), (8.2) must 
be so selected that they transform the displacement parameters fj* (Y, 2, dz), 
of X, into. the parameters. f}? (F, T, dz) of n, that is to say (cf. t. 2), so that. 


F(E, 4, a8) = [f (£, 0, do) + ee ve : 
è 8 
+ fo (F, n, dey 2) (Pa) pe A 2) 
This very gi Taon of the a obleni indicates that in 
constructing a local invariant theory of our X» it is sufficient to use only tan- 
gential coördinate systems and hence only the simultaneous coördinate trans- ' 
formations (8. 1, 8.2). An attempt to construct an invariant theory for the 
general case of an Xn with any fundamental group @ is of little practical 
value. For any particular geometry it is better to use the special devices there 
available. Thus one important artifice often applicable is that of linearizing 
the fundamental group by the use of supernumerary codrdinates, In. these 
codrdinates the displacement equations’ become linear of the general form 


AZ 4 Ag KEZ de) AP dat = 0 (Gy Bad, ° amn 


The quantity with the components, Ats; is called a lines connection, and con~ ` 
cerning the general theory of such’a connection much is known.” l 


* The first general treatment of linear connections was given by R. König in 


2 
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9. The tangent space of differentials. Let dq' be the differentials of a 
system of underlying coördinates at the point s =q. It is„characteristic. of 
differentials that there is a family of relations 


(9.1) o ; . ise a d(e — q) 


. ‘where the e are of order > 1 inz—gq, between them and the increments of the 
a’s about q, and that under allowable change of coordinates in Ap ~ 


(9.2) ` | Ghee F(x) 
_ they transform according to 


(9.3) oe agi = (034/00) g dg’. 


As (9.2) run through all allowable: coordinate. transformations, (9.3) run 
through all transformations of the centered affine group. These remarks show 
that the various systems of differentials at.q may be interpreted as the pre- 
ferred codrdinate systems of a centered affine ae * which by virtue of (9. 1) 
is tangent to A, at g, with the center (0,0- ~-0) as contact point. 

The question presents itself as to the possibility of representing the space 
of differentials at a point upon the associated Ba at that point. (9.1) indicates 
that dg* could be represented by the point Q of cotrdinates dg* in .some 
tangential system F of B,(q), and that then under (9.2, 9. 3) there would 
be a unique tangential system Y associated with Z in which the point Q has 
codrdinates dg¢. But since there is no distinction between the tangential 
codrdinate systems in Ba(q) which are associated with a given underlying 
system g, it is impossible to choose.one of them as representing the differentials 
without introducing extraneous elements into the non-holonomic geometry. 
However, there is an invariantive one-many correspondence which always 
exists, namely, one in which a set of differentials dg? corresponds to all points ` 
in B,(q) which Have coördinates sag: in some P ragent] system associated 


tt 


with t. 


10. ‘Preservation of local correspondence. under iniinitesimal displace- 
‘ment. Let Ba(q) be mapped. upon Ba(g +, dq) by displacement from g in the 
direction dg. , The local correspondences existing between B,(q)\ and any 


“ Beiträge zu einer allgemeinen Mannigfaltigkeitslehre,” Jahr. der D. Math. Ver., vol. 28 
(1920), pp. 213-228. The most recent publication on the subject is D. J.’ Struik, 
’ “Theory ‘of linear connections,” Erg. d. M ath., vol. 2, ser. 3, in which there is an 
extensive bibliography. 
* That is, a B, in the sense of postulates B in which G is ee group of linear 
. homogeneous transformations inn var iables, 
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e-neighborhood.* Ne of q in A are carried into a set-of correspondences {0} 
between Brig + dq) and N. . When: the. set:{C} is identical to within terms 
of the second order in «e, dq with the local correspondences defined between 


B,(q + dq) and N: we say that the local correspondences are: preserved under 


displacement, 
The necessary and sufficient condition for this to be the case-is 
Assumption D` k 74° (0, T; aa = —- ĝj? TO "T 


where the f;t are T in an admissible tangential reference scheme. The 
proof is as follows. Applying an admissible tangential reference scheme, a 
point Y of Bn(q)- is mapped under displacement upon the point 


Goi °. Pi = FE + f(T, a; dq) dg + (F; aq) oe, 


of Ba(q +.dq) where the 8* are of order = 1 in dg... ‘The ‘point Y$ of Bu(q) 
and-Y* of B,(q + dq) are related to. An by se meepernte families of -local 
correspondences ; 


(10.2) © Vtwe Hg tea 
(10.3) | i rg ei J é(z—qg— dq). 

_ From (10.1), (10.2) the correspondences {0} become - | 
(10.4) Y¥ = at— gt + fi (0, g dg) dg! + (a 9, dg) 


where the et are of order > 1 in the nomibiaed arguments. By a ompi i 
` - Me 


of (10.3) and (10. 4) our assertion-is ‘proved, > ' 

In the general development of a non-holonomic geometry it is not de- 
sirable to impose Assumption, D ab initio. But the investigation once having 
been made in its full generality, it will be found that the use of this assump- 
tion produces a marked simplification in the analytic treatment. It might be 
mentioned in this connection that’ in viewing a non-holonomic gepmeiy as 
immersed in a Bm m >'n, the assumption 'D is satisfied. 


i 


11. Generalized affine geometry. .We now oei ko the apo Reno 
of the general theory just developed to certain special geometries.: The gen- 
eraliżation of the classical affine geometry is'onė of the ‘simplest to carry out 
because of the fundamental rôle played’ by the ‘affine group in the earlier work. 
This particular non-holonomic on? has been very extensively treated and 


* By an e- Herebbernoed of q we ‘mean he set of all points # of Ap for an 


ee <a i ` 1 ‘ ato ate t ft fae Lt t og sa p. TE od ee 


od 
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for the most part as a theory of vector displacement. “We shall give a brief 
formulation on the basis of the preceding pages thus me point displace- 
ments as fundamental. 

The group G is in the affine case 


where the n?-+ parameters a are subject only to the mild restriction, 
det | az? | 3&0. A B, is now a classical affine space with the domains of the 
preferred codrdinate systems coinciding with the space itself. Also there is no. 
distinction between preferred and quasi-preferred systems and in a given Ba 
there is but one tangential cobrdinate system associated with any given allow- 
able coérdinate system in the underlying An- Hence, in conformity with § 9 
a set of differentials dg has a unique representation as a point in Bn(q) so that 
Bn(q) and the space of differentials at g may be identified: 

A complete set of infinitesimal generators of the group is given by the 
array 


AER AY OO. ee eh a ee | eae e Sa g 
i OD a: AAA E a OG a A ea 
Seay : oe , 

0 0 0...0.0 0 + xX? Xx? Xx" .0 0 1 
t = row; œ= column. 
The equations of displacement can therefore be written 
(11.1) aX* +- Ttjr(x, dx) XI dat -+ Trè (x, dæ) dat = 0 


-where the Is are of degree zero in da and of a certain class = 1. The geometry 
‘will be holonomic provided these equations are somp leteiy integrable. The 
conditions are | 


(a) Bigi == - OT, /Aa! — 6T*;;/da* lie = oP — L mel”; = 0 
(B) Stje = 0143/00 — ODi OET A- TT rng — DT mr = 0 

(e) mi = OT /8(dae") = 0 

(a) Ty, = 04/0 (d2?) — 0. 


(11.2) 


Conii the transformation theory to tangential coördinate systems in | 
conformity with § 8 the allowable transformations are 


(a) a= G(x) 


P (b) ‘t= X? 054 /das 


while the law of transformation of the parameters of displacement become 


~~ 
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: ax? dat dat NIT? 
(a) Beles agi oe T + asia ie 


(11. 4) 

' (b) Ken o 
By virtue of (11.3) the formalism of tensor analysis is available for the 
development of the invariant theory. For example, the quantities set equal 
to zero in (11. 2) become tensors of the character shown by the indices. 

Let us now construct the differential equations (6.10) for the intro- 

_ duction of affine coördinate systems in the underlying An. We use tangential 
codrdinate systems in which the law of displacement is (11.1). Of ccurse 
in each Ba the contact point is then (0,0,---,0). Referring to (6.5), 
(6.6) there results 

Ot ZA i ,2 

px me 0t (ôT; PEE ) 
O gpg azare TET" tagi age T TT). 


By virtue of (6.8), (11. 5(a)) can. be solved in the form 


(11. 5) 


(11. 6) 0X4 /9X yt = y a4 /aqi yT = By. 

Also, the severe system (6,9 ) for the affine group is 

GLY o PŽJX0X — 0. 

From (11. 5(b)), (11.6) and (11. 7) the system (6.10) becomes | 
| © PR o 0# E 


(11. 8) agiag® — Tip Igt = 0 
where | 
i 0 
(11. 9) I ig = Y'm (013/00 + ET"). 


From the form of equations ( 11. 8) and the fact that they are invariant 


under the transformations (11.3). it follows that the functions Ty are’ the: 
components of an affine connection, that is to say, they transform under (11. 3) 
according to (11. 4(a)). r jæ Will be called the derived affine connection to 
distinguish it from Etip. — 

Although the affine Tao determines the derived. connection the 
converse is not true. From (11. 9) 


(11. 10) Tia =y} (Tin T” w — OP /Ogt) 
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and thus for given ri, jx the choice of I; remains ; arbitrary. 
` An important identity arises from. expressing the conditions of oe 
bility of. (11.9). viewed as linear differential equations for I%;. It is 


Gia TS Rea = T34 Bt ges 
hae Bay is. the PEE E fenor formed, from Tip. We | note also that 
(41.12) Ti, Stig = Ti. 

A consideration of (11. eye (11. 10), (11. 11) and (11. 12). leads to 


l THEOREM 11.1. The era of (11.1) implies the integ: ability * 
of (11.8). Conversely the integrability of (11.8) implies the integrability 
of (11.1) provided. (11. 2d) are satisfied. | 


Of special. importance are the solutions of (11.8) which satisfy the 
initial conditions (X*)¢.2 = 0, (@X4/0q/) gen =Ty*(v). (6.11), (11. 5(a)), © 
(11.6) and the above theorem show: tkat-as functions of x these solutions 
satisfy the displacement equations (11. 1) and transform as a contravariant 
vector (11. 3b). : 

Non-integrability of the Penden ental equations (11.8) by no means 
destroys their utility. Over certain subspaces of An they may be integr able 
and serve to introduce affine coördinates in these regions. In particular this 
is always the case along curves of A» and leads to the notion of generalized 
straight lines, those curves of An along which the affine codrdinates satisfy the 
usual linear equations. In terms of a suitable es t this condition is 


` (11.18) 7 Xd = = 0), 


Using (11.8) © A 
pX Xt dg! dg” , ax* ag 
de® bgidg® dt. dé * OqF de 
e LE (EE | ty at dat) o, 
Ogi Nde at dt Se 





(11. 13(a)) 


Since det | aXi/dqi | 34 Owe have as differential equations of the generalized 
straight lines | | l 5 | 
Pat 9, dal dak _ 


(11. 14) Ge te EE 


== 0, 


* This also follows directly from the general theory of £6. 
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- The following alternative geometrical definition of the curves defined by 
(11. 14) is noteworthy. Let the spaces By (x) associated. with the points v af 
one of these curves be isomorphécally represented on one of their number, say 
Bu (£o), by means of the fundamental. displacement law. ‘Then the contact 
points of the Bn(«) are represented upon By(Z) as a straight line. 

_ This interpretation points the way to the definition of more’ general 
families of curves similar to the one-defined by (11. 14). ‘Instead of requiring 
the contact: ‘points to be mapped into a straight line we could requjre the same 
of some arbitrary field of points, say Aife). The differential equations for 
the resulting curves may be found as follows. Form the équations, (6. oo as 
before but using the field X +(x) in ‘place of the contact point (0;0,- - +0); 
then proceed as in (11. 13(a)). We need only require of X+(a) that (6.8) is 
satisfied with Xi(s) replacing Xo! of The final result a ORBE to 
(11. 14) is l 
at 2, dat dase 











(11, 15) We EW kay a 
where “ay 
Me oc (oo . LXT ‘axm An iz T 
, (11.16) I'w = Ht, PAU a oa d Pn) T x Delon 
+ et Xm (a) + Patna) +5 m A Taal; ) 


and 
RET, +. P(e 4 pi) = = ĝi. 


F: 


of course, when Xt(a) = == (), Tig = = Tijm. 


If X*(x) does not satisfy - (6. 8) the quantity re jx is “not uniquely 
determined. . ` 


The argument used to prove Pp to be an “afine connection suffices ia 


prove the same concerning Tp ee ee: 
The displacement (11. 1) is composed of an Ginesa affine trans- 
formation i 

dX i m ge Nidak 


- leaving the origin invariant and an infinitesimal translation 


aXt = — PM dat. 
t 


. It therefore establishes between the vectors V? of the oe spaces corre- 
Spondences. defined by the diferential equations | 
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(L17) * « dVi + Lig Vidat — 0, 


Corresponding vectors are. said to be parallel. These remarks bring our 
formulation of generalized affine geometry into relation with the theory of 
infinitesimal parallelism. 

Th2 integrability conditions of the vector displacement are (11. 2 (a), (c)). 

If æt = z(t) is a curve of A, the quantity (dz‘/dt), may be represented 
geometrically py a vector V‘ == (daz‘/dt)q in the tangential codrdinate system 
of B,(q) and by virtue of the local correspondences this vector plays the rôle 
of tangent vector to the curve at the point g. With this observation before us 
an autoparallel, may be defined as a curve in A, whose tangent vectors are 
parallel according to (11.17) along the curve. The differential equations for 
the family of all such curves are obtained immediately from (11.17) as l 
dxi dai dak 
Ge Tea a= 
These curves are the familiar.“ paths” of the theory of infinitesimal paral- 
lelism ang it is to be noted that in general they are not the same as the 
generalized straight lines defined by (11.14). . The necessary and sufficient 
condition that these two systems be the same is most, simply expressed by the 
condition | 


(11. 18) 


' 0 
TE jy = M'g 
where 


II’ jk == T? cik) 5 (3? jI” cay T Ò PI), 


and similarly Mim are the projective connecuons *. formed from the sym- 
metrical T’s. 

To conclude this section we consider the result of imposing Assumption D 
(p. 171) upon the displacement parameters in (1 11.1). This condition is for 
the case under consideration pi ae 
(11.19) sa + I“; == 8$}. 


Integrability conditions (11. 2 (b)) become 
(11. 2 (b°) ) QT tjk] = Tiig — Tig; = 0, 


and most important of all 
9 


(11. 20) Tj == D4 jy, 


*L. P. isonbart, s “ Non-Riemannian geometry,” Wenn Mathematical Society 
Colloquium Publications, 1927, p. 98. The quantities ‘Ti, jz ore due to T. Y. Thomas. 


~ 
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It is interesting to note that the necessary and sufficient conditions for 
the existence of the relation (11.20) entirely apart. from (11.19) is the 
vanishing of the covariant derivative of the tensor Tt; with respect to I'*jz.. 


12. Generalized projective geometry. The field to which we shall next 
apply our general methods is that of the generalized projective geometry. 
This field, like that of the generalized affine geometry discussed in the pre- 
ceding section has been widely exploited in recent years but there is a no- 
torious lack of uniformity in formulation and method of investigation. This 
is due to the fact that the passage from the affine to the projective case in 
non-holonomie geometry involves such an extensive generalization that a 
certain freedom of choice in the formulation is inescapable. This fact alone 
shows the desirability of a general non-holonomic theory such as the one we 
have given here to serve as a norm in the construction of the more involved 
non-holonomic geometries. The first generalization of projective geometry 
was made by Weyl * in 1921 and investigation was continued along the same 
general lines by T. Y. Thomas, O. Veblen and others in the years immediately 
following. Cartan ł in his development of the subject introduced a point of 
view which has-been adopted in its éssentials in many of the recent contribu- 
tions to the subject. The brief development we give here on the basis of our 
general theory amounts to establishing this point of view on a solid foundation. 
_ In the process several new results are obtained. 

The fundamental group G has in the projective case the form 


(12. 1) i = (aX! + aty)/(aX* + a) 


where the ratios of the a*s (a, 8 =0,1,- > -n) form n? + 2n essential para- 
meters with det | a%g |=Æ£0. The classical projective space clearly satisfies 
axioms B with the above group for G, Hence by theorem (2.2) every By for 


*“Zur Infinitesimalgeometrie: Einordnung der projektiven und der konformem 
Auffassung,” Gott. Nach. (1921), pp. 99-112. ` 

7 “Sur les variétés a connexion projective,” Bulletin de la Société Mathématique 
de France, vol. 52 (1924), pp. 205-241. Cf. Introduction. 

+ Of these contributions the following are representative: 

E. Bortolotti, “ Sulle connessioni proiettive,’ Rendiconti del Circolo Matematico 
di Palermo, vol. 56 (1932), pp. 1-57; D. van Dantzig, “Theorie des projektiven Zu- 
sammenhanges n-dimensionaler Raüme,” Mathematische Annalen, vol. 106 (1932), pp. 
400-464; J. A. Schouten and D. van Dantzig, “On projective connections and their 
applications to the general. field theory,” Annals of Mathematics, vol. 34 -(1983); O. 
Veblen, “ Projektive Relativitatstheorie,” Erg. der Math. (Springer), 1933; J. H. C. 
Whitehead, “The representation of projective spaces,” Annals of M athematics, vol. 32 
(1931), pp. 327-360. A a ae tg ans a 

In the fourth item a fairly complete bibliography will be found. 
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this G is such a space. J ust as in the affine case ($11) there is no distinction 
‘between preferred and quasi-preferred codrdinate. systems but on the other 
‘hand there is now more than one tangential eoordinate system associated with 
a given allowable system æ in the underlying dn. Indeed if X is one such 
system.in Ba (2) then any system x obtained from x by the transformation 


= (122) 7 A = Xt (1 + bX") 


is one also, and conversely all the -tangential systems dre obtained in this way. 
The invariantive representation (ci. §9) of a sét of differentials at à point - 
æ is therefore a straight line through the: contact point = Bala) e the 
contact point itself omitted. 

A complete, set of generators for aa group 12.1 is 


- ANO eT a a E a or 
Scat ye. yn ses O.-: . ee X2X2 ++ XXn 01.0 
Ea) : . l l l 
i= TOW; & = column.. ER o 
The displacement law therefore will have the form m 


(12.4) dX? Pha (a dx) Xid" Ea XP ala, dz) Xido of Pila, dz) jie = 0 


where the P’s are homogeneous of degree zero in de and of class zl. ~The - 
| condition for the DE ‘of loéal (AE TAERE  Assuniption D, 18 


al 5) l | Pty = ĝty. 


= Ini accordance with g 8, for the purposes of invariant theory’ or questions 

of equivalence, it will be sufficient to keep to admissible tangential reference 
, schemes and hence to ‘consider only transformations which. are combinations 
of the two types 
(a) z= zie) 


- (12.6) (b): e= X1 Ozta 
and 
(12.7) ee 


(b) = X/(1 $ (0) 2) 


where oi (x) are arbitrary functions of z of class = 2. l . 

Under (12.6) the Pti transform as the components of an affine con- 
nection * and Pix, Pis as tensors of the character indicated by their indices 
while under (12. v) the transformation ne are 


` * That is to say, according to di ye ). 
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(a) i Pig, == Pt jy, — Phe; — 8 j61P*x . 
(12. 8) (b) Pi == Pin + 065/00" — piP + Phadid; 
(c) P; == Pih 


The conditions for the holonomity of the geometry are 


(a) Pt yxy Pia / 0x? — OP *;,/80% -+ PrpPigg — PrpPty 
: + SPP r — 84 P Prr + PaP ~ P3,P*; = 0 
(12. 9) (b) Pyar = Pir /0r — OP j/a -+- PrP" i — PrP jr = 0 
(c) Pty = 0P% 1/00! — OP *,/Ox* + PrP irn —P Pin, = 0 
(d) Bs P jx, P*, independent of.ds. . 


These conditions are of course independent of the codrdinate systems used in 
An and the associated B,,’s. 

In forming the fundamental equations for the introduction of projective 
codrdinates in A» we shall use in place of the Mayer-Lie system the following 
simpler set of equations — 


Zi AZE 90 | AX*+ G0 
XIX" OXI ONE ' OX" OXI? 


mi) 


which are knows’ * to have ‘as sae solutions just the group (12. 1): 
System (12. 10). is not passive. Its integr ability conditions are 


(12. 10) 








(e m i 1 log const 


vo _ 0 i 
-OXI GXi GXI | Ear. 
Referring the associated spaces to an admissible tangential reference 
scheme equations (6.5), (6.6).furnish . 
okt at 
cia, 2) 
Fgh Og ate 


<< ax IP, | 
(b) ôg 0n IK, PaP pr m4 (0 se er 


(12.11) 


compas, a 10) and ae ce the Animen eN mag we written 


efi — „ Xe aXe ao axioo 
negate aginge E r re agi a E Og 


where 


* O. Veblen and J. M, Thomas, a Projective invariants of, affine auntie. of paths,” | 
Annals of M athematics, yol. 27 (1926) » P 284, 
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0 
(12.18) >. P?u = pt-(0PT3/0q* + P8;Ptsx), — pêrP"i + 84;. 
0 E z 
Under (12.6) P+, transform as an affine connection and under (12.7) 


0 0 l 
(12. 14) PY ir = Pty, + eP epr + 84,P 461. 


The quantities 00/02’ may be eliminated from: (12.12) to give the equiva- 
lent equations 





xi 1 Blog | aX/dx | ax 
D pap nti g o g 
1 Glog | aX/ox| aX* _ p, ax’ 
ni’: @g* ` dq 1? dg! 
where 
oe ae 1 ee cutee 
(12. 16) Ip Py, — ed (8t Prs F+ 84,.P ys). 


0 
The quantities II‘; are invariant under (12.7) and transform under (12. 6) 


like the RE OSECHVE connection of T. Y. Thomas i. e. 


dx® dxt Gar 
05) O Omoa 
8; log | dc/0é| y log | dx/0z | \ Gxt 


SSS SS E m 
— 


(12. 17) II’ ia (irat stna: 


! 


The generalized straight lines in An may now be defined just as in the 
affine case. Using a suitable parameter ¢ the differential equations of these 
lines in projective codrdinates are (11.13) and expressing these equations in 
general codrdinates by the aid of (12.12) (cf. 11.18(a)) there results 


dert A a dzi da® ` 
Get? ‘n+ 3 Foe +8 “toi JG Ge 


Through a further change in parameter these equations may be written 


at. o; ae dak 


ae Tiea ae T 


(12. 18) ` 
From the method of derivation of equations (12. 18), they ‘continue to repre- 
sent the same geometrical loci under all transformations (12.6), (12.7). 
This is also clear from a direct consideration of the law of transformation of 


Pisy given above. 
We shall merely note in passing that systems of paths akata with any 
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point field Xi (x) may be defined just as in the affine case (p. 176). To each 


field will ewes a set of parameters Pip with properties analogous to 


those of pi "phe 

There is a noteworthy simplification of the E problem as formu- 
lated in § 8 which is available in the projective case. It is possible in case 
u = 4 to select in invariantive manner a unique admissible tangential reference 
scheme to be associated with a given underlying system z, namely the one 
in which 
(12. 19) . Pty, == 0. 
Under (12.6) and (12.7) respectively. . 


5 pi ôa | 8log | 05 /ée | 

a) Pi; = Pia sE han! bala 

(12.20) P a 
ae Pg, = Phir — (n -+ 1) Php. 


Hence if {X} isa set of tangential coördinate systems In which Phy tof 0 
it is only necessary to apply (12.7) with o: == [1/ (n + 1) ]p*P*x to obtain 
the unique set {£} in which (12.19) hold true. Then to insure the invariance 
of (12.19) the allowable transformations must be restricted to the special 
combination of (12.6), (12.7), 


(a) zi =z (x) 





(12. 21) , __ Xi 0z*/Oa3 
eae 1 — ph6.X* ý 
where 6: is an abbreviation for ——— = @ log | 08/6a | 
f md dx? | 
The transformation induced by (12. 21) on the displacement parameters is 
~ oe ze dat Oat re IF? 
(a) . Pt ig = (Prst + P tp'sbi -+ Òrb) ==> agi JZK bar agagk Age: 
l = ð T p Ox" Oa 
(12.22) (b) P= (Pre—p! aes —- — 9} r F P’mb Prs + p e Jz aoe 
ĝar! il i 
(c) Pi, = Pr, Se p Piy = 


The formal statement of the equivalence problem becomes: Given two non- 
holonomic projective spaces Xn, n in-which coördinates have been chosen such 
that Piz, = Pii = 0, to find an allowable transformation ği = z(a) under 
which (12. 22) are identically satisfied. 

Even with this simplification the equivalence problem with its concomitant 
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invariant theory is.a great deal more complicated than in the case of the affine 
theory previously discussed. This situation subsists because of the non-linear 
character of the non-homogeneous projective transformations which renders 
impossible the concise tensor theoretic treatment of the affine case. “By the 
use'of homogeneous projective codrdinates, linearity may be regained (at the 
expense of complete functional’ determinacy it is true) and a projective tensor ` 
calculus introduced which simplifies ‘the’ formalism of the theory. This idea 
due originally to T; Y. Thorias ‘was elaborated and given added significancé 
by Veblen. We now turn to this line of development. However the non- 
homogeneous discussion already given is not to be considered supererogatorv. 
It is of interest because it is the most direct development from the standpoint 
of our general theory of non-holonomic geometries and furthermore offers a 
welcome basis for the‘establishment of the homogeneous theory. 

Each tangent space being an ordinary projective space, homogeneous 
coördinates Z* (a = 0,1,- -,n) may be introduced. The domain of each 
homogeneous coördinate system is of course the whole space. The existence 
of the special class of non-homogeneous proj jective codrdinates which we have 
called tangential permits the selection of a correspondingly restricted class of 
homogeneous codrdinates to play a like réle in the new formulation. The 
simplest procedure i is to replace each tangential ‘system X by the homogeneous 
system Z in which 
(12. 24) Xt om Zt/Z° 


and each such system Z will be oaran appropriately a, homogeneous tangential 
codrdinate system. 

In the new codrdinates the restricted transformations (12. 6), (12. 7) 
become 


(32. 25) Eo TEE O Ze = pv*gZ8 
where ` E G 
I Q: ` Pn 
4 an ae `- ae ; do s g 
(12.26) pai F Igi 
0 


$ 


+ 


and hor gi(z) a are arbitrary functions of class > 2. 
To obtain an expression for the displacement, law in the new ‘codrdinates 
make the substitution oe 24) in (12.4). There. results 


Th 4 Phy Didi 4: Pig Z0des ` AZ? — Psa" 


Zi 7o iyn) 
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These equations may be written in more convenient form by the following 
device. Let the common value of each member be written r(x, dx) da° where 
r(x, dv) is an arbitrary function of.degree zero in dz, and dz’ represents an 
arbitrary differential form, that is to say, an independent, parametric differ- 
ential. The above equations become . 


(12. 27) aze + 11%,Z8daY = 0 


with 

(a) Pim == Mig — 8t or 
(b) Pie = — II; 

(e) P%, = Mto 

(d) 8g7 == Ilo. 


(12. 28) 


Conversely (12.4) may be derived: by the use of (12.27), (12. 28). (12. 28) 
show that 1%, are arbitrary to the extent of a transformation 


(12.29) ` TD’ py = Ti + 8% ayy. 
Clearly the parametric differential dx® may be subjected to any transformation 
da” = da? +- odat 


without affecting the displacement and it is therefore possible to make the con- 


venient formal convention that under (12. RR the differentials dx®, dz’, -- , da” 
transform by 
(12. 25(c) ) dž% =  vagdaÊ, 


In discussing the transformation theory of II%g, the utility of this convention 
becomes evident. For under (12.25) the law of transformation of Il may 
be written. 


(12.380) ` Hagy = (Poru guy + 0u% 2/827) Vto + 8%, 


Thus it behaves like an affine connection, (11.4(a)), in (n + 1) dimensions 
under the restricted transformations * 


(a) = zi (2) 


(12. 31) (b) Z= + fv dat . 

* The importance of these transformations for generalized projective geometry was 
first shown by O. Veblen, “Generalized projective geometry,” Journal of the London | 
Mathematical Society, vol. 4 (1929), p. 144. J. H. C. Whitehead (loc. cit.) has intro- 
duced the convenient term “ change of representation ” to apply to such a transformation. 
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and indeterminate’ to within’ transformations which preserve parallelism.” 
The displacement (12..27) theréfore can be interpreted as an affine direction 
displacement in a space of (n -+ 1Y dimensions subject to the infinite group 
(12. 31) of codrdinate transformations. When (12. 31(b)) is not integrable 
the (n + 1)-dimensional space is of the extended type studied by Schouten,} 
Vranceanu and others and called by them non-holonomic. Our use of this 
term has of course quite a different significance. = 

The geometric object having as components the ane II will be called 
an indeterminate projective connection. 

Especially from the invariant-theoretic viewpoint the indeterminancy in 
II%g, is very undesirable. Bortolotti has shown } that the indeterminate para- 
meters of an affine direction displacement may be normalized to give a unique 
set transforming as an affine connection and has applied the result to the 
projective case.§ The normalization is effected by selecting that particular 
set of equivalent Hs for which’ — 7 


(12. 32) Hipa] = 0. 


Calling this set P%,,, its expression in terms of any set of the H’s from which 
it arises is | 
(12. 88) Pegy = Igy + (2/n) aia: 


From (12. 33). 
Pgo = > (1/ n) 8 


and hence for this set of parameters 
(12. 34) g(a, dey = (1/n) Pia. 


It is of interest to note that if Igy is semi-symmetric in the sense of Schouten, 
P+, is itself symmetric. = 

The parameters P%., will be said to form the normalized projective con- 
nection. Under (12. 31) ai law of transformation is of course 


(12. 35) Pgy = (Pe pr? ptt T dur 2/DE1) vta, 


* See, for example, Eisenhart, op. cit., p. 30. 

+ See, for example, Schouten and van Kampen, “Zur Einbettungs- und Krum- 
mungstheorie nichtholonomer Gebilde,” Mathematische Annalen, vol. 103 CTR pp. 
752-783 and the list of references there given. 

t“ Sulla geometria delle varietà a connessione affine,” Ann. M at, pura spk vol. 8 

(1930), p. 78.- 
` § “Sulla connessione proiettive,” Rendiconti del Circolo’ Mat atematico di Palermo, 
vol. 56 (1932), p: 21 (6.9). The normalized parameters’ I“, By (6.5) which Bortollotti 
seems to prefer are not available unless II" g= "g f 
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The existence of the unique parameters P and of the (n + 1)-dimensional 
affine representation makes possible a direct application of the familiar aine 
tensor analysis to the projective’ case.* However the functional form of the 
tensors used must be given consideration because of the special nature from 
the projective standpoint of the parameter 2°. Indeed it is immediately evi- - 
dent that an (n -+ 1) affine tensor, say T*gy, has n-dimensional projective: 
significance only if it takes the general form l 


(12. 36) Topy = p btgy (21; + +, a"). 


where p need not be a point function but only an expression on which the 

operation of differentiation with respect to x* is defined. For example an 

(n -+ 1)-dimensional affine contravariant vector Z*(x°,- --,a") represents 

the homogeneous codrdinates of a point field in the projective tangent spaces 

only if x° enters in the guise of a homogeneity factor as above. 
Now the covariant derivative of 7%, with respect to Pegy 


(12.37) DP ey,6 = OL py /0 + TP? py Pto — Pay P? ps — TgoP ys 


is of course also a tensor. Patently such a derived tensor must also be required 
to have the general form (12. 36)-if the process of covariant differentiation 
is to be of projective value. The necessary and sufficient condition for this 
to be the case as follows directly from (12. 87) is 


p = exp f pa(21: ` Ga) da*] = exp(pox? + fpide*). 
Thus we are led to the following 


Definition. An n-dimensional projective tensor is an (n -+ 1)-dimensional 
affine tensor’ of the functional form 


Pa: os ae exp (poz? 4. Spidat ia: os (xt Zi $ g”) 


under the special class of transformations (12. 31). po is called the index 
of the projective tensor. 

Veblen was first to introduce this definition of a projective tensor but in 
limiting po to being constant. We have attempted to arrive at it logically 
from the initial idea of a projective displacement. 

The parameter ° has been put to the welcome service of lending func- 


* In this fact lies the principal justification for the introduction of w0. But one 
must avoid the error of assuming that certain well-known affine tensors retain their 
tensor character when 90/dat is not a gradient. A very simple case in point is the 
curl of a covariant vector. Compare also the.remark under (12.39(a)).. 


g 
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tional homogeneity to. projective tensors. However it must be remembered 
that any tensor obtained from a-given tensor by multiplication with a function 
p(z,- > +, 2”) is geometrically equivalent to the original. This fact introduces 
complications into the analytical treatment of the subject which can be avoided 
only by special normalizing devices.* 

Expressed in the tensor notation the fundamental displacement (12. 27) 

takes the form 

| (12. 38) Ze gd? = ZtygdaP, yg arb, 


and the comma in Z% indicates covariant differentiation with respect to Pegy. 
The integrability conditions of these equations are identical with those of an 
affine direction displacement in the (n + 1)-dimensional representation, con- 
ditions first explicitly given by Bortolotti, : 


" (12. 39) (a) Pegy — 


where 


apiet 


Pga = OP%py/Ix9 — IPaga/0Y + P%pyP%03— P%gsP*oy. 


P*gyo transforms as a tensor only when ĝs°/ðT? is a gradient and may be 
termed for convenience the curvature quasi-tensor of P*gy. The left-hand side 
of (12.39(a)) is a tensor without restriction. 

` Since in general P and y involve da; we must add the condition 


(12.89) (b) an [Ptr Be Prey y | =o. 


When (12.39) are identically satisfied the geometry is holonomic. 

Of course, the conditions (12.39) could have been written in the more 
immediate form i 
QIS OI py 


(12. 40) ; Ugy = 0 idey T == 0 
where IIfgys is. the curvature quasi-tensor formed from II%gy = P%gy — 8% pyy 


but (12. 39) have the advantage of avoiding the indeterminate yy. 

We are now in a position to construct the fundamental differential equa- 
tions for the introduction of homogeneous projective coördinates in the under- 
‘lying space. Formally the n-dimensional projective group as expressed in 
homogeneous coördinates is identical with the (n + 1)-dimensional centered 
affine group.t ‘The Mayer-Lie equations (6.12) become in this case 


* For example, a contravariant vector Za may be normalized by the restriction 
| Za g |= 1 provided the determinant does not vanish, and a covariant tensor G g may 
be ab ected to the invariant condition Go = 1- The literature of classical pr ojective 
differential géometry (Wilczynski, Fubini, etc.) is replete with like normalizations. 

+ But of the (n + 1)? parameters only n? + 2n are of geometrical significance. 
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4 


o Pře 
| = | 
(12. 41) (2) azaz T ce 
. _ Ze 
) Z TRA Z8 = 0. 


The auxiliary relations (12. 41(b)) express the homogeneity: of the finite 
équations of the group and reduce the parameters to (n + 1)?. 

In applying the theory of § 6 it 1s convenient to write the displacement 
equations in terms of the indeterminate connection II%g, and to choose the 
codrdinates of the contact point of each tangent space as (1, 0, 2 <0) s 
' Equations (6; 5), (6. 6) become Reapecareyy | 


oe Za 
Ca 
, g Za a: g2Za A / 01mg 

PE amar, On + ape (pet + ea) 

Using (12. 41(a)) there results m 
Ge age 
(12. 42) we i (a) agboqy | eY gg T O 
with TON EF . l , 
0 i ‘ 
(12.43) Hgy = n*o (0M og/8Q7 + Mog py), arg oy == 8%, 
while (12. 41(b)) furnishes 


Za — nb, ôZ2/3q8 — 0, 





that is n A epe 5 

(12.42) . ae (b) 822/8 = cat, 

From (12. 43) | 7 E T; a: . 
ae 2 0 0 g T 

(12. 44) IE go == 0%g7, Uog == 8% eu 8¢, 


It is essential to consider the- effect upon ne fundamental equations | 
(12. 42) of the indeterminacy (12. 29) in TI. - Under: (12. 29) — 


Ag = ntg — (8% /2") arg, T = + Wo. 
This relation and (12. 29) applied to (12. 43) shows that the effect is to replace 


0 


* More-generally the contact, point is (edo*p (x), 0,0,- -.-,0) but the use of this 
expression instead of the above may be shown to be sariani to’ replacing gyt by 
Mpy a-t- § arta log eha®p (x) /éx7), 2 change of no at because of the indeter- 
minacy in the IT’s. 


~ 
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: ` 9 5 0 8%, Oubg [$] š 
(12. 45) Igy = Hgy T ghy + Oye + Fi Lage vat By TT yaly | , 


The quantities Ir subject to the indeterminacy (12. 45) will be or the 


ae indeterminate projective connection. As a set of normalized 0 there 
are immediately at hand 


(12. 47) Pa, By = P 2y (0P%p/0q7 + Pe gP. by)» i ; Dol op — 8p. 


Q 
From the form of equations (12. 42(a)) the law of transformation of P is 
0 


identical with that of P. P will be called the normalized derived projective 
connection. Here again as in the affine case the derived connection does rot 
determine the displacement. For from (12. 47) 


l 0 
(12. 48) Pegy = pg (P oP uy — OP %n/0q7) 


0 
and for given P the choice of P%)g remains arbitrary. 
In discussing the integrability of the fundamental panne (12. 40) 


it is necessary to keep in mind the indeterminacy (12. 45) in Tr gy- The most 
immediate conditions of integrability are 


o o l 
(12. 49) (a) Hgy = 0 * (b) OTL g//8(dx*) = 0) 


0 
where If%,3 is the curvature quasi-tensor formed from a suitably chosen 


Gi 
determination H*g, of the indeterminate derived connection. The identity 
(11.12) has as its counterpart in the projective theory + . 
0 
(12. 50) WT oll? gys == Mog" ove. | 
From (12.40), (12.48), (12.49), and (12.50) there follows 


THEOREM 12.1. The integrability of (12.27) implies the integrability 
of (12.42). Conversely the integrability of (12.42) implies the integrability 
of (12.27) provided OII*,g/0(da*) = 0. 


* Note that (12. 49(a) ) uae If ay) = 0. 


t When quantities Hagy Jre gy occur together in any discussion it is understood 
that they are related by ( ig. 43). 
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By means of (12.50) the concise integrability conditions (12. 37(a)) 
0 0 


may be written in terms of the curvature tensor P%g,3 of P%p, to give by virtue -` 
of the above theorem a correspondingly concise set of conelens to replace 
(12. 49(a)) namely 


0 
(12. 51 (a) ) P%3..5 — at J Pao = =Í, 





A corresponding substitute for (12.49(b)) is from (12. 39(b)), (12.47), . 
(12. 48) and Theorem (12.1) simply 


(12. 51(b)) @P%5,/0(da®) — 0. 
Our conditions are now completely independent of y. 

Any function Z satisfying (12.42) forms a projective scalar as function 
of q. From (12. 42(b)) it must be of index r. It may be readily verified 
(cf. p. 174) that as functions of æ the particular set of (n + 1) solutions 24. 
which satisfy the initial conditions (Z*)q-0 = o, (02%/0q®) qn = Meg (x) 
form a contravariant projective vector of index —-7 and satisfy the displace- 
ment equations (12.27). 

The remarks already made in & 1i O T the utility of the funda- 
mental affine equations (11.8) in the non-holonomic case apply equally to the 
fundamental projective equations (12.42). The generalized straight lines 
are the curves of A, along which the projective codrdinates satisfy 
i Zadie = 0 
in tèrms of a suitable parameter ¿ The differential equations of these curves 
obtained by direct application of (12.42) are | 
| dat -2 dal dav 
apt ey Gp a 
Since integrability is no longer in question the normalized parameters may 
conveniently be used. 

These curves should be identical sith those defined by (12.18). That 
this is indeed the case follows from (12. 28(a)) and (12. 44). 

At the end of the discussion in non-homogeneous codrdinates (p. 181) 
a convenient normalization of the tangential codrdinate systems was intro- 
duced. In the homogeneous formulation this‘is accomplished by associating 
with a given underlying codrdinate system the tangential system * in‘ which 
Pai = 0. In a 


(12. 52) 


ð lo 0x07 


* These are the systems which Weyl (loe. cit.) calls semi-osculating. 


4 
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First leaving the underlying codrdinates x! fixed and allowing only ° to vary 

it.is seen that the choice 00°/0é* = — P%,/(n + 1)r and-no.other annuls 

P«,;, whence we are led to a unique system. Secondly if the vanishing of P*a 

is to remain invariant the allowable tr ansformations (12. 31) must be re- 

stricted to 
(a) t= (g) 

l (12. 53) ee 

This is essentially the only way of picking out a unique tangential coördi- 
nate system to be associated with a given coördinate system in An. For.it has 
been proved * that the Jacobian of (12. 58) gives the only (n + 1) -dimensional 
representations of (12. 53(a) J} a particular representation being obtained for 
. each fixed function T. 

(12. 53) with + = 1 are fundamental i in T. Y. Thomas’ projective theory.f 
Starting with a system of paths defined by equations of the form (11.18) he 
constructs in an invariantive way a homogeneous projective connection having 
these paths as generalized straight lines. Our point of. view has been to take 
the projective displacement as fundamental rather than the paths. ‘There are 
of course many projective displacements having the same set of paths. 

We close this discussion of generalized projective geometry with a remark . 
regarding the possibility of restricting (12. 31(b)) to being integrable. In 
such a case it is customarily written ts 


(12. 31(¢)) a? —= 0° + log p (2° a 

In general the question ‘of the isomorphism of two projective spaces cannot be 
completely answered when this restriction is made unless the families o? ad- 
missible tangential reference schemes related’ by means of (12.31 (a), (c)) 
are chosen in some unique way from the complete family of admissible schemes. 
The ‘discussion of the normalization P’s; == 0 shows that such an inyariantive 
family does indeed exist, namely the set in which P%o; is a gradient. 


13. Non-holonomic geometries subordinate to generalized projective 
geometry. In this final section it will be indicated how in our formulation 
the generalized non-euclidean, affine and euclidean geometries § issue as spe- 


* FH. P. Robertson and H. Weyl, “On a problem in the theory of groups etc.,” 
Bulletin of the American Mathematical Society 11929); pp: 686-690.- i ' 

+ “A projective theory of affinely connected manifolds,” Mathematische Zeitschrift, 
vol. 25 (1926), pp. 723-783. | 

This is the change of gauge of Veblen’s projective theory. 

§ The generalized euclidean metric geometry is just the familiar Riemannian 
geometry. Its position’ as a specialization of generalized affine geometry is so well 
known that a discussion here is har dly warranted. 


NON-HOLONOMIC GEOMETRIES. 191 
j 


cializations of generalized projective, geometry. In each case the subordination 
is accomplished in two steps, (1) introducing the geometry in its classical 
form into each tangent space by suitably restricting the projective group, 
(2) determining a projective displacement which is an a a as acting 
between these newly specialized tangent spaces. 


Non-euclidean geometry. In this case the tangent spaces are rendered 
non-euclidean by introducing in each a non-degenerate quadric 


to serve as absolute. The quantities Gag(v) form a symmetric projective. 
tensor the index of which-is conveniently chosen 27. Secondly there must be 
defined a non-euclidean displacement, that is to say a projective displacement 
mapping the quadrics upon each other, the condition for which is 


(13. 2) Gapy = Gap. 


There are of course many distinct displacements satisfying (13. 2). 

- Veblen, who first developed the idea of generalized non-euclidean geome- 
try * for use in his projective theory of relativity, employs a non-euclidean 
. displacement which has claims to being the simplest available. The para- 
meters are 


ee ee ee } , 
(13. 3) Z By = ea E f by F TH aby | 
where { By \ are the Christoffel symbols formed from Gag and ¢, is the 


covariant vector Goy/Goo.+ However it is important to note that (13.3) pre- 
serves its form only under transformations in which 62°/dz‘ is a gradient. To 
obtain from (13.3) a formula for the parameters of a non-euclidean displace- 
ment which is valid without restriction we first observe that by applying the 
transformation | 


(13. 4 ae 
. 4) AO wee 70 + f pide? 
the components Ge; are made to vanish and ġe becomes (1,082.0). Ii 


this reference scheme we define the connection by (13.3). Then to find its 


*“A generalization of the quadratic differential form,” Quarterly Journal of 
Mathematics, vol. 1 (1930), pp. 60-76. 

, Projektive Relatwititstheorie, Kap VI, in particular formula (49). Schouten and 
van Dantzig in their recent unified field theory have also employed a non-euclidean 
connection. See, for example, “On projective connections and their application to the 
genera] field theory,” Annals of Mathematics, vol. 34 (1933). 
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expression in general it is only necessary to apply the inverse of (13. 4) to 
(13, 3) using the law of transformation (12.35). There results. 


(8.5) My 1 gf — À go Y ort Sober 
+ EG Gopdye + G Coy dpc — G"Gooppopy + Tippy 

with dag = 4 (8bq/008 — Odp/Bax%). -(18.5) is a normalized connection when ; 
ĝ log Goo /dr* = roa. a 

We have mentioned previously the desirability of normalizing. tensors ` 
whenever possible. In the case under consideration an especially conveniente 
normalization is obtained by choosing that tensor Gag from the Samy of 
geometrically equivalent ones for which 

Goo == exp (272°) 

in the system Z above. With this choice (13.5) reduces to the normalized 


(13. 5’) ps by = { $ } + 8 obpy + EG Goppye + O Goyhge. 


Affine geometry. Here affine character is given to the projective tangent 
spaces by selecting in each a hyperplane 
Aal T some 0 
to serve as improper locus. A, is a projective covariant vector which it is 
convenient to choose of index 0 and to normalize by Ay == 1. If the geometry 


is to be affine in its entirety the projective displacement must be such as to 
map these hyperplanes upon each other, that is to say such that 


(13. 6) Aag = Aapg. 
Making a == 0,.pg== AoP%og and (13.6) becomes 
(13. Y) Aap = AgAcP og. 


When (13.7) are satisfied for a vector A, the non-homogeneous codrdinate 
system Xt == Z+/A,Z% serves as unique tangential affine codrdinate system. 
The projective displacement should be affine as acting between these systems. 
To prove this directly it is only necessary to show that PMs == (0 * in the 
system 
é Fi 4 ne Ft 
Z? == Agh® 
and this is easily verified. 
These results may be expressed as a 


* Compare (12.4) and (12.28(b)). 
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THEOREM 13.1. A necessary and sufficient condition that a generalized 
projective geometry be interpretable as a generalized affine geometry is that a 
vector Áa exist satisfying (18. 7).* : 


Buclidean geometry. The absolute in each tangent space Is now an 
(n—~ 2) -dimensional quadric defined analytically as intersection of, say 


(a) GapZ9Z8 = 0 


(18. 18) (b) Ag Z@— 0 


the quantities Gag, Aa having the same general characteristics as heretozore. 
To obtain a normalized euclidean displacement first choose codrdinates 
in which Aa = 8%; then P°;; must vanish since (13. 13(b)) is to be invariant 


under the displacement. In these special codrdinates the invariance of the 


intersection (18.13) leads to the equations 
(13. 14) Qi; — GaP hin — GP lin = on Gi; 


which for symmetric P+», have as unique solution 


. (13. 15) Pip Ea P } + 84 0% -+ ÒT; m Gato. 


P? vanishes because of (12. 34) and the symmetry of P+, while Pto; remains 
_ arbitrary. In the tangential affine codrdinate system obtained from our special 
coérdinates by (12.24), the euclidean displacement presents itself as a 
specialized affine displacement, the affine connection being given by (13.15), 
and the tensor Iż; remaining arbitrary. 

It must be remembered that the tensor G- may be replaced by any tensor 


(13. 16) Gap = exp( fdas) Gap ` 


without affecting the geometry in the tangent spaces. The effect of this 
arbitrary multiplicative factor upon the parameters (18.15) is accounted for 
by leaving ox arbitrary. In order to have at hand a definite generalized 
euclidean geometry a particular choice from among these possible symmetric 
displacements or the associated. asymmetric ones must be made since they are 
all geometrically distinct. 
The similarity of this geometry with the Weyl geometry is very evident. 
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* The above results on affine geometry have been obtained by Bortolotti (loc. cit.) 
in slightly less general form. 


DIE BETTY’SCHEN ZAHLEN,DER ZYKLISCHEN UBER- 
LAGERUNGSRAUME DER KNOTENAUSSENRAUME: 


Von Lesrecat GOERITZ. 


Einleitung. Uherlagert man den Knotenaussenraum eines Ravine im 
Euklideschen Raum A-blättrig zyklisch, so dass nur der Knoten als Ver- 
-gweigungslinie auftritt und man beim einmaligen positiven. Umlauf um die 
orientierte Knotenlinie vom i-ten Blatt zum i + l-ten (t = 1,2,--+,h—1) 
‘und vom /i-ten zum 1-ten gelangt, so erhält man durch Hinzunahme der Punkte 
des Knotens zum Raum eine geschlossene dreidimensionale Mannigfaltigkeit 
Ma. Durch Untersuchung dieser Mannigfaltigkeiten bei den Schlauchknoten } 
erhält Herr O. Zariski in seiner Arbeit “ On the topology of algebroid singu- 
larities ” f (neben der erneuten Kennzeichnung der Singularitaten algebraischer 
Kurven § durch Klassifikation der Schlauchknoten) das folgende Resultat: 


Pur emen Schlauchknoten ist die erste Bettv’sche Zahl ban von Mh gleich 
der Anzahl der Wurzeln des Knotenpolynoms§ (L-Polynoms t) f(z), die 
gleichzeitig Wurzeln der Gleichung x* — 1 = 0 sind. 


Die von Herrn Zariski.aufgeworfene Frage, ob dieser Satz fiir alle Knoten 
gilt, wird im folgenden beantwortet, und-zwar zeigt sich, dass nur der 
schwächere Satz 2 allgemein richtig ist. Die mit Hilfe dieses Satzes aus f(s) 
und A allein berechenbaren Schranken fiir 6, (Satz 3) werden in ‘nicht 
trivialen Fallen (obere Schranke verschieden von der unteren) pbgenoninen: 


1. aia bekannte Bemerkungen, Ist s ein die Knotenlinie einmal 
umsehlingender Weg, K ein Element der Kommutatorgruppe der Knoten- 
gruppe, so führe man durch die Festsetzung SKS == K* den Operator x in 
die Kommutatorgruppe ein. Dann sei M(x} eine -Polynommatrix, deren 
Zeilen den definierenden Relationen der kommutativen Kommutatorgruppe 


tK. Reidemeister, Knotentheorie, Springer, Berlin 1933. Diese Note schliesst sich 
in der Bezeichnung an’ dieses Buch an. Es wird im folgenden mit “ Knotentheorie ” 
zitiert. l 

t American owned. of Afathematics, vol. 54 (1932), p. 453.- 

$ Vergl. auch Burau: Kennzeichnung der Schlauchknoten, Hamburger Abhand- 
‘lungen 9 (1932), S. 125. 

“QJ. W. Alexander, “ Topological invariants of knots ‘and links,” Transactions of 

the American Mathematical Society, vol. 30 (1928), p. 275, 
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mit Operator &(«) entsprechen und deren Spalten den Erzeugenden dieser 


Gruppe zugeordnet sind. Das Polynom ma(z) in der ten Zeile und k-ten ) 


Spalte von M (s) sei der Exponent der k-tew Erzeugenden in der i-ten Relation. 
Aus der Menge der Exponentenmatrizen sei M (s) als quadratische Matrix so 
‘ gewählt, dass die Determinante das Knotenpolynom f(z) liefert.t 
_ Eine Exponentenmatrix der definierenden Relationen der kommutativen 
Pundamentalgruppe der in der Einleitung erklärten Mannigfaltigkeit Ma sei 
M,. Man erhält eine solche Matrix aus unserer Polynommatrix M(x) (vergl. 


- Knotentheorie, III, g 7), indem man jedes Polynom miz(2%) = S aya” durch | 
v=0 


die folgende Matrix von A zeilen und Spalten ersetzt: H > sei die ‘h-reihige 
Hinheitsmatrix, F, entstehe aus #): durch zyklische Umordnung der Spalsen, 
und zwar gehe die l-te Spalte in die 7+ 1-te über (1 ~1,2,3,---,h-~1) 
und die h-te in die 1-te, Hy (v = 0, eine natürliche Zahl) entstehe durch 
v-malige Anwendung dieses Schrittes: Ferner bedeute das Produkt einer Zahi . 
‘mit einer Matrix, etwa a: M die Multiplikation jedes der Elemente von M 
mit der Zahl a und die Summe zweier Matrizen gleicher Zeilenzahl und 
Spaltenzahl die Matrix, in der ein Element der urspriinglichen Matrizen durch 
die Summe der ee Peer Elemente beider Matrizen ersetzt ist. Dann 
werde > avg” durch 5 avÉy ersetzt. 


vzo : 
Die erste Bett? sche Zahl ba von Mt, erhält man demnach, indem man die 
Zeilenzahl A-r der so-erhaltenen Matrix Mn, um ihren Rang p vermindert. 
Diese Zahl 


by, = h r = p 
soll aus der Matrix M (s) bestimmt werden. 


2. Leduktion des Problems. Den Koeffizientenbereich der Elemente von 
M(a) erweitern wir auf den Körper der rationalen Zahlen Æ und erlauben 
die folgenden Abinderungen von M(a) : 


= @) Multiplikation einer Zeile oder PE von M(x) mit à, wenn A aus R 
und à = 0 ist. 

b) Vertauschung zweier Zeilen oder zweier Spalten von M (z). 

c) Addition des x’-fachen (v sei eine ganze rationale Zahl) der zweiten 
Zeile von M (z) zur ersten oder der zweiten Spalte zur ersten. 

d) Eine beliebige Folge der Operationen a, b, e. ` 
Mittels dieser Operationen kann man bekanntlich M(x) auf die Diagonalform 


+ Uber die Möglichkeit dieser Wahl vergleiche die in der E zitierte Arbeit 
von J. W. Alexander oder Knotentheori ‘te, S. 49 u. 50. 
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fr{x) Q Qe a 30) 
a) 0 


0 fe (x) 0 ' 
x = ° 
M (x) 0 0 f (x) tik G 
0 0 0 a: fr (a) 
l 760) 
bringen, bei der f(z) = X aP” (i= 1,2,- -,r) Polynome von æ mit 


p=0 
rationalen Koeffizienten sind. Dabei ist keines der Polynome f;(z) identisch 
Null, da die Determinante von M (s) ven Null verschieden ist. 
Man erklärt nun analog zum Obigen diejenigen Matrizen zu My, äquiva- 
lent, die aus M» durch die folgenden Operationen hervorgehen : 


a’) Multiplikation einer Zeile oder Spalte von M» mit A, wenn A aus È 
und à s£ 0 ist. 

b) Vertauschung zweier Zeilen oder zweier Spalten von Mn. 

c’) Addition der zweiten Zeile von Ma zur ersten oder der zweiten Spalte 
zur ersten. | 

d’) Eine beliebige Folge der Operationen a’, b’, œ. 
Dann erkennt man, dass man eine zu M; äquivalente Matrix M*, erhält, wenn 
man in M*(z) die g-Potenzen in der in 1. angegebenen Weise ersetzt. Die 
Operationen a, b, c, d für M (s) übertragen sich nämlich auf die entsprechen- 
den Operationen a’, b’, c, d’ fiir Mn, jeweils angewandt auf die h aus einer 
Zeile oder Spalte von M(x) und deren dquivalenten Matrizen entspringenden 
Zeilen oder Spalten von M, und deren äquivalenten Matrizen. Dabei ist zu 
beachten, dass die Multiplikation einer Zeile oder Spalte der Polynommatrix 
mit æ” nur eine zyklische Umordnung der A daraus entspringenden Zeilen oder 
Spalten der Zahlmatrix bewirkt. 

Da bei Anwendung der Operationen a’, 0’, c’, d’ der Rang von Ma sich 
nicht ändert, genügt es zur Bestimmung von ba den Rang der Matrix M*, zu 
bestimmen. Das gelingt nun sehr einfach. 


3. Rangbestimmung. Den Rang von M*, berechnet man, indem man 
den Rang jedes der fi(v) von M*(z) in M*, entsprechenden zyklischen 
n-reihigen Bestandteils M*,; von M*, bestimmt. Und zwar gilt: 


Sartz 1. Die Matrix M*,, hat den Rang h— aj, wo a; die Anzahl der 
verschiedenen Wurzeln von fi(x) =0 ist, die gleichzeitig auch Wurzeln von 
gh — 1 =— 0, also h-te Honhettswurzeln sind. 


Den einfachen Beweis dieser Tatsache geben wir an: Sei 


rt) 143 
file) = Daa’, so wird M*m = DS oE, 
y=0 


y=0 
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eine zyklische Matrix der Form - 


£ Go Gy ma Gh-1 
Gna ao GQ, ttt hg 
Mn = Gn-2 Uh-1 Qo * ` | Ghz 
da Gy fg * * * do 
wobei 
ze (4) 
(1) On = a © brth 
ist; falls dabei A —1 > 1, so sei Ca es ae 0 gesetzt. 
Ferner seien 1, é, é ' © °, Ér die A-ten Winheitswurzeln, dann hat die Matrix 
íi i 1 eini 
1 Ey Éz EEE E 
W = I é” &,” se E h-i 
1 émi + a ae ér 


hel. 


eine von Null verschiedene Determinante (als Vandermondesche Determi- 
nante). Die Produktmatrix M*ai: W hat also den gleichen Rang wie M*ni. 
Nun ist 


Sa, Barh” abo" so Janey a 
M*,, | Lay, Eh - Sarés* tT Sapé.* - > - É Le : DE i hy 
Zak & Fará” by Saré" -e e Éha Sle yy > 


wobei die Summe immer von k = 0 bis k = h — 1 zu erstrecken ist. Die neue 
Matrix hat soviel Spalten aus lauter Nullen als es Wurzeln &; gibt, die gleich- 


het 
zeitig Wurzeln von > a,0*=-0 und wegen der Erklärung von a, in (1) 


kz0 
10 


Wurzeln der Gleichung 3 ar®g = 0 sind. Die restlichen } Spalten sind 
p=0 


die mit von Null verschiedenen Faktoren multipliierten Spalten einer Vander- 
mondeschen Matrix. Es gibt also darin nach dem Laplaceschen Entwicklungs- 
satz fiir Determinaten eine Unterdeterminante vom Grade 1, die von Null 
verschieden ist. Damit ist Satz 1 aber bewiesen. 
Daraus folgt unmittelbar, dass der Rang von M*, gerade r-h — > Oi 
f+1 
und also b, == 5 æ; ist. Demnach gilt das folgende Endresultat: 


4-1 


Satz 2. Ist a; die Anzahl der verschiedene h-ten Binhettswurzeln, die 
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Jehat Wurzeln des in 2: erkläten i-ten Elementarteilers von M(x) sind, 
so ist die erste Betti’sche Zahl von Wa 


jee A \ 


=l '! 


` 


4. Einige Folgerungen und Beispiele. Aus dem letzten Satz des vorigen 
Abschnittes erschliesst man 


‘Satz 3. Die erste Betti’sche Zahl b, von My, ist kleiner oder gleich der’ 
Anzahl der Wurzeln, die.das Knotenpolynom f(x) mit *— 1 = 0 gemeinsam 
hat, mit ihrer zu f(x) gehörigen Vielfachheit gezählt, und grosir o oder gleich 
jener Anzahl bet Zählung der verschiedenen Wurzeln. 


Dass das Gleichheitszeichen in beiden Fällen angenommen werden. kann, 
sieht man für den ersten Fall an den Schlauchknoten, da das Polynom f(s) 
dieser Knoten nur einfache Wurzeln hat, besser an den Knoten deren } Be- 
standteile gleiche Schlauchknoten sind. In diesem Falle hat M(x) die Gestalt 


M(x) 0 ++: 0 
y (2) _ 9 M, (s) - 0 
. . 0 | ` My(2) ; 
und es ist, die Determinante dieser Matrix f(x) = | M, (s)|, wo m,(x) die 


m eines Bestandteiles ist. Ist œ, die Zahl der | M, (s)| = fı (z) = 0 und © 

— 1 = 0 gleichzeitig angehörenden Wurzeln, so ist ba = l> «æ, also gleich 
w Anzahl der mit ihrer Vielfachheit gezählten ee von F(z) = 0, die 
gleichzeitig Wurzeln von g" — 1 = 0 sind. 


2. Für den zweiten Fall an speziellen Knoten, von denen wir ein Beispiel 
herausgreifen: Der Knoten 8, 10a der Knotentabelle bei Alexander und 
Briggs + hat als Polynom eee 
f(t) = (1—4 2)” o d 


ina ie) als einzigen Hlementarteiler. Demnach wird die Betti’sche Aun 
` ba = 2. z | 


ROSTOCK, D. 4, XI. 1933. l , - 


\ 


f 
` 


td. W. Alexander und G. B. ee “On types of knoted curves,” Annals of 
Mathematics, vol. 28 (1926-27), p. 562. 
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INVOLUTIONS OF ORDER TWO ASSOCIATED WITH THE 
SURFACES OF GENERA pu =p, — 0, P2=1, P;=0. 


. By Roprerta F. JOHNSON. 


. 1. Introduction. The involutions studied in this paper are all of order 
two; each has a finite number of fixed points; and, finally, they are all 
associated with a surface of genus zero and bigenus one with a bicanonical 
curve of order zero. This association occurs in one of two ways or both. 
Either the involution exists on the surface, or the image of the involution 
is such a surface, or both the surface on which the involution exists and the 
image surface are of genus zero and bigenus one with a bicanonical curve of 
order zero. When we say that an involution exists on a surface, or belongs to 
a surface, or that the surface contains an involution we mean that the points 
of the surface are associated in pairs. These pairs of points form the groups 
of the involution. The involutions considered here are determined by space 
Cremona transformations which ledve the surface invariant, not point for 
point, but in such a way that the points of the surface are associated in 
pairs. A surface is called the image of an involution if to each point of the 
surface there corresponds a pair of ‘points of the involution. 

The purpose of this paper is to organize the work which has been done 
on the above mentioned .involutions and to present certain new results. The 
method of procedure will be, first, to derive an algebraic formulation for a 
general surface of genus zero and bigenus one with a bicanonical curve of 
order zero; secondly, to show how the involutions are associated with certain 
specializations of this surface. However, we shall first summarize briefly the” 
important properties of a general surface with genera Ppa = py = 0, Pa = 1 
and a bicanonical curve of order zero. 


2 The General Surface with Genera Pa = pg —=0, Pa = 1, P; =0. 
It has been shown that all the multiple genera of a surface P with pe = py == 0, 
P, = 1 and a bicanonical curve of order zero are definitely determined and 
have the values P; = P; +: -= 0, Pa = P = Pe : += 1. Also, the sur- 
face considered is completely characterized by Pa = po = P; = 0, P = 1, in 
other words, any surface with these genera has a bicanonical curve of order 
zero.* The surfaces Fn, Pa == Pg = P3 = 0, Pa = 1 have the linear genus 
one, pt) == 1. 


* F. Enriques, “Sopra le superficie algebriche di bigenere uno,” Memorie di Mate- 
matica e di Fisica della Società Italiana delle Scienze, series 3, vol. 14 (1907), p. 332. 
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If | O | is any linear system of curves cut on Fa then the adjoint system 
| Ca | possesses the same characteristics as |C |, that is, the two systems 
have the same genus and the same grade. ‘The double of a system and the 
double of its adjoint. are equivalent | 2C | = |2C.|. Since the surface F, 
is neither rational nor ruled it cannot possess an algebraic series of rational 
curves.* Thus, the only rational curves existing on F» are isolated curves. 
-Hvery complete irreducible linear system of genus += 1 traced on Fm has 
the dimension mr— 1 and the grade 2r-—-2.+ This system cannot contain 
multiple basis points. In general, it does not have even simple basis points. 
When the system does possess simple basis points, the curves of the system 
are hyperelliptic and the number of basis points is two;' these points are 
‘double points for each of the gx existing on every curve of the system.{ The 
surface F, possesses an infinite discontinuous group of birational transforma- 
tions into itself.§ _ 

The general surface F» of genera pa == py = P; = 0, P, = 1 can always 
be transformed by a birational transformation into any one of four types 
of surfaces. One of these is the sextic surface which passes doubly through 
the edges of a tetrahedron. This surface was first mentioned by Enriques 
in 1896. A second projective model is a double plane which has a curve of 
branch points composed of a sextic curve Ks and two lines p, q.|| The sextic 
Ke has two tacnodes and the two lines p, q are the tacnodal tangents. The 
intersection of the two lines is a double point of the sextic. The third pre- 
jective model is a double quartic in a space of four dimensions with a curve - 
of branch points of order eight and four isolated branch points. The latter 
are conical double points of the surface.** Finally, the fourth type of surface 
which is birationally equivalent to a general surface with genera py == pg 


* Picard and Simart, Théorie des fonctions algébriques, vol. 2, p. 512. 

7 F. Enriques, “ Sopra le superficie algebriche di bigenere uno,” Memorie di Mate- 
matica e di Fisica della Società Italiana delle Scienze, series 3, vol. 14 (1907), pp. 
334-335. . 

t Ibid., p. 335. 

§ Ibid., pp. 350-352. i Si . 

q F. Enriques, “ Introduzione alla geometria sopra le superficie algebriche,” Memorie 
‘di Matematica e di Fisica della Società Italiana delle Sctenze, series 3, vol. 10 (1896), 
p. 66. See also F. Enriques, “Sopra le superficie algebriche di bigenere uno,” Memorie 
di Matematica e di Fisica della Società Italiana delle Scienze, series 3, vol. 14 (1907), 
pp. 346-350. : 

| F. Enriques, “Sopra le superficie algebriche di bigenere uno,” Memorie di Mate- 
matica e di. Pisica della Societa Italiana delle Scienze, series 3, vol. 14 (1907), pp. 
339-346. i 

** L. Godeaux, “ Recherches sur les surfaces algébriques de genre zerc et de bigenre 
un, Troisième communication,’ Academie Royale de Belgique, Classe de Sciences, Bulletins, 
series 5, vol. 13 (1927), pp. 114-133. 
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= P,==0, P, = 1 is a surface Fio of order ten in a space of five dimensions 
which is the image of a congruence of order seven and class three of lines ` 
belonging to œ! quadrics of a nèt.” 


3. Two Analytical Representations of the General Surface Fn with - 
Po = Py = P; = 0, Pa = 1. Consider the two general quadrics 


f(a, Tas Tas Tı) = z Aijt = 0, Qij = fji, 
h (T, To, 03,5 Ta) = x biji = 0, bi; — Dji 
The sextic Fe 


| (1) f (LoTaTa, Vyt4h3, Tabia, Tilta ) ~f BiTTa $ (Tis Tas Tas Ly) = 0 


contains the edges of the tetrahedron of reference as double lines. Also, this is 
the most general sextic surface which passes doubly through these six edges. 
Hence, any surface Fu, Pa = pp = P =0, Pa = 1 is birationally equivalent 
to a sextic surface whose equation is given by (1). These surfaces are o° 
in number. ` l 

An analytical formulation of the double plane which has been proved 
‘to be a projective model of the surface Fa of genera Pa = py = Pa = 0, 
P, = 1 can be derived by use of equation (1). First, transform F» into the 
typical sextic Fe which has (1) for its equation. Let u, and us represent | 
the two lines z, = z: = 0 and w,==2,==0. From an arbitrary point of 
space one line can be drawn to meet these two lines. This line will mest Fy 
in two residual points. Thus, by means of the bisecants of u, and uz there 
is established a (2, 1) correspondence between the points of Fe and the points 
of an arbitrary plane, such as the plane z2.—=z, The coordinates of any 
point P==(2,, Ta, Ts, £4) on a line u meeting the two skew lines are given by . 
the equations 2 = Az1, Tə = Neo, Ve == hs, Ta == EA If this point is on Fe 
these values of z, must satisfy equation (1) and we obtain a quadratic 
expression in A/z. If the line u meets Fe in two coincident points the roots 
of this quadratic equation are equal. When this is the case the bisecants of 
the skew lines u, and uz are tangent to Fe. The points in which these tangents | 
meet the double plane Z: == z4 are branch points of the double plane. Hence, 
the curve of branch points has the equation 


(2) 22| (@is + bos) Zo” + (Gia + Dog) Z223 ; 
+ (Aas + bia) 2122 + (Gog + bis) 212% |” 
—~ Zia [zf 34 (22, Za ) -+ @srz (21, Z2) | [Zaf 12( Zs 21) + Z134 (23, Za) | = 0, 


* Q. Fano, “ Nuove ricerche sulle congruenze di rette del 3° ordine,” Memorie della 
Reale Accademia di Torino, series 2, vol. 51 (1901). 
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where 
f 12 (Zo, 21) == (ly 322" + Rly 22122 + 2221”, 
if 34 (22, Zs) == (lg3Z2 -+ RAsa2o%s + 4425", 
hie (21, 22) == 04124? + 20122122 + Booey”, 
ha (23; anes == D325” t- 2D g42 sho a Daaa”. 


This consists of the two lines 2, ==0 and kg 0 and the sextiec K, 


ZıŽs| (ais + b24) 22? + (Ors a bas) 222s -F (a23 F O14) 2122 -+ (a24 +- big) 21a |” 
. ~~ [Zs fsa (22; 23) + @abr2 (41; 22) | [Zafra (22; 21) + thse (Zs, 22) | = 0. — 


This sextic has two tacnodes at Ms=(0,0,1) and N= (1,0,0) with the 
lines 2, == 0; 2; = 0 as the respective tacnodal tangents and a double point 
at (0, 1, 0). . 


4. The Involutions of Order Two with Genera pa == Pa = P; = 0, 
P,=1. (A). Classification of the Invalutions., By the genera of the invo- 
lution J, of order two which belongs to a surface F, is meant the genera of 
the image surface ®,. When a pair of the points of the involution J, of F'n 
are coincident, then the corresponding point on the image surface ©, is called 
a branch point of the involution. The coincident points of J, are also called 
the fixed points of the involution. If an involution of any order exists on an 
algebraic surface and has only a finite number of fixed points the involution 
is generated by a group of birational transformations of the surface Fa into 
itself.* 

It is possible to classify completely the involutions of genera = Pg 
== P} == 0, P, == 1 according to the surfaces which contain them. If ©® is 
the image of an involution of order two and genera pa = py = P; = 0, Pa = 1 
belonging to a surface F, then F must be either a surface also of genera 
Pa = Po == P; = 0, Pa == 1, or a surface of genus one, (pa = P, = 1). 

Not every surface ®, Pa == py = P; = 0, P =—1 represents (or is the 
image of) an involution of order two belonging to a surface F of the same 
genera. However, if ® is birationally equivalent to a. double plane with a 
curve of branch points of one of two types then ® represents an involution 
belonging to a-surface F of ‘genera pa == p; == P = 0, Pa = 1. These two 
types are 

(a) a curve of order eight composed of a quartic and a conic which are 

j 


* L, Godeaux, “ Sur les involutions douées d'un nombre fini de points unis apparte- 
nant à une surface algébrique,” Rendiconti della Reale Accademia dei Lincei, series 5, 
vol. 23 (1914), pp. 408-413. 
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tangent in two points and the two common tangents. The four branch paints 
are the variable intersections of the conic and the quartic. 

(b) a curve of order eight composed of two cubics which are sai in 
two points and the two common tangents. The cubics also intersect in the 
point common to the two lines. The four variable intersections of the two 
cubics are the branch points of the involution.* Every surface pa = Po 
== P; = 0, P, == ] is the image of an involution of order two. belonging to 
a surface of genus one. This involution does not have any fixed points.+ 


4, (B). Case of the Quartic and the Conic. Consider now equation 
(2) which is the equation of the curve of branch points of the double plane 
which is a general surface with genera pa =— py = P = 0, P, == 1. Place 
bss = klz Geo = bbas Aig = — bzs, Q23 + baa = 0, ha + bos = 0, ‘a24 + Das 
== (dy, + Dea) in ER (1). Then the curve of branch points has the 
form i 


(2) 212a (22 + bas {2123 (Ais “+ Boa)? (227 ae T 
— (ts + b 4421) [2sfs4 (22, za) F Zapia (21; Za) ] ic == 0. 


The surfaces with this curve of branch points are images of involutions of 

order two which belong to surfaces P of genera pae == py = P, = 0, P, = 1. 
The surface © is birationally equivalent to the sextic surface ®, which 

passes doubly through the edges of the tetrahedron of reference 


(3 ) a= ARNA (20 + Etita) [Gri Psy -- 2 (Aig + 024) 2102 j batita] l 
~- Lita EAX Di 24 (Xa, Ta) +23Labie (21, Lo) ] = 0, 


The CONICS Z2? -++- kia = 0 have for images on the surface ®. curves cut out by 
the quadric surfaces 227, +- krix, == 0. The quartics 


242g (dig + Bos) ?( a9? + ke@423)—( 1123 -+ baazi) [afas (2228) + Zahi (41,22) |= 0 


_ have for images on the surface ®, curves cut out by surfaces which belong to 
the linear system of ruled sextics. - 


(4) Fo: Ayo? gba F Aoli Colg wa + Aglia Bg la + ATE Ta 
A- AsL Eg Ba H Aoli Bala + Art Ega + AsL ToTg —= 0. 


These surfaces contain the edges 


. * L. Godeaux, “Mémoire sur les surfaces algébriques doubles ayant un nombre fini 
de points de diramation,” Toulouse Faculté des Sciences, Annales, series 5, vol. 3 (1913), ` 
. pp. 289-312. 

7 F. Enriques, “ Un’osservazione relativa alle superficie di bigenere 1,” Rendiconti 
della Reale Accademia di Bologna (1908). 
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Uy E= Ty = Te = 0 and u, == T3 = g4 = 0 as triple lines, 
Us == T, = Ty == 0 and ug == Tz = % = 0' as double lines, 
Us == Tı = Ta ==.0 and Us == t = Tg = l as simple lines. 


Hence, the intersection of ®s and Fe consists of these edges counted a proper 
number of times and a residual curve Cız of order twelve. Each of the 
generators of Fe is a bisecant of C12. There is a (2,1) correspondence between 
the points of Cız and the points of any plane section of Fs. The genus of a 
plane section of Fe is p—=2%. Hence, if p’ is the genus of C12, Zeuthen’s 
formula for the (2,1) correspondence gives 2p — n == 10, where n is the 
number of generators of Fe which are tangent to Ss. There are 12 such 
generators. Thus, p 11. The curves C: cannot form a complete linear 
system on e; for every complete system of genus eleven has the dimension 
ten. However, consider the complete linear system cut on ®, by the surfaces 


Alai Balata + Aoli Lal T4 + Agd12"L3"L4 
( 5) + Aabi ta ga” -|- AsL 2a 2a ~{- Acli Tota |. Arti lala 
4- Asti Lalola + dot, *x2" + Arot 204” ~- Arr 213204" == (), 


Within this linear system of dimension ten there. exist besides. the curves Cis 
two other partial systems, one cut on ®, by the quartic surfaces 


ALL Lb Not ot? N a:t? + Nab Tata + M5 Totaa, = O, 
and the other cut out by the planes 
pata + pt + pats F pala = 0, 
Consider the transformation 


oe Pe, Ss ei al see eh 3 2 
Xı = PLB 2304", q= plt Tg”, y EE pL: TEs, peP = pry LaLa } 
r ; 7 
(6’) Xo = pt 2ta Ea, Xs = plL Ea, Xe = ptr Lll, Xi. = par *ae. 


Xa = p218 Tg La, Lg = pL Lala, Xo = pL. | 
It makes the hyperplanes | 
NX 2 + XXa + XX1 AGN fA Xs = 
correspond to the quartic surfaces 
A21 Tta + Crome LN 30% Lot” +N gare Eata F N 5X Vorgt, = 0, 


and the hyperplanes 
Bade + ped io F Hči + eX = 9 
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correspond to the planes 


HaTi F Pet F Hals F pata = O. 
From equations (6) we have the equalities 


(7) XX = X,X2, AX gk = XX 11; X sX = X3X10, 
XX: = X3X11, XX0 = X9, X7A19 = XgXo.. 


Consider the two equations 


(8) Wis == Woda, Wad aA 7 == AX 19X11) 
where 


— yı = bie + bzzXs5 + ası + lada 2 (Asa + bio) X3 
Yo = X, + kX», Ya = QiXs + bidi F 2 (dis + bea) X10. 


The eight equations given in (7) and (8) determine a surface in the space 
So of ten dimensions. If we project this surface F upon the original space 
S, of e we obtain the equation of ®s. Moreover, the transformation T in S10 
given by the equations 


p: Xı/ X = Xe/X"s —= X3/X"s = Xa/ X's == X5/ X's = X6/— X'e 
= X,/— x", A Xs/— X”s z Xo/— XxX", T X10/— X19 =o X11/— X'i 


leaves the surface # invariant. Hence, T defines an involution on F. Thus, - 
there exists a (1,2) correspondence between the points of ®, and the points 
of F. It is easy to show that the surface F is the intersection of two cones 
whose vertices are the hyperplanes 

X = X; = X, = Xo = 0 and X, = X, = Xe = X = 0. 


t 


The plane sections of ®s are images of the hyperplane sections cut on F 
by the hyperplanes 


[1X9 zie p2A 19 aig ps7 ++ PX = 0. 


These curves are compounded by means of the involution which the trans- 
formation T defines on F.. 
Also, the curves of the eighth order traced on ®e by the quartics 


AiL ETa A2b Lots” + Ag Lob" + Aslo L304 + As@1 Cots, = 0 
are images of the curves cut on F by the hyperplanes 
Ax s -+ Nod 4 + AgAy + AX 5 + AsX3 = 0, 


and are compounded by means of the given involution. 
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. The fixed points of F occur in either of the two spaces - 
Xı = Xp = Xs = Á, = X= 0 or Xe = X == Xg = X9 == Xig = Å = Ù. 
The four fixed points are given by 


Xe = {; = Xs = X = Xio = Xy = 0, 
p=0, p=0, wi, X= KX, Kids 


The second fixed space does not intersect F. Hence, the above four points 
are the only fixed points of F. These points correspond to the four variable 
intersections of the conic and the quartic of the curve of branch points of thé 
double plane. 

It remains to determine the genus of the surface F. We know that the 
surface F is of genera Pa = py == Pz = 0, Pa = or of genera pe = P; = 1." 
Thus, it will be sufficient to determine the arithmetic genus | of F. This can 
be obtained from the formula t 


12pq = 12pm + (p—1) (p—5)a— (p —1)8 + 12(p—1), 


where pa and ra are the arithmetic genus of F and ®, p is the order of the | 
“involution, «œ is the number of perfect fixed points of the involution, and 8 
is the number of non-perfect fixed points. ‘Since an involution of order. two 
on an algebraic surface has only perfect fixed points} a—4,8—0. Thus, 
we. have ~g==0. This proves that the surface F' has the. genera 

Pa = Py = P: = 0, Po = 1. 


f 


4. (C) Case of the Two Cubics. We return to the general equation (2). 
This time we make the specialization i 


tas + bas = 0, Qia + Deg = 0, Ges + bis = 9, dos -F big = 0. 


Then the curve of branch points reduces to the form 


(9) fie [ef 34 (22, Z3) + Zsie (Zi Z2) ] [zf 12 (22321) + Zipsa (2s, 22) | = 


X 

* See L. Godeaux, “ Mémoire sur les surfaces algébriques doubles ayant un nombre 
fini de points de diramation,” Toulouse Faculté des Sciences, Annales, series 5, vol. 3 
(1913), p. 310. 

+ L. Godeaux, “ Recherches sur les involution douées d’un nombre fini de points- 
de coincidence appartenant È une surface algébrique,” Bulletin de la Sovieté Mathe- 
matique de France, vol. 47 (1919), p. 14. 

tL. Godeaux, “La théorie des involutions douées d’un nombre fini de points de 
coincidence appartenant à une surface algébrique,” Revista Matematica Hespanc- 
Americana, Madrid, 1924. 


‘ where 
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The surfaces ® with this curve of branch points are images of invo- 
lutions of order two which belong to a surface F of genera pa = py = P, = 0, 
P,==1. The surface ® is birationally equivalent to the sextic surfaca , 
which has the equation 


(10) l ' CaTa fae (Le, vı) -F B1 Ua fga (Lay Tg) 
F Lolla [pia (@1, T2) + Psa (Tz, Ze) ] = 0. 


By means of the transformation 


x 
Ai a pti, As == plo, Ag — pts, 

(11) Xa = pla, As = OT Tta, Xe sont CL CL", 

Ay =o Lalala, Ag = OF 2° LgTh, Ag = OL Lela aay 


t 


we find that the surface 4, or its projective equivalent ®eę, is the image cf an 
involution of order two belonging to the surface F of the space Sa of eight 
dimensions. The equations of F are 


XXe = AX2Xo, XX5 = AA p Ads = X4Xo, 1 


12 
( ) XX = X3Xo, Xo Y = Xda, Xa Yo = XK as, 


yi = lke + Goods + bsr + bads + 2 (dre F bsa) Xo, 
a Ya = bi Xs + ba2X6 + Aggd g -+ Ags X E -} 2 (O12 -+ Asa) Xg. 


| This case of the two cubics has been, investigated in detail by Lucien 


Godeaux.* i 

i 

4. (D). Case where the Surface F has the Genera pa = py =P 
Since there are only thirteen arbitrary parameters in the equation of the 
sextic surface passing doubly through the edges of a tetrahedron, the equation 
(1) can be written in the form 


a A ! 
(13) Arrt Ta t4 + loo? T? T? -t Agaty ta Ba -f laali Ta Ta F TiLolzT4 
X [ut + dette” + agt? + Aata” + Plratata 
~~ Ry s2hq + lasla F BAe401 Ls +- PlsaTıT + Zanatta] 


This surface @, is projectively equivalent to the double quartic ® of S,. The 
base of this double quartic is the surface X, X: = Xs, XX, = X. The 
branch points consist of the curve l 


*L. Godeaux, “Recherches sur Jes surfaces algébr “iques de genre zero et de bi- 
genere un, Premiére Communication,” Académie Royale de Belgique, Classe de Sciznces, 
Bulletins, series 5, vol. 12 (1926), pp. 730-741. 
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Mees. Fe xe 
F (Xi, Xo, Xos Xa) = dag? XXa + Gre? XXa + Aes 2¥,X, 
-} Og *X eX 4 -4+ 2 (i324 -- Aralo) X 5” 
-} 2 (lgl + HeghorX 2 + GigdesX3 + Ea VX, 
— (ty X, F ao + Xa + Ady + Ried 5) 
X (asaXs + deeds + lAa + Gedy F RdgeX 5) = 0 


(14) 


and the four isolated branch points 


| A,=(1,0,0,0,0),  4As==(0,1,0,0,;9), 
l A = (0, 0, 1, 0, 0), A,= (0, 0, 0, 1, 9). 


By means of the transformation 
(15) Xa? = Xa Le" = X a/t == Ealt = X 5/2 =m X5/23%4 


we find that the surface ®, or its projective equivalent ©, is the image of an 
involution of order two which belongs to a double quadric F. with genera 
Pa = Pg = P, = 1. The equations of F are 


(16) Lita — Lal, = 0. Ls? = Y (21, Le, Cay La) 
where 
Y (21, Lo, “3, Ta) m (130123  Aigh 184 + Aegtets + Qoatota) 
ta (Qat? F laat? F aTa -F lat? -H 20420102 ) 
x ( Aggy" -F laala -F lT? + Goa,” + Ragat). 


The involution (I) existing on the surface F of which ®, is the image is 
defined by the transformation 


(I) Ti == T; Pa =m Do, L'a == — Bg, a = e Day T's = — 


Thus, every surface of genera Pa == Pg = P3 = 0, Pa = 1 is the image of an 
involution of order two existing on a surface of genus cne. This surface F 
of genus one possesses two other involutions. One of these is the rational 
involution 


/ l f z 
(T) ws == Ti T o = Te, T3 = Ta, Ta = Pi T g == — Is. 


The image of this involution is the quadric tı% — tsx, == 0. The other 
involution on F is 


4 f , 
(I”) Wy 0, La = To Bg = — Tg La ==— Ta Ls = Te; 


which is the product of (I) and ree . The involution (1) has no fixed points, 
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whereas, the involution (I”) has eight fixed points. Hence, the image surface 
of (1) is a surface of genus one. 

This case has also been studied by Godeaux.* 

The locus of the conjugate points of the quadrics of a web without basis 
points is an example of the surface of genera one described above. Consider 
the web of quadrics 
(17) Arh + Azpa F Ashs + Ashe = O, 


where 
bi (Li) = Sdintile, be = Vere, Qpa == WinTit,, bs = Blixt. 
The locus of the conjugate points of the web (17) is the Jacobian surface F4 


O( 2,22, Loy La) 


A (1, po $a, pa) 


This surface F, contains ten lines, i. e., the web of quadrics (17) contains 
ten pairs of planes. The surface F, is of genus one. The congruence of lines 
determined by the pairs of conjugate points of the web (17) is a congruence 
of order seven and class three. Fano proved that the image of this congruence 
is a surface of order ten in a space Ss which has the genera Po = py = P = 0, 
P,==1.+ Later Fano stated that the congruence G of order seven and class 
three is a projective model of a general surface of genera pa = py = P; = 0, 
P,==1; giving as reference the article written in 1901. However, in 1901 
what he proved was that every congruence (7,3) is birationally equivalent 
to a surface of genera pa == Pg =P; = 0, P2=1 and not the converse. 
The problem of determining whether or not a general surface of genera 
Pe == Pg = P3 = 0, Pa = 1 can always be preferred to a congruence (7, 3) 
has not been solved.t 


(18) 


5. The Surfaces F of Genera pa = pg == P; = 0, Pa = 1 which Contain 
. Involutions of Order Two. (A). Classification of Involutions Existing on F. 
Given the surface F of genera po == po = Pa = 0, P2=1. Suppose there 
exists on this surface an involution Im. Designate by ® the surface which is 
the image of this involution and by ze, mg, Ii, the genera of $. Then the 


* L. Godeaux, “ Recherches sur les surfaces algébriques de genre zero et de bigenre 
un, Troisiéme communication,” Academie Royale de Belgique, Classe de Sciences, Bulletins, 
series 5, vol. 18 (1927), pp. 114-133. 

t G. Fano, “ Nuove recherche sulle congruence di rette del 3° ordine,” Memorie della 
Reale Accademia della Scienza di Torino, series 2, vol. 51 (1901), pp. 72-78. 

+G. Fano, “ Superficie algébriche di genere zero e bigenere uno e lori casi par- 
ticolari,” Rendiconti del Circolo Matematico di Palermo, vol. 29 (1910). 


=- 
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surfaces ® are either rational or also of genera ra= mg = Il; = 0, M; = 1. 
This theorem was stated without proof by Ggdeaux in 1913.* However, it is 
easy to show that the theorem is true. In the first place, suppose ma < — 1. 
Then there exists on the surface ®,a pencil of rational curves.{ If p is the 
genus of the. curves of F which correspond to the curves of the pencil, then 


Zeuthen’s ‘formula gives p==—1, which is absurd. Hence, ra == — 1. More- 
over, ma £ -— 1. For if o is the number, of branch points of the involution 
we have the relation pg = 27 = 1—o/4t which gives c==— 4. Thus, 


ma © 0. Since there exists a (1,) correspondence between ® and F, and F 
is a regular surface, ‘must also be na and ra E § Also ry S Poi 
but pp= 0. Hence, mg S 0. Therefore, ma S 0, but ma = 0. “Hence, ma == 0. 

The rational involutions were discussed in section 2 of this paper. If the 
surface ® of genera ma = 7, = Il; = 0, I, = 1 is the image of an involution 
of order two existing on F it has four branch points. Moreover, as has already 
been stated, the surface ® is birationally equivalent to a double plane with a 
curve of branch points which is either i 


1° a curve of order eight composed of a conic and a qang tangent at 
two points and the two common tangents, or 

2° a curve of order eight composed of two cubics tangent at two outta 
and the two common tangents. 


5. (B). Case of the Conic and the Quartic. Consider the curve of 
branch points of the double plane which is a general surface with genera | 
Po = Pg = Pa = 0, Pa = 1. Its equation is given by (2). Place 

041 = Dro, do. == bas, des = Daa, Qas = Das, Ase + bi: = Qaz + bas 


ł 


Then the curve of branch points takes the particular form 

a9) 

arz [in -+ TY +- (Gi4 -+ bog) Z223 + (dzs + bia) 2122 + + (des + sad 
— 2143 Leafsa (22, ža) + Zadre (41, Ze) |? = Q. 


f * 


“EL Cadence, “Sur les involutions appartenant á une surface de genre. zero et de 
bigenre un,” Comptes Rendus Hetdomadaires des Séances de V’Academie des Sciences, 
Paris, vol. 156 (1913), 1 sem., p. 1306. 

+ Castelnuovo, “ Sulle superficie aventi il genere aritmetico negativo,” Rendiconti 


` del Circolo Matematico di Palermo, vol. 20 (1905), p. 59. 


į See L. Godeaux, “ Mémoire sur les surfaces algébriques doubles ayant un nombre 
fini de points de diramation,” Toulouse Faculté des Sciences, Annaks series 5, vol. 3 
(1913), p. 290. 

§ Castelnuovo, “ Aleuni resultati sui sistemi lineari di curve EE ad una 
superficie algebrica,” M emorie di Matematica e di Fisica della Società Italiana dele 
Scienze, series 3, vol. 10 (1896), p. 101. 

4 F. Enriques, “ Richerche di geometria sulle superficie algebriche,” Memorie della 
Reale Accademia delle Scienze di Torino, series 2, vol. 44, p. 230. 
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i 
Consider now the net of cubics |C | 


(20) did -H Asti cs Asta = 0, 


where 


y= (dis + Dos) 22? + (ars + Doz) 2228 + (dex Gm b14) 2122 + (aza + bis) 2123 
and | 
o = 21h 34 (22; Za) + 2319 (21, Ze) . 


If the cubics of the net (20) are referred to the lines pıXı + woX2 + uX: = 0 
of a plane w, a (2, 1) correspondence is established between the original z-plane 
o and the X-plane wo’. The image of the curve (19)' is a quartic consisting 
of the two lines X, = 0, X, = 0 and the conic XX; — X,? = 0. The pencil 
of lines with vertex A’; = (0,1, 0) is transformed into the pencil of lines with 
vertex X¥,—X;—0. Also . : | : 


Xy =s X of 34 (22; Z3) — A shiz (2415 Z2) = 0. 
Thus, there exists an inversion between the net.of. conics ` 


Qy -+ Aof 34 (22; Za) + dare (21 Zo) = 0 


and the plane œ’, From these facts we see that the coincident points of the 
involution defined on w by the net of cubics | C | occur when one of the conics ' 
“of the above net is tangent to a line through A’,==(0,1,0). The locus of 
_ such coincident points is the quartic curve 


E',(X34) = [ (kX + kX) Xı — 2 (dss -+ biz) X2X5 |? 
+ Aly (Qs4X 3 -} bX 9) XX 2X; aay AX Xs (b22X3 + z3 %2) ' 
x (las As -+ bii 2 — keX 1) — Alek XX 2X5 = Q, 
where 
ley = tis + Dos, he = ag + bos, ks = Q23 + bis, beg = Gea + bis. 


The tangents to this quartic at the points A”: = (0, 1,0) and A’, = (0, 0,1) 
respectively are the lines XY; = 0 and X, = 0. i ' 

Let (yi) and (2:) constitute a pair of points of the involution I, on o, 
which is defined by the net of cubics |C |. This involution is generated by 
the quartic transformation E 


(I2) Zt Z2 | Z3 = Yifilyi) : folyi) : Ysfr(yi) 
where i 


fa (9) =Y (y1) (bess + devs) — ka Lyshre (Yas yo) + yafoa (Ye Ys) 
fa(ys) = (hoya + kayı) [Yapi (Yi Y2) + Yrfsa (Yz Ys) | 
— y (yi) [Y2 (b224 + as241) + 2yrys (bız + asa) J. - 
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Consider now the double plane F with pe = pe = Pa = 0, Pa = 1 which 
has the plane for base and the curve (19) for branch points. The equation 
of F is j 
(21) UP = 21°23" (k2? + bates + kagiz + kaiza)?” 

© — 22s 21fs4 (Z2, Z3) + Zsbr2(Z1, Z2) |”. 


The surface F contains three involutions, namely, 


(I) Zii Za: Za: Waifs. (ei) : falzi) : Zafilzı): u 
(Is) . Zii Zaiga W = Z, i Zai la: —u 
(172) B13 Zai By vw = af, (4i) i falzi) : eafi (ei) : — u. 


The first two of these involutions (T2) and {(I”:) are rational. The third 
involution (I3) is the product of the first two. The image of (T”2) is the 
double plane @ which has for basé the plane «w. The branch points of the 
double plane are the images of points lying of the curve of branch points of 
the double plane F or images of the coincident. points of the involution (Iz) 
of the plane w. The latter points are given by the quartic curve F,(X:). 
Hence, the double plane @ has for its equation 


(22) Y° = X,X_(XeX3 — X) Fa (Xi). 


The conic 4243 — X¥,? = 0 and the quartic ¥.(X;) = 0 have four variable 
points of intersection. These are the branch points of the involution (I’”2). 
The conic and the quartic are tangent at the points Ae = (0,1,0) and 
A’, == (0,0,1). The common tangents at these points are the lines X, = 0 
and X, == 0. Thus, the double plane is a surface of genera 


Ng = T == I], == 0 TI, == 1. 
g > 


5. (C). Case of the Two Cubics. Theoretically at least, it ought to be 
possible to state explicitly what restrictions it is necessary to Impose upon the 
surface F of genera pa = py = P = 0, P = 1 in order that it may contain 
an involution of order two which has as its image a double plane of genera 
na = mg == M; = 0, H, — 1 with a curve of branch points composed of two 
lines and two cubics. However, the algebra involved in such an analytic 
investigation is extremely complex. The existence of such surfaces F was 
proved in section 4. (C). There the surface F was obtained as a surface of 
a space S. It was the surface of order sixteen having the equations 


XX, = X2X5, XX; = XX, Xop: = X1Xo, 

A,X, == XX9, XA ar XX, Xoya S AX 4 

where 
yi = QX e + Goods + ba3X7 + Bagg + 2 (die + bss) Xa 

— ya = bX s + Doak g + ass + lsa Xr + 2 (B12 + asa) Xo. 
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_ By successive projections from points on the surface the surface Fie of Ss can 
be projected upon a space of three dimensions Ss. The birational equivalent 
of Fy, in Ss 18 ‘a surface Fe(X2, X35 Xos Xo). 


(23) Fe= 2 (a + bsa) Xo? (bsy — aup)? + bssXe (cX? — bss)? 
— o (bss — Gea) (CX? — bss£ e) = 0. 
where 
c= As30g3 — Aaabaa, | l 
p = o2X 9” F tide + 2 (G12 + bza) Aer — X 
: y = brdo” + bze£e + R (bie + s4} Xeo. 


This surface Fe has a double point at P = (0,1,0,0). It contains the line 
X; = X = 0 as a double line and has two double conics O, and Ca. The 
equations of O, and C; are ` 


CX o = + bgs Xs, bosý a Ta == (), 


Since the genera of an algebraic surface remain invariant when the surface is 
subjected to a birational transformation the surface Fe is, as the surface Fie; 
a surface of genera pa == py = Ps = 0, Pa = 1. However, it appears difficult . 
to discover the birational transformation which will transform Fs to a sextic 
‘surface which contains the six edges of a tetrahedron as double lines. 


CORNELL UNIVERSITY, 
JUNE, 1933. 
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SUR QUELQUES TRANSFORMATIONS BIRATIONNELLES IN- 
VOLUTIVES ASSOCIEES A UNE CUBIQUE GAUCHE. 


Par LUCIEN GopBAUX. 


$ 


Dans une note récente,” M. Purcell, reprenant une idée de Montesano, 
a étudié quelques transformations birationnelles de espace, que Fon peut 
définir de la manière suivantè: T 

Soient S, S’ deux espaces projectifs à trois dimensions, G une congruence 
linéaire de droites de S, G’ une congruence linéaire de droites de 8’, 6 une 
correspondance birationnelle entre les droites de G, G’, enfin Q une réciprocité 
éntre les espaces 9, 8’. Par un point P de S passe une droite g de G, à laquelle ; 
0 fait correspondre une droite g’ de G’. Au point P, on fait correspondre le 
point P” intersection de g’ et du plan w que Q fait correspondre à P. Les 
points P, P’ sont homologues dans une transformation birationnelle T. 

L’étude préparatoire de la correspondance birationnelle @ entre les con- 
gruences G, G’ se fait en remarquant que les droites homologues découpent, 
sur des plans donnés, des points homologues dans une transformation cré- 
monienne. Nous avons eu Poccasion, voici quelques années, d’étudier sys- 
tématiquement cette question comme introduction à des recherches sur les 
transformations de Jonquières de Vespace.[ Dans le cas où les congruences 
G, G’ sont toutes deux constituées par les cordes de cubiques gauches, le pas- 
sage par des plans sécants pour l’étude de la transformation @-n’est d’ailleurs 
pas nécessaire. | | . 

-Revenons.a la transformation T: Lorsque les congruences G, G” coinci- 

dent, les espaces 9, S’ étant superposés, que 0 est une involution et Q une 
polarité, la transformation T est involutive. © 

Nous voudrions, dans cette note, attirer attention sur deux transforma- 
tions birationnelles involutives de espace, obtenues par ce procédé, qui ne 
possèdent qu’un nombre fini de points unis. Nous supposerons que la con- 
gruence G est formée par les bisécantes d’une cubique gauche. 


*“Tnvolutorial space Cremona transformations determined by non-linear null reci- 
procities,” American Journal of Mathematics, vol, 55 (1933), pp. 381-389. 

t“ Sulle reciprocità birazionali nulle dello spazio,” Rendiconti della Reale Ac- 
cademia dei Lincei, 1° sem. (1888), pp. 583-590. 

t“ Sur les transformations birationnelles de Jonquières de l’espace,” Mémoires in- 
8° de PAcademie royale de Belgique (1922), pp. 1-75. 
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TRANSFORMATIONS BIRATIONNELLES INVOLUTIVES. = I5 


1. Soit K une cubique gauche'représentée par les équations 


a ` bz Cr 


Z 


Q's D'a C x 


= Î. 














Une bisécante de K a pour équations 
Mila + Avda + Ale = 0, Ma'a F Àzb'a + A == 0: 


"et ces bisécantes correspondent biunivoquement sans exception aux points du 
champs ternaire (Ai, As, A3). Une transformation birationnelle @ de ce champ? 
donne naissance à une correspondance birationnelle 6 entre les cordes de K et 
réciproquement. 

Si nous considérons la transformation birationnelle d’ordre n 


Ai Aa: Na = $1(A1, Aas Xs) : bo(Ar, Xe, Xs) : Ps (Àr; A2, As); (0) 


il lui correspond, entre les cordes de K une transformation birationnelle 6 
telle qwà une quadrique circonscrite à K corresponde une surface ordre 2n 
passant n fois par K. De plus, à chaque point du champs (A) fondamental 
d’ordre s pour 0’, correspond une corde de K multiple Tordre s pour ces sur- 
faces ordre aN. 


2. Considérons une transformation Mirationuelle 0 entre les cordes de K 
et une polarité Q de l’espace, dont nous désignerons la quadrique fondamentale 
par F. A un point P de Vespace, faisons correspondre le point P” conjugué 
de P par rapport 4 © et situé sur la corde de K que 6 fait correspondre a celle 
qui passe par P. Les points P, P’ se correspondent dans une transformation 
birationnelle T. 

Désignons par 11, T2; © +, Ty les cordes de K fondamentales pour la trans- : 
formation @ et soient s1, S2,* - `, sv les multiplicités de’ces droites pour les 
surfaces } ordre 2n, passant n fois par K, que 0 fait correspondre aux qua- 
driques circonscrites à K. On a d’ailleurs, d’aprés la théorie des transforma- 
tions birationnelles du plan; les relations 


s?ts?+--++s,? =n?—I1, sı +s +: ++ + sy = 3(n—1). 


_ Il est aisé de voir qu’aux plans de l’espace, T fait correspondre des sur- 
jages ® d’ordre 4n T 1, passant 2n fois par K o TEEPEE 281, RS2,°°* , 8v 
fois par 71, 72,° © +, Tv. , | 

La courbe K et les droites 71, 72,: ` -, vy sont des éléments fondamentaux 
‘de la transformation T. Supposons qu’un point P, wappartenant pas. à zes 
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courbes, soit: fondamental pour T. Son homologue P” doit être indéterminé. 
Si w est le plan que 0 fait correspondre à P, g la corde de K passant par- 
P, g’ la corde que 6 lui fait correspondre, le point de rencontre de g’ et de w 
doit étre indéterminé; cela exige que le plan w contienne la droite g’. Nous 
désignerons par A la courbe fondamentale de T' lieu du point P; cette courbe 
est simple pour les surfaces ®. Observons que Q fait correspondre aux points 
de g’ des plans formant un faisceau dont laxe passe par P et est en général 
distinct de g. L'un de ces plans passe par g et par suite il existe un point 
P’ de g’ dont le point homologue est aera ce point apparnen, à la 
courbe A. 

La courbe A est la seule courbe fondamentale de T en dehors de K et des 
droites r; comme T est involutive, elle fait correspondre à une droite de 
espace une courbe d'ordre 4n +- 1. LTrordre de A est done 


(4n +1): — 18m? A(s + se? b> + s) — (4n +1) 
| = (4n + 1)? — 12n — 4(n? —1) — (4n +1) =4(n + 1). 


Il rest pas difficile de rechercher les surfaces fondamentales de la trans- 
formation T, nous ne nous y arrêterons pas. Considérons plutôt une bisécante 
g de K qui soit unie pour la transformation §.- Cette droite g sera transformée 
en elle-même par T. Aux points de g, Q fait correspondre les plans passant 
par une droite gı, qui est en général distincte de g.. Supposons que la droite 
gı ne rencontre pas g, ce qui est le cas général. Les couples de points de g 
homologues dans T forment une involution qui possède deux points unis, 
points de rencontre de g et de la quadrique fondamentale F de Q. 

Si la droite g, appuie sur g, ce qui ne se présentera en général que si @ 
possède une infinité de droites unies, il existe un point de g auquel corre- 
spondent tous les points de cette droite; ce point appartient à la courbe A . 
et est uni pour T. | 

On voit que T possède une courbe unie ou un nombre fini de points unis 
selon que @ possède une infinité ou un nombre fini de droites unies. 


3. Hmvisageons un cas particulier, celui ot la transformation ? est 
donnée par 
i A k rs è Aa == ÀzÀAg x AsAy : Kare. 


La transformation @ fait correspondre aux quadriques circonscrites à K 
des surfaces du quatrième ordre passant doublement par K et simplement par ` 
les droites | 

as = 0, = 0, bg = br = 0, Co == Cr = 0; 
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que nous désignerons par fı, z, Ts. La transformation T est actuellement du 
neuvième ordre et les surfaces © qwelle fait correspondre aux plans de l’espace 
passent quatre fois par K, deux fois par chacune des droites f, 72,73 et une 
fois par la courbe A, qui est du douzième ordre. Aux droites de l’espace, 
T fait correspondre des courbes du neuvième ordre s’appuyant en 14 points 
sur K, en deux points sur chacune des droites 71, 72,73 et en 12 points sur la 

courbe A. . F l 
La transformation 6 possède quatre droites unies /,, la, la; la, d’equations 


Oe + bo + Co = 0, Wat batem O, © (h) 
— te F be + Cs = 0, — Wa -+H be tH Cam O, (la) 
ag — ba + Cr = 0, © Wa — bas H Csm 0, . (lz) 

, Ga + be — Ce = 0, a’, + ba — Ca = 0. (U4) 


Sur chacune de ces droites se trouvent deux points unis pour T'; ce sont 
les points où ces droites coupent la quadrique fondamentale F de Q. D'in- 
volution d’ordre deux engendrée par T possède done huit points unis distincts. 


4. Un autre cas particulier intéressant, qui est: d’ailleurs un cas limite du 
précédent, s’obtient en prenant pour 6’ la transformation | 


“My t Net Aa == Aide E Ag? t Ag(Ar—As). 

Aux quadriques circonserites à K, @ fait correspondre des surfaces du 
quatrième ordre œ passant deux fois par K et une fois par chacune des droites 
Tı, Ta respectivement d’équations 


be = b’, = 0, Cy == Co = Ô. 


De plus, les surfaces ¢ touchent, le long de la droite r}, la quadrique Q, 
d’équation | . 
l el’ a — nA samans 0. (Q) 


La transformation T est encore du neuvième ordre et fait correspondre 
aux plans de l’espace des surfaces ® passant quatre fois par K, deux fois par? 
chacune des droites 71,72 et une fois par la courbe A d’ordre 12. De plus, 
la droite r, est tacnodale pour les surfaces @; en d’autre termes, la génératrice 
de la quadrique Q, infiniment voisine de ra, est double pour ces surfaces. Aux 
droites de l’espace, T' fait correspondre des courbes du neuvième ordre sap- 
puyant en 14 points sur K, en deux points sur chacune des droites T1, T et 
en“`12 points sur la courbe A. De plus, ces courbes touchent la quadrique Q 
aux deux points d’appui sur 72. . . 
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La transformation. 8 possède trois droites unies: la droite rz et les droites 
l, la équations respectives 


Qa +. 2b, + x = 0, . PA +. 20" » + Cx = 0, (h) 
Ag — 2b» + Ce == 0, 20 » en Iba +- Ce — Q. (la) 


-Dune manière plus précise, si nous désignons par Qı, Q: les quadriques circon- 
scrites à K et passant la première par les droites rz, l, la seconde par les 
droites 72, la, les génératrices de ces quadriques, bisécantes de K, infiniment 
voisines de re, sont unies pour @. 

La transformation T possède six points unis distincts, deux sur chacune 
des droites lı, ls, 72. Mais les deux points unis situés sur cette dernière droite 
sont une nature particulière. En général, les points unis d’une involution 
du second ordre de l’espace, supposés en nombre fini, sont des points unis 
parfaits, Cest à-dire qu’a une courbe passant par un de ces points, correspond 
une courbe touchant la première au point considéré. Au contraire, si A est 
un des points unis situés sur la droite rə, les points infiniment voisins de A 
situés sur la quadrique fondamentale F de Q et respectivement sur les qua- 
driques Qı, Qs sont unis pour T, mais aux autres points du domaine de A, 
T fait correspondre des points distincts du même domaine. Cette particularité 
provient du fait que le point A est à la fois uni et fondamental (comme ap- 
partenant à la droite 72) pour T. 

On peut encore dire que l’involution engendrée par T possède huit points 
unis, mais ces points ne sont plus distincts.* 


LIEGE (UNIVERSITE), 
24 OCTOBRE, 1933. 


* Pour les propriétés de la transformation eousidares ici, voir notre note “ Sur une 
transformation quadratique involutive,” Mathesis (1926), pp. 353-360. 


ON A CERTAIN RATIONAL ¥,2" IN Sann 
By B. C. Wone. 


The n-dimensional variety of the lowest order in a (2n + 1)-space Sen 
which is not the locus of planes or of spaces of higher dimensions is a Vin" 
of order 2n-++1. One known characteristic property of this variety is that 
it has one and only one apparent double point,* that is, of its œ?” secant lines ` 
one and only one passes through a general given point of Sonu. Mr. Babbage + 
has recently made a study of this Vn?” and has -shown that it is rational and 
is representable upon an Sn by means of the oo*"** V3n-1'8 through the complete 
intersection V4,-2 of two given Vn’s. It contains oo?*~* lines of which o% 
pass through each of its points. On it lie œt quadric varieties of n— 1 
dimensions whose containing n-spaces formá V mt. Another interesting prop- 
erty is that it contains œ mD (nm 7,25 each being contained in an Soma 
and of the same nature as V,?"** itself for n = m. 

Now V,,?"*" (or any n-dimensional variety) has very numerous character- 
istics. Projecting V,,2"" from a general point of Seni. upon an Sen, we obtain 
for projection a 9Vin?"** with one improper double point. If we project V,?"*" 
from a general line of Soni upon an Sen.1, the projection is a ,V,?"" with a 
double surve upon which lie a finite number of pinch points. In general, the 
projection %Vn?"*" of V,,?"** from a general Sy uponan Son contains a number 
of multiple varieties. If.a multiple variety:is of multiplicity s, its dimension 
is $= (s—1)k— (s—-2)n. On each of these, s-fold- varieties are loci of - 
higher multiplicities and lower dimensions and also pinch loci of lower di- 
mensions. These pinch loci may have themselves multiple loci and they have 
also intarsections with the other multiple loci of the s-fold variety. The number 
of these varieties of different multiplicities’ is indeed enormous. As none of 
these, except the fact that V,?"** has one apparent double point, has been men- 
tioned by Mr. Babbage in his work above referred to, we here propose to de- 
termine the orders of all the multiple varieties on the projection p Vn?”** in Sanz. 


7 There are other vas in 8, with one apparent double ‘point. The order m of 
such a V, is such that 2n-+- 1<l m= 2"-+-1 if the variety is not the “locus of 
oo% (»— h)-apaces where 1 <A <1 n—2. The lowest possible order of a Fa M Sona 
with one apparent double point is n + 2, but in this case F,” is the rational locus 
of 7 (n — l)-spaces. There. are also V s which have no apparent double points, as 
for example, all the complete intersections of n -+ 1 2n-dimensional varieties. 

7 “A series of rational loci with one apparent double point,” Sa of the 


Cambriage Philosophical Society, vol. 27 (1931), pp. 399-403. - 
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We shall also determine the orders of the pinch varieties on the double varieties 
only as the pinch varieties on the loci of higher multiplicities offer problems 
which require further investigation. i 

Let b: where t = (s — 1)k— (s—2)n denote the order of the s-fold 
variety V:»*® on the projection pVm?”*t in Song. For s=], 6:0 = 2¢+ 1 
is the order of Vz? in Sot, or of Va” for n= t. If s == 2, we have the 
double varieties V.?**”s for all the values of t from 0 to n— 1. Now let jes 
denote the order of the pinch locus Visa lying on the double variety Vi). 
Thus, if f= 1, then 7, means the number of pinch points on the double curve 
C%x® on the projection Vw?” in Sena; and if t= 2, 7, is the order of the 
pinch curve Ci on the ‘double surface Fè” contained in the projection sVn?! 
in Sen-2; etc. Now we proceed to the determination of b: and ft. 

The method we employ here is a modification of the so-called method of 
symbolic representation.* We have often used this method with success.for 
problems of similar nature. It consists in completely degenerating a given 
variety Va” into v n-spaces and symbolizing these n-spaces and their relations 
with a set of y symbols chosen in a certain manner or representing them dia- 
grammatically with a set of v dots having certain relative positions. Every 
general type of varieties has its own symbolic representation. Without going 
into any further details of explanation, we give below the diagrammatic repre- 
sentation of the V,?"** we are studying: 





an 
td 
AY) = 
\ 
a 
os ot 


Hach dot in this diagram represents an Sy» of the degenerate V,” Two 
consecutive dots or dots joined by a segment as do, a, OF 41,47; OY Wi Ws 
represent two Sy’s in an Sai. Two dots separated by a third or dots through 
which pass two segments intersecting in a third dot, as do, @z or 1, @ 2, mean 
two S,’s in an Saiz. In general, any group of g dots in the diagram represents 


* B. C. Wong, “On the number of apparent multiple points of varieties in hyper- 
space,” Bulletin of the American Mathematical Society, vol. 36, pp. 102-106; “On 
surfaces in spaces of four and five. dimensions,” Bulletin of the American Mathematical 
Society, vol. 36, pp. 861-866; and “On certain characteristics of k-dimensional varieties 
in space,” Bulletin of the American Mathematical Society, vol. 38, pp. 725-730. 
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a group of q S,’s in the degenerate V,2%* and the dimensions of the space 
containing these S,’s depends upon the manner in which the dots are chosen. 
© ‘Now consider the. case n==1. The diagram consists of three symbols 
Qo, My, @, and it represents a cubic curve C° in an S, which has degenerated 
into three lines. . The line a): has a point in-common with the line a, which in 
turn has a point in common with the third line a’,, but-a and a’, are skew. 
We say, therefore, ‘that C° has 6) == 1 apparent double point. 

Now for n = 2, we have the Del Pezzo quintic surface Fë in S; whick has 
degenerated into five planes.symbolized by do, @1, @1, Gz, az. The four planes 
Gy, W's, fe, A2 are contained in an S,; the plane a, lies in an 8, with a, and in 
an S, with each of the two planes a’,, a; and is-skew to a's. Since from a 
general given point of Ss we can construct only one line incident with two 
skew planes, we say. that Fë has bo“ == 1 apparent double point. Projecting 
F" from a line of S; upon an 93, we obtain for projection a quintic surface 
F* with a double curve C%® upon which lie bo triple points and jẹ pinch 
points. To find b, we count the number of pairs of dots such that the dots 
of each pair are separated- by a third dot. ‘There are five such pairs.. Hence, 
the order of the double curve on ,# is b =- 5. To determine 0, we notice 
‘that there is only one triple of symbols ao, a'i, a2 representing three non- 
concurrent planes of the degenerate F7. Hence, bof® = 1; that is, the pro- 
jection ,£ in S; has only one triple point. To find jo, we see that every pair 
of dots separated by just one other dot counts as two pinch points. For 
example, consider the two dots a, a’, and the dot a, separating them. The 
three dots represent the three planes of a degenerate cubic surface in S,. ` Since 
the projection in S, of a non-degenerate cubic surface in S, has’ two pinch 
points, every pair of dots separated by a third in the diagrammatic representa- 
tion of any surface accounts for two pinch points on the projection in Sa In 
the case in question, the number of such pairs is 4 and hence F” has fe = 8 
pinch points. 

Consider one more case and let n == 3. We have now a V,’ in ‘Se. De- 
generate. V,” into 7 S,’s and represent them by the 7 dots or symbols a, a, a's 
Qo, A’2, Qj, a’, in the diagram. It is easy to see that Vs” has only one apparent 
double point given’ symbolically by the pair of dots a, a’s. Thus, 6)‘ 1. 
“It is also easy to see that the order of the double curve C%” on the projection 
1V;7 in S; is b2 = 5, for there are just five pairs of. dots, the dots of each 
pair being separated by at least two other dots. The number of pinch points 
` on this double curve is fo = 8, for the diagram contains only four pairs of dots 
such that the dots of each pair are separated by just two other dots. 

If we project V,” from a general plane of S;.upon an S4, the projection 
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2V" has now a double surface F%® of order b2, a triple curve C% of order 
b,® and a finite number, 0“, of quadruple points. Upon the double surface 
lies a pinch curve C%: of order 7, There are also a finite number of pinch 
points on the triple curve, but we have already excluded these and other pinch 
loci on multiple varieties of multiplicities higher than 2 from the present work, 
It is not difficult to see that b.“ is given by the number of pairs of dots each 
separated by at least one dot and is equal to 13; that 7, is given by twice the 
number of pairs each separated by just one single dot and is equal to 16. There 
are in the diagram 7 triples of non-corsecutive dots, and, hence, we conclude 
that the triple curve is of order 0,“ == 7. Finally, V° in §, has 6) == 
quadruple point given by the only quadruple of four non-consecutive dots 
Qo, Bs, Aa, W's. 

Reasoning in exactly the same manner for the determination of 6,“ and 
Jta we find, remembering that 6; == 21-+- 1 and letting b; == 1, the fol- 
lowing results: 


ý t-1 t~1 
pete = bb D = bb = 2b -b == P+ 1Y; 
= pan 


6,3) — > bib; wga m S bib; wpa + S bh, @ 


ia i+j=0 i+j=0 t-2-4-} 
— 3s a a -F uD =? NAG +. by 
4=0 
-pe Der tH+; 


gh t-j 
b == 2 (— 1)4 (8 ) >, Da OP ba e s e h atsa) , 


beah 


where 


rı o2-+ ' ` "ht Ogh = S, ty t tp +: : te ty ny = EF, 


We also find that 
Jt = 2D, — 2b o == BY, 


The above recursion formula for b: may take on various forms for 
various values of 4 and of oy, Oa) * y Dehan Hor the purpose of calculation 
we may write i 


8) -F (—1) (13) MA Dpp e Da, ® 


obtained by putting h == 1 and consequently o, == o ==' + = gg = 1; or 


t-1 
bi) =m =; bi se e > b; nh e-r) 
4=0 


imo ttt 
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obtained by putting A = s — 1 and o, =o, og = S — ©. ‘Tf we now let o = 1 
in this last formula, we have 


“pet 
b,6® — > bs b; pe z -F b; (Dh nE = b8- -1) T 9 >b; ee. 
Finally, we may write 
bi — b a -} by 68-?? a b ag : 


We now notice a few properties of these b’s and 7’s and the corresponding 
properties of the Vn?" in Sen First, 62‘ is independent of n. Thus, the 
projection 9Vn2"*t in Son has one improper double point, that is, bo = 1, for 
all values of n. The double curve on the proj jection ,Vn,2"** in San- 1s always 
6, — 5 for n > 1 and the double surface on the projection 2Vn?"** in Sons 
18 always bz? —13 for n >2. We also conclude that the curve in which 
Vn2"** is met by any general Sno of Sens is of deficiency n— 1. . 

j¢-1 is also independent of n. This means that the pinch variety of dimen- . 
sion ¢— 1 = (s—1)k— (s—2)n—1 on the t-dimensional double variety 
V” on the projection Vn?” in Senp is always j+1==8t for all values of 
m> I. 

Another interesting property is that 


b,®) = b,” ; 


„that is, the number of groups of s dots in the diagrammatic representation ot 
Va” such that any two dots of each group are separated by at least t — 1 
other dots is equal to the number of groups of ¢ dots such that any two dots 
of each group are separated by at least s—1 other dots. The corresponding | 
property on V,?"*? is that the order of the s-fold variety of dimension 
t= (s—1)k— (s—2)n on the projection ,Vn2"** is equal to that of the 
t-fold variety of dimension s on the projection of V»,?"*t in a space of an 
appropriate number of dimensions. Thus, the double variety V3 on the 
projection V6! in S and the triple surface VV." on the projection ¿Va? in ` 
Ss are of the same order 0,‘ = 6, = 25; the double variety V;%° and the 
5-fold surface V.% on the projection ;V."? in S; have the same order 
b; = 6, — 61. This projection 5V6 has a triple variety V,™® of order 
6, = 129 and a quadruple variety V,*® of order b;“*) which is also equal 
to 129. The projection n- Vn?” in Sns has always eal = ] (n + 1)-fold 
point. 
Other properties may be inferred. It suffices to add that the relation 


ha = 20/7 —20@ OStSn—1 
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hold for all varieties in general. In our case, if we let jn, denote the rank 
of the curve in which V,,?"*" is met by a general S,,.-or the order of the locus 
of tangent lines to the projection n~1 Vn?” in Sa from a general point of Sma 
then jn: is given by twice- the number of pairs of consecutive points in the 
symbolic representation of V,?"*1, that is, 


Innit eer, 2 (83n — T): 


Thus, the rank of the twisted cubic curve in S; is 4 and the order of the tar- 
gent cone to the projection in 8; of the Del Pezzo quintic surface in 9; is 10; 
etc. We have the following relations: 


2b, 7) aaa 2b? ~- fo; 
Bba == 2b + fy = 2D + fo + fas 


* * + 


2b -o 2b” + jot fu cb Ht jna 
2n (2n a 1) comms 209° f= Io +. hh 4 aod 4- Ín- -+ Jn-13 


which are known * to be true for all n-dimensional varieties of any order m 
in a space of any dimension r. For our V,a?” in Sona, Mm = r = 3n -+ 1. 


FHE UNIVERSITY OF CALIFORNIA. 


4 


* B. ©. Wong, “On certain characteristics of k-dimensional varieties in r-space,”’ 
Bulletin of the American Mathematical Society, vol. 38, pp. 725-730. 
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A CHAIN OF DETERMINANT THEOREMS ARISING FROM THE 
CHARACTERIZATION OF PSEUDO r-SPHERIC (S„) SETS.* 


By LEONARD M. BLUMENTHAL} 


1. Introduction. A set S of undefined elements is called a semi-mstric 
set provided that to each two elements p, q of S there corresponds a non- 
negative real number pq such that pq = qp, while øg = 0 if and only if the 
elements p, q are identical. If two semi-metric sets S, 8’ may be mapped 
isometrically upon each other, the sets are called congruent. 

The set C of points forming the circumference of a circle of positive 
radius + evidently forms a semi-metric set if to each pair of distinct points 
is made correspond the length of the shorter arc of the circle joining them, 
while the number zero is attached to each pair of identical points. A semi- 
metric set is called d-cyclic provided the set is congruent to a, subset of C, 
where d= rr; and a semi-metric set is pseudo d-cyclic provided the set is 
not congruent to a subset of C, though each three of its elements is congruent 
to three points of C. 

In recent papers both d-cyclic and pseudo d-cyclic sets have been char- 
acterized by the writer.[ It has been shown that pseudo d-cyclic quadruples 
are of three types,.according as the quadruple contains no linear triples, 
exactly three, or four linear triples. Such quadruples are referred to as being 
of the first, second, or third kinds, respectively. 

The principal theorem characterizing pseudo d-cyclic sets containing 
more than four elements we state as follows: 


THEOREM Ig. A pseudo d-cyclic set containing more than four elements 
is equilateral, with pip; = 2d/3 (i, j =1,2,:--,n), 1564, provided no 
four of the elements form a pseudo d-cyclic quadruple of the second kind. 


This theorem, first proved without algebraic formalism was shown in a 
recent paper § to be equivalent to the following determinant theorem: 


THROREM ILa. If the determinant l 


* Presented at the Christmas meeting of the American Mathematical Society, 
December, 1933. 

; National Research Fellow. ' 

tL. M. Blumenthal, American Journal of Mathematics, vol. 54 (1932), pp. 387-396; 
pp. 729-738. 

§ L. M. Blumenthal and G. A. Garrett,“ Char acterization of spherical and pseudo- 
spherical sets of points,” American Journal of Mathematics, vol. 55 (1933), pp. 619-640. 


a20 


226 c LEONARD M. BLUMENTHAL. 


t 


L °° °° COB Qr COS Xia © © © COS Gin 
l COS Goi 1 ` @O8'%23 © © * COS Gon 
An TR : 

COS Ani . COS One COB Ang °° 1, 


0< ij ET, Xij == Qj; (4j=1, 2, ias -,%), LÆ], N > 4, 48 such that 
(i) each third-order principal minor vanishes, 

(ii) at least one fourth-order principal minor does not vanish, 

(ui) af A(t, j, k,l). ts any non-vanishing fourth-order principal minor, 
at is possible so to arrange the labeling of the elements of the minor that 
COS Xij -H COS Qpr z 0. ' l 

Then each angle contained in the determinant has the value 2w/3 and 
the determinant has the value —1/2(3/2)"2(n—8). 


A determinant of order n, having all the elements of its principal diagonal 
unity and the remaining elements equal to — 1/2, we denote by A,(— 1/2). 
Then Theorem I, states that any determinant satisfying the hypotheses of the 
theorem is a determinant of the form An (—'1/2). 

The hypothesis (iii), expressing the condition that no pseudo d-cyclic 
quadruple contained in the set of n points pı, Pz` < ',pa for which the 
determined A, is formed* be of the second kind, though simple and natural 
when viewed geometrically, is seen to be both complicated and artificial when 
stated algebraically. This suggests that interesting conclusions might follow 
when this hypothesis is suppressed.t This indeed turns out to ‘be the case, 
and the purpose of this paper is to present the theorem. so obtained. I; is a 
remarkable fact that though the suppression of this hypothesis produces a 
slight weakening of the conclusion of Theorem le, the exclusion of the 
hypothesis has, as we shall see, only a trivial éffect upon Theorem Ia. 


2. We consider first the determinant with real elements of order five: 


7 í fiz Tis 
EEN T21 1. T25 
T51 T52 1 : 
where ij = Tj TH = 1 (4,7—1,2,-°-,5), and we prove the following 
theorem : i 
* In the PE RE AW a; = PP} AT Paala, 


ł It is to be noted that in Theorem I, we have 0 < a'S 7, while in what follows 
we assume 0 < a, ;<™ 
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THEOREM II’,. if the symmeiri ic determinant As, 1s such that (i). 
brig | <1 (i,j = 1,2, --,5) t7, (ii) every third-order principal manor 
vanishes, (iii) at least one fourth-order principal manor does not vanish, then 
(a) no fourth-order principal minor vanishes, (b) the absolute value of each 
element of A; outside of the principal diagonal is 1/2. 


Proof of (a). By hypothesis (i), we may write tij == COS Qij O < aij < T, 
(1, j = 1,2, +, 5); i4. Consider now the set consisting of five ele- 
ments Pı, P2z,*' `, Pps and to each pair pi, p; let (1) pip; = rai, r > 0, 
(4,9 = 1,2, > -, 5), tÆ j, while pipi=0. The set px, fo,° * +, Ps is evi- 
dently a semi-metric set. By hypothesis (ii) and (1) each triple of points 
contained in this set is congruent to three points of a circle of radius r, while 
by hypothesis (iii) the five points are not d-cyclic since they contain at least 
one quadruple that is not d-cyclic.* We may assume the labeling so that the 
non-vanishing fourth-order principal minor assured by (iii) is formed for the 
points Pı, Po, Ps, Ps. These four points are, then, pseudo d-cyclic. We dis- 
tinguish two cases: Case A. The quadruple is of the first or third kinds; 
Case B. The quadruple is of the second kind. 

We prove first that As contains at least one other oa fourth- 
order principal minor. Suppose that the four remaining principal fourth-order ` 
minors all vanish, and let us consider Case A.t It has been shown that in 
this case COS @ — COS dag = @, COS 13 = COS Gos == b, COS Gog = COS Q14 = C, 
Expanding each of the four minors we obtain, using the above relations, 


(ac — b) cos &ıs + (ab —c) COS as + (1— a?) cos as ` = () 
(1) (ab —¢) cos @5 + (ac—— b) COS dos ' + (1—a?) cos a; = 0 
(ab — c) cos &s +- (be — a) cos &ss + (1 — b?) cos a; = 0 


(ac —— b) cos 5 + (be — a) cos gas + (1— c?) cos aas = 0 


The angles a5, G5, %35, %5 are not all 7/2; in fact we get a contra- 
diction if we suppose that any two of them are equal to 7/2. Suppose that 
Qis = Qas = 7/2, and consider A(p:, Ps, ps) == 0, by (11). Then o,, must - 
have the value 0 or ~ which is impossible. . 

The equations (I) cannot then be satisfied unless the determinant of the 
coefficients vanishes. Since A(p,, Po, pe) = 0 we have either 


Gio ++ Gog F Aig == 2r 
*That hypotheses (ii) and (ili) have this geometrical interpretation is shown in 
the paper by Blumenthal and Garrett referred to above. 
+ The treatment of this case is given in the Blumenthal and Garrett paper and is 
reproduced here for the sake of completeness. We shall refer to this paper as B-G. 
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or the angle is the sum of the other two. In Sabr case, the une of ihe 
determinant of the coefficients leads to 


+ 


s 


10 SIN G2 | SIN Gg SIN. Gos 
(1) SIN s O gin deg SIN O45 i 
sin Gig sin Zag ` 0 sin Q2 ‘ 


SİN Gog SIN Xg ° SIN Gy. 0. 
and evaluation of the determinant yields 


(sin O42 3 sin %2 -+ sin n a3) (sin &12 coe sin’ iy: — sin ay) 
X (sin ıs — SiN Ss + sin %3) (-— sil Qız + sin dzs -}- sin @13) = 


But it is readily shown that no one of the factors ‘in this expression can vanish 
(since A (p1; P2, ps) = 0) and the desired contradiction is obtained for Case A. 

Consider now Case B- In this case we have a = cos &iz == — COB Gaga, 
b = COS @3 = — COS Ge, C = COS Ogg = — COS Qy. Using these relations in the 
expansion of the four fourth-order principal minors assumed to vanish, we 
find that the first equation of the new set (I’) is identical with the first 
equation of the set (I), while the last three equations of (I) differ from the 


last three equations of (I) only in the sign of the coefficient of cos Zas. Such 


a change leaves the condition (II) unaltered and the contradiction is obtained 


as in Case A. ; i 
Thus, we have shown that the determinant A; contains at least one other 

non-vanishing fourth-order principal minor. We may assume the labeling so 

that A(p1, pe, Pas Ps), S( pr, Po, Ps, Ps) are these minors. We show now that 


- none of the three remaining principal fourth-order minors can vanish. There 


are three cases to be considered. 


"Casu 1. Both quadruples Pı, Po, Ps, ps and Pi, Pos Pa ps are of the first, 


or hard kinds. 


This case is handled in B- ce page, 626. 


Case 2. ‘One quadruple, say Pı, Pz; Ps, Ps, is of thé second kind, white ° 


` Pas Pos Pas Ps 18 of the second or third kinds. NE have then 


H 


cos Q2 == — COS Aga = cos Bass COS Qag == -— COS Qo, = COs Q253 
COS X14 == — COS %23 = — COS Qis. ' 


Suppose, now, that any other Pnie principal minor, say. 
A (Pu Pa, Pa Ps); earhes -We obtain oe oe 


} 
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$ COS G12 COB G14 
4 
COS Mo l =.. COB Gag | =Q. 


COS Gig \ COS Q25 COS Aas 


_Applying the above relations, we have 


EL a COS G12 “COB G14 
COB G10 1. COS Gog | = 0. 
COB O14 COS Oo, ~—~ COS. Q45 iin 4 ' 


Consider the function (2) defined as follows: 


{ -COS Qis , COS Xz 
p(x) == |08% `> I ` COS M4 
-COB Xia COS Go4 g 


Since A( Di, Do, Ps) = 0, one root of (2) = 0 is t= 1. Se the coefficient 
of x in the equation does not vanish, s = 1 is the only root of the equation. 
Hence, we must have for the vanishing of A( pr, Pz; Pa, ps), COS O45 ==-— l, 
which is impossible by hypothesis (1). This method is applied to show that 
-none of the remaining fourth-order’ principal minors can vanish. 


CASE 3. Both quadruples are of the second hind: This case is treated © 
in the same manner as Case 1, and the proof of (a) is complete. 


Proof of (b). Since, from (a), none of the fourth- ordet principal 
minors of A; vanish, each quadruple contained in the’ five points pi, Pes’ * *» Ps. 
is pseudo d- -cyclic. If none of these pseudo d-cyclic quadruples is of the 
second kind, then the five points form an equilateral set with pip; = 28/3; 
(4, j= 1,2,---,5), 15 j, by the theorem stated in the Introduction of this 
` paper. Then cos ai; = cos pip;/r = — 1/2 and (b) is proved. l 

„Let us determine how many pseudo d-cyclic quadruples of the second 
kind a pseudo d-cyclic ‘quintuple can contain. It has been shown'* that if 
Diy Pjs Pry pı form a pseudo d-cyclic quadruple of the second kind then 
COS Qij ==— COS Ol, COS Bix == —— COS @j1, COS Qg == —— COS jm. Using these 
relations, it is easily seen that a pseudo d-cyclic quintuple cannot contain fwe, 
exactly three, or exactly one pseudo d-cyclic quadruple ‘of the second kind. 
It may; however, contain exdctly four or exactly two of these ‘quadruples. 
In the first case, however, it is not difficult to show that, the lab pee way 


angst be so selected tint 
( 








* See B-G, p. 623. ` 
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(A) COS O12 == COS O13 == COS G14 == COS Qis = 1/2; and 
COS Xog == COS #24 == COS Qog == COS G34 = COS Ogy == COS Qas = — lye: 


while in the second case we can always select the labeling so that 


COS M2 == COS X14 = COS Mog == COS Ags —= — 1/2, 
cos Gig sam OOS 5 = cos Zag am COS Qos = COS Xaa === COS Qas = 1/2. 


_ (B) 


In either case the absolute value of each element outside of the principal 
diagonal is 1/2 and the theorem is proved. 


3. The elementary operation of multiplying k rows and the corresponding 
k columns of a determinant by minus one we denote by Es. Evidently a 
determinant As that satisfies the hypotheses of Theorem: II’, will continue 
to do so when subjected to the operation Er, k'S 5. 


THEOREM Ila. If the symmetric determinant As is such that (i) 
Ira] <1, (f= 1,2,---,5), 4544, (ii) every third order principal minor 
vanishes, (ili) at least one fourth-order principal minor does not vanish, then 
A; may be transformed into As(— 1/2} by- the operation Ei, bS 2, and 
As = — (8/2)*. 


Proof. If the five points contain no pseudo d-cyclic -quadruple of the 
second kind, then the theorem is true, by B-G, page 627, Theorem 9. From 
the. proof of part (b) of Theorem, IJ’4, we have seen that the quintuple can ~ 
contain exactly four or exactly two pseudo d-cyclic quadruples of the second 
kind, and that in either case the labeling can be so chosen that the relations 
(A), (B), respectively, are valid. Forming A; for these two cases, we note 
that in Case A we transform A; into A;(—1/2) by applying F, to the first 
row and first column, while in Case B we apply E: to the third and fifth rows 
and columns. We easily compute A; to complete the proof of the theorem. 
| The Theorem II’, is equivalent to the following theorem characterizing 

pseudo d-cyclic quintuples. 

THEOREM Ile. If Piu Po Pay Po Ps form a pseudo d-cyclhie quintuple such 
that no two. points have a distance equal to d, then pip; = 2d/3 or d/3, 
(4,7 = 1,2, > -, 5), tÆ J, and at least four of the numbers pip; equal 24/3.* 


* Theorem II, is the geometric analogue of Theorem Il’, rather than of Theorem 
IT, which, indeed, has no interpretation in the, geometry under consideration. The 
above makes clear, at least for the case of five points, the effect of suppressing the 
hypothesis that no four points form a pseudo d-cyclic guadruple of the second kind. 
It is seen that while the conclusion of Theorem I, (stated for five points) is somewhat 
stronger than the conclusion of Theorem IIg, the difference between Theorem I, for 
A, and Theorem II, is trivial. 
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4. We prove now by the induction * the theorem characterizing pseudo 
d-cyclic sets containing n points, n > 4, wath | no two points diametral (that is, 
Pipi =E a). 

THEOREM IIg. a pseudo d-cyclic ‘set: Pı, P` ` `, Pn containing more 
than four points and having no two points diametral ts such that pip; = 24/3 
or d/3 (4,7 == 1,2,°--,”), 147.4 

We have proved the theorem for the case n — 5. We assume the theorem 
is true for n = k, k > 4 and show that this implies the oo of the 
theorem. for n == k + 1. 

Let Pi, Pos’ °° 5 Pky Pus be a m d-cyclic set of k + 1 points, without 
diametral points. At least ‘one of the sets of & points contained in these 
k + 1 points is pseudo d-cyclic, for otherwise since k > 4 and the circle has 
the congruence order 4, the k -+1 points would be d-cyclic,: contrary to 
hypothesis. We assume the labeling so that pı, pz, * *, pe is pseudo d-cyclic. 
Since no pair of these & points is diametral, el hadie the k points are 
such that pip; == 2d/3 or d/3 (4,9 = 1,2, , k), 1547. 

Evidently, the k -+ 1 points must contain at least one other pseudo d-cyclic 
set of k points. For, in the contrary case it is easily seen that every quadruple 
contained in the set p1, Ppa, * © `, Px is d-cyclic since it is contained in a d-cyclic 
set of k points, and hence pı, Ppa: > >, pe would be d-cyclic. We may suppose, 
then, that the set po, ps,° °°, Deu is pseudo d-cyclic and hence pip; = 24/3 
or d/3 (4,7 == 2,3,---,& +1), +349. Hence of the (1/2)k(k +1) dis- 
tances determined by the k -+ 1 points pi, po,° ` `, Prs Devi, each is seen to 
- equal 24/3 or d/3 except the distance pı, prı which does not enter into these | 
two sets. To determine this distance, consider any triple of points, say 
Pis Poy Pasi, containing this distance. Since this triple is d-cyclic, we must 
have either 


- (Pipe + Popri Pr Perr) (P1P2— PPk + Pipra) ( P1 Po— P2Dk+1—— Pa Press ) === () 
or : PaPa F PPr F PPr = 2d. 
Since pipe and pepe. must have one of the values 24/3 or d/3, it is readily 
seen that in either of the above cases, piper —2d/3 or d/3. Hence the 
theorem. is proved. 

We are now in a position to prove the maana theorem of this paper. 


THEOREM Mia I f the determinant of real elements 


* We prefer to make this inductive proof pence It may, of course, be given 
algebraically. 

} Of course, all of the distances p, jp; cannot equal d/3. A ce tain minimum number | 

# of these distances must equal 2¢/3; thus, when n = 5, u = 4, 
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1 Tre Tlg Vin 

Yo, Í Fag Yon 
An —= 

Tni Tne Tra ''' l 


n> 4, Tij = Tj; (4,9 = 1,2, > n), 13 is such that 
(i) | Tij | <1 (4,7 = 1, 2,- ` n); tÆ j, 
(11) each third-order principal minor vanishes, 
(iii) at least one fourth-order principal minor does not vanish. 
- Then An may be transformed into An(— 1/2) by Ex, and hence 


An = — 1/2 (8/2) (n — 3). 


Proof. By Theorem Ille each element of An outside of the principal 
diagonal has the absolute value 1/2, while from Theorem [14 we know that 
there exists an elementary operation Iw (k = 2) transforming the principal 
fifth-order minor A, in the upper left-hand corner of A, into As(—1/2). 
Suppose this done. It is then evident that the principal sixth-order minor 
ós occupying the upper left-hand corner of A, has all the elements of its last 
column (with the possible exception of 1) of the same sign. This is clear upon 
examining the third-order principal minors of As that contain two elements 
(exclusive of 1) from the last column. The vanishing of these minors together 
with the facts that A; has been transformed into A;(— 1/2). and the square 
of each element of An outside of the principal diagonal equals 1/4, yields the 
desired result. Hence Ag may be transformed into Ag(—1/2) by Epyx 
Repeating the above argument, we see that An can be transformed into 
An(— 1/2) by Er. 

The determinant A,(— 1 J2) is readily aohia to yield. 

— 1/2 (3/2) (n — 3). 


5. There is reason to believe that Theorem III, is the first link in a 
chain of theorems concerning determinants of type A, the k-th link of which 
is the following theorem: 


THEOREM. If the determinant of real elements An ts of order n > k +3 
and (i) every principal manor of order less than k +- 2 is positive, (11) every 
principal minor of order k + 2 vanishes, (ili) at least one principal minor of 
order k +- 3 does not vanish, then A, may be transformed by the elementary 
operation Hy into a determinant with the elements of its principal diagonal 
unity and all other elements equal to —(1 + k)™. Then the value of the 


; - 2 
determinant is —(1 -+ k)” Z oy (n —k—2). 


THE INSTITUTE FOR ADVANCED STUDY. 





CONCERNING THE GEOMETRY OF ACYCLIC SETS. 
By C. H. Harry. 


Introduction. In general, when sets of order relations are proposed for 

point collections the purpose is to construct linearly ordered arrays. One 
method of doing this is to take as undefined the concept of betweenness, where 
the condition “ The point F lies between the points X and Z ” is symbolized 
by the triadic expression XYZ. The problem of the present paper is to 
formulate a set of axioms for this triadic expression which will lead to sets 
which are homeomorphic with subsets of general acyclic Peano spaces.* The 
work has been divided into two parts, the first contains an analysis of the 
space in terms of the betweenness relation alone, while the second deals with a 
discussion of the connection between the limit points and this betweenness 
relation. 


Parr I. 
For the purpose of analysis the following five axioms will be employed: 


i 


Axiom 0. ABC implies that A, B and C are distinct. 

Axiom 1. ABC implies CBA. | 

Axiom 2. If A,B and C are distinct, then ABC or BCA or CAB is true. 
Axiom '3, ABC together with BOA implies CAB. 


Definition. UVW means that UVW is true while VWU is false. 


Axiom 4. AXB together with either XCB or XBC implies AXC.4 


* A Peano space is one which is the continuous image of the unit interval. A 
necessary and sufficient condition for a set to be a Peano space is that it be metric, 
self compact, connected and locally connected. Cf. Hahn, Wiener Berichte, vol. 123 
(1914), p. 2483 and Mazurkiewicz, Fundamenta Mathematica, vol. 1 (1920), p. 166. 
An acyclic Peano space is one which contains no simple closed curve. 

t This collection differs from the assumptions used for linearly ordered arrays in - 
Axiom 3. For linear sets this axiom would have to be replaced by a condition like: 

AXIOM 3’. ABC implies the falsity of both BCA and CAB. 

E. V. Huntington and J. R. Kline, Transactions of the American Mathematical Society, 
vol. 18 (1917), pp. 301-325, have listed twelve axioms which form the complete set of 
possible triadic relations among three and four points. These twelve axioms are either 
contained in or deducible from Axioms 0-2, 3’, 4. Also, in this same paper, examples \ 
are given which, with very slight modifications, show Axioms 0-4 to be independent. 
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The choice of this particular set of axioms was influenced by the following 
properties.of the.cut points * of a connected space P. If a point Y separates 
two points X and Z in the space P they could be said to stand in the relations 
XYZ and ZYX and only these two. On the'other hand, if no one of the three 


points X,.Y and Z separates thé other two they could be given all six possible — 


betweenness relations. This definition satisfies Axioms 0-3 provided it is 
agreed.to compare three points when and only when they are distinct. Since 
at most one of three points can separate the other two,.then the relation XYZ 
will occur when and only when F separates ¥ and Z. To demonstrate Axiom 4 
suppose X separates A and B. Then P— X may be expressed as the sum of 
two sets Mz and My which have no point or limit point in common and which 
contain A and B respectively. If XCB or XBC is true, then C must lie in Ma, 
| else OXB must hold. Hence, the point ¥ separates A and OC, i. e., AXC is true. 
Thus, all the properties deduced in Part I will be properties of the cut points 
of a connected set. In particular, cyclic chains and cyclic elements analogous 
to those of G. T. Whyburn + will be defined in terms of the betweenness rela- 
tion; and, at the end of Part I, it will be shown that the above definition 
of betweenness for connected and locally connected sets makes the cyclic chains 
and elements defined by means: of betweenness identical with those of the 
Structure paper. Thus, many of the properties of these chains and elements 
which are deduced by G. T. a may be shown without the use of 
connectivity. 


Definition. By the segment AB is meant A + B + all points X for 


which AXB is true. Also, in speaking of a segment AB it is always assumed 
that ASA B. . 


Definition. By the cyclic chain CAB) is meant A +B a all ae X 


for which: 
1° AXB is true, and 2° there is no point Y s both AYX and XYB, 
where again it is always assumed that Ab B. 


1. In this section properties of segments and cyclic chains will be 
deduced. The cyclic elements will be defined later. 


*The point X is said to separate or cut a connected set P between two points A 
and B provided P— X may be expressed as the sum of two sets M, and M, neither 
of which contains a point or limit point of the other and which contain A and B 
respectively. From the fact that M, +X is a connected subset of P— B it follows 
that B does not separate P hetween A and X. Similarly, A does not separate P 
between B and X. : 

+ “Concerning the structure of a continuous curve,” American Journal of M athe- 
matics, vol. 50 (1928), pp. tl 194. Hereafter this paper will be referred to as the 
Structure paper. 


_ 


CONCERNING THE GEOMETRY OF ACYCLIC SETS. 230" 
1.0 ABC implies CBA. 


Proof. ABC implies CBA, Axiom 1.[ If BAC were true, then CBA 
together with BAC would give ACB, Axiom 3. But ACB, by Axiom 1, implies 
BCA, contrary to the definition of ABC. hae CBA holds. | 


1.01 ABC implies the falsity of CA. CAB. 

1.02. Given AXB, then etther AXB is true or both XBA and BAX 
are true. 

1.1 AB hes wn (AB). 


Proof. Suppose Xe AB—A—B.* Now BXA and XYA imply BLY, 
by Axiom 4. Therefore, there is no point for which XYA and XYB could be 
true simultaneously. — Hence, both conditions that X belong to ae? are 
fulfilled. 


1.2 If DeC(AB), hh (AB) —C(AD) + O(DB). 


Proof. The demonstration is accomplished by showing that C(AB) con- 
tains C(AD) + C(DB) and that C(AD) + C(DB) contains C(AB). Pro- 
ceeding with the proof of the former, suppose X e C(AD) — 4 — D.. It will 
first be shown that AXB is true by proving the falsity of ABX and XAB. 
' Now BAX and AXD, by Axiom 4, would imply BAD, contrary.to the con- 
dition that D lie in C(AB). ` On the other hand, YBA and BDA, by the same 
axiom, imply XBD, which, together with ABX, contradicts the fact that ` 
XeC(AD). Since AXB must be true the only thing which would prevent 
X from lying in C(AB) would be the existence of a point Y giving AYX 
and XYB. The existence of such a point will now be shown to be impossible. 
If Y did exist it would be distinct from D, for ADX contradicts the condition 
that X lie'in C(AD). As Y, D and X are distinct, YXD or YDX or DYX 
is true. An application of Axiom 4 shows that AYX and BY X, together 
“with either YXD or YDX, imply both AYD and DYB, contrary to the fact 
that De C(AB). Thus, as both YXD and YDX are false, DYX is true. 
However, AYX and XYD prevent X from being in C(AD). Thus, the point 
Y can not exist and XeC(AB). By symmetry C(AB) also contains O (DB). 

It remains to show that C(AB) lies in C(AD) + C(DB). In case ABD 
is true Be AD. Thus, by 1.1, Be C(AD), so that by the above paragraph 
C(AB) lies in C(AD). A similar argument in the case of BAD will show 


























*X,Y,..-€N means that X, Y,. . . are points of the set N. 


236 : ) C. H. HARRY. 


that C (AB) = C (BA) lies in C (DB). If these two tema are excluded — 
either ADB i is true or all s six relations hold. 


Case 1.. ADB. 


Suppose XeC(AB)—A-—B—D. If XBD were true, tie IBD, 
together with BDA, would give XBA, contrary to the fact that X e C(AB).. 
Since XBD is false, then either BXD or XBD must be true. Likewise, either 
XDA or AXD is true. If both AXD and DXB were false the relations would. 
be ADX and XDB, contrary. to the fact that-XeC(AB). Thus, it may be 
. assumed without loss that AXD is true. Hence, from the definition, if X were 
not in O(AD) there would be a point Y giving the relations AYX and XYD. 
As XeC(AB), ABX is false, so that B4 Y. Now AVX and XYB imply 
. that X is not in C(AB), so that XYB must be false, i. e., either YBX or BXY 
must be true. However, DYX, together with either YBX or BXY, implies, 
by Axiom 4, DYB. But ADB and DYB give ADY, and this, together with 
DYX, gives ADX, contrary to AXD. Thus, Y can not exist and X must lie 
in C (AD). 


Case 2. ADB, DBA tad BAD are all three true. - 

Again assume that X is a point of 0(4B)— A—B—D. Ina manner 
similar to that of Case 1, it can be shown that either. AXD or DXB is trus. 
Assume AXD. If X is not in C (AD) there must be a point Y giving AYX 
and XYD, where again Y =< B. Now XYD and either YBD or YDB imply - 
XYB, which, together with AYX, contradicts the fact that XYeC(AB). 
Hence, as both FBD and YDB are false, BYD must hold; i. e, Ye DB. As 
Y lies in BD, then by 1.1 it lies in C(DB). Hence, C(YB) lies in C(DB). 
It will next.be shown that X lies in C(YB). It is‘ first necessary to show 
AYB. Now AYX and XYB would imvly that X is not in C(AB). But if 
XYB is false either YXB or YBX must be true, and either one of these 
relations, together with AY X gives, by Axiom 4,.AYB... Thus, as Y e AB, 
Y eC(AB) and, by Case 1 above, C(AB) lies in C(AY) +C(YB). Since 
AYX prevents X from lying in C(AY),- then Xe C(YB).. That is, 
X eC (DB), for C(Y B) lies in C oe The above proof of AYB gives the 
following corollaries :, — 


1.21 If De C(AB) and Ye AD—D, then erga 

1.22 If XeAB—A—B, then C(AX):+ C(XB) = 

1.8 If A, Band C are distinct points then C a hes in O(AC) 
+ C(CB). a 


Proof. If ABC, BOA or GAB is true the theorem is a direct consequence 


f 
+ 
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of 1.1 and 1.2. If these three possibilities are excluded then all six order 
relations are true for A, B and @.-. It will first be shown that AXO is.true for 
any point X of C(AB) which is different from A, B and ©. If AOX were 
true, then, by 1.21, C would be a point of AB, contrary to the fact that ACB 








is excluded. On the other hand, XAC and ACB, by Axiom 4, give XAB, 








contrary to the fact that XeC(AB). Thus, as ACX and XAC are both false, 
AXC must hold. If X is not an element of C (AC), then there exists a 
point Y such that AYX and XYG are both true. By 1.21 Y e AB, and, by 
1.2, C(AB) lies in C(AY) + C(¥YB), ‘Since AYX prevents X from lying 








in. in C(AY), then X € C(YB). But if X e C(YB), YXB is true. By Axiom 4, 


CYX and YXB give CYB, i.e., Y e0 (0B). Thus, by 1.1 and 1.2, C(YB) 
lies in C(CB). Hence, X, a aaa of C(YB), lies in C(CB). 


1.4 If X, YeC(AB), where XY, then either XeC(AY) or 
YeC(AX). 


Proof. By Axiom 4, XAY and AYB give XAB, contrary to the fact 
that XeC(AB). Thus, as YAY is false, either AXY or AYX is true. 
Suppose AYY. If X were not in C(AY) there would be a point P giving 
APY and XPY. By 1.8 the chain ((AB) lies in C(AP)+C(PB). As 





) 


_ APY prevents Y from lying in C (AP) it les in C(PB), i.e, PYB is true. 











But XPY and PYB give XPB, which, together with APX, contradicts the 


fact that X e C(AB). The assumption AYX makes Y lies in O(AX), : Also, . 


if X, Y, A and B are not distinct the theorem is trivial. 


emer a If X and Y are distinct points of C(AB), then XY — x Y 
lies in AB. 


1.5 If X and Y are distinct elements of AB—A, then either AXY 
or AYX is true. 


‘Proof. As the theorem is trivial if A, B, X and Y are-.not distinct, 
assume them to be different points. If YAX were true, then BYA and YAX 
would imply BY X, while BXA and XAY would imply BXY, a contradiction. 
Since XAY is impossible, then either AXYY or AYX must hold. 


1. 51 Af X X, Y and Z are distinct points a AB — A— B, then XYZ 
or YZX or ZXY is true. ` 

















Proof. By 1.5 either AXY or AYX is true. Assume AXY. Likewise, © 








either AZX or AXZ holds. Now YXA and XZA, by Axiom 4, give the 
desired result, Suppose, then, that the relation is AXZ. By Axiom 4, BYA 





: 
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and YXA give BYX, while BZA and ZXA give BZX. Applying the results 
of 1.5 to the segment XB, it follows that either XYZ or XZY is true. 


2. The notion of eyclic element will now be introduced. 





Defimtion. Two points X and Y are said to be conjugate provided there 
is NO point P giving the relation XPY. 


Definition. By a cut point X of the space is meant a point X for which 
there exists two points U and V giving the relation UXYV. 


' k 





Definition. By a cyclic element O (X) is meant anv maximal set O (X) 
which contains x and is such that every pair of its points are conjugate. 


2.1 If Xe C(AB) —AB and D(X) is the set of all eve of C(AB) 
which are conjugate to X, then either X is a cut point of the oe or 
. D(X) ca X ws a cyclic element. 


Proof. ‘The proof will be divided into three parts. | 
1° Every two points U and V of D(X) are conjugate. 


The assumption that U and V are not conjugate entails the existence of a 
point W giving UWV. By definition U, V and X are distinct. Also, as 
WeAB by 1.41, X54 W. Since U is conjugate to X, VWX is false, i. e., 
either WUYX or WXU is true. But, by Axiom 4, VWU, together with either 
WUX or WXU, implies VWX, contrary to the fact that W is conjugate to U. 
‘Hence, Ọ and VY. must be conjugate, i.e., all points of D(X) lie in the same, 
cyclic element O(X). 


2° If a point Q lies in D(X) —X, then D(X) + Z is a cyclic element. 














Suppose P is a point conjugate to every point of D(X) +X. The 
supposition that P-C(AB) —0 leads ta the following contradiction. Hither 
APB must be false or there must exist a point Y giving AYP and PYB. 
Under the assumption that APB is-false it follows that either BAP or ABP 
must hold. The relation AXB follows from the fact that X e C(AB) — AB. 
But PAB and AXB give PAX, while PBA and BXA imply PBX, both of 
which contradict the fact that P and X are conjugate. Since APB is true 
and it is supposed that P does not lie in C(AB), then there is some point Y 
giving AYP and PYB. As X Q, either X or Q, say Q, is distinct from F. 
Also, as P is not in C(AB) and Q is, then PLA Q. Thus, one of the three 
PYQ, PQY. or OPY™ “must hold. - Since PYQ is impossible, as P is conjugate 
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to Q, then either YQP or YPQ is true. But AYP and BYP, together with 
either YQP or YPQ, imply AYQ and QYB, contrary to the fact that 
QeC(AB). Hence, F does not exist and PeC(AB). But as P is conjugate 
to X, then Pe D(X), i.e, D(X) + X is maximal. 





3° I F D(X) =Q and there is a cyclic element C(X) 54 X, then for any 
point P of O(X) —X the relations AXP and PXB are valid. 





Just as in the proof of 2° above the relation APB must hold. ‘Thus, as 
P: O(AB) = 0, there exists a point Y giving AYP and PYB. If the point X ` 
were different from the point Y, then reasoning identical with the latter part 
of 2° above would lead to the contradiction that X¥-C@(AB) 0, where X 
replaces the letter Q used above. Thus, if D(X) =Q and X isnot a cyclic 
element C(X) it is a cut point, 





2.2 A cyclic element has at most two pomis in common. with any 
segment, 


Proof. The theorem is a direct consequence of 1.51 and the definition 
of cyclic element. 


2.8 If a cyclic element C(X) has two. distinct points U and V in 
common with a cyclic chain C(AB), then C(X) les in C(AB). 

Proof. Assume P is a point of C (X \ not in C (AB). First, APB is 
true, for either PAB or PBA, together with the fact that U and V are distinct 
points of C(AB), would contradict the condition that P be conjugate to both 
U and V.- Thus, there is a point Y giving AYP and PYB. As U and Y~ 
are distinet points of G(AB), one of them, say U, is different from P and Y. 
Since P is conjugate to U, then UY P is false, i. e., either YUP or YPU must 
hold. But AYP and BYP, together with either YUP or YPU imply AYU 


and BYU, contrary to the fact that U e i (AB). Hence, Pe C(AB). 























2.381 If a cyclic element has two points in common with AB it lies 
in C(AB). 3 


2.4 If O(X) and C(Y) are distinct cyclic elements they have at most 
one point P in common. Further, if U and V are any points of C(X) —P 
and C(Y) —P respectwely, then UPV 1s true. 





Proof. As C (X) ~C(Y), one contains a point not in the other. Sup- 
pose Qe C(Y) —C(X). Thus, for some point E of O (X) there is a point § 
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giving QSR. As every point A of C (X) —§—R is ; is conjugate to R, then 
ASR is false, i. e., either SAR or SRA is true. But QSR, together with either 
_ SAR or SRA, implies QSA. Thus, for any point U of C(X) — 8 the relation 
QST is valid. If B is any point of O (F ) —S— Q, then a similar argument 
' gives either SQB or SBQ. But USQ, together with either of these, implies 
USB. Thus, for any point U of C(x) —S and any point V of C(Y) — 8 
the relation USV is true. Hence, C(X)} and C (Y ) have either one point in 
‘common or no Sa in common according to whether or not g lies in both 
C(x) and C(Y). 








2.41 If X +s not a cut poini of the space at lies in one and only one 
cyclic element. 


2.42 If X and Y are distinct points of C(AB) — AB and X is con- 
jugate to Y, then D(X) +X =D(Y) +F. 


2.438 If X and Y are distinct points of O( AB) — AB and D(X) +X 
is not identical with D(Y) + Y, then there ts a point P of AB gwing XPY. 





2.44 If X and Y are points of O(AB)—AB and D(X) +X 
+ D(Y) +-Y, then these sets have at mast one point P in common. Further 
| P must belong to AB and give the relation XPY. 





Definition. A segment UV is said to be the minimum segment CONi- 
taining a set N provided N lies in. UV but in no segment XY which is a proper 
subset of UV. 


Definition. The space M is said to have Property C provided that given 
_any three, distinct points A, X and F for which AX - AY — A=<0 there ‘is'a 
point P lying‘in AX-AY-—A such.that AP is the minimum segment con- 
taining AX- AY. 

Although nothing has been said about the fit points of the space iaa 
the relation between the ordering and the limit points, it can be shown (Cf. 
Part II) that Property Cis not only a consequence of the assumption that 
every segment is closed and compact, but it is a definitely weaker condition. 
The next five theorems will be deduced under the assumption that the set M 
has Property C in addition Z satisfying Axioms 0-4. 


2.5 If the space M his Property O, then any cyclic chain C(AB) is 
identical with the set consisting of AB together with all cyche. elements having ` 
, exactly two points in common with AB. 
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Proof. It will be shown that for any i X of C(AB) — AB the set 
D(X) has exactly two points jn common with AB. The remainder of the 
theorem will then follow from 2.1, 2.2 and 2.21. Let N(A) be the set 
AX-AB. Suppose first that N(A) =A. If X were not conjugate to A there 
would be a point P giving APX. But, by 1.51, P must then be a point of 
AB—A—B. This is impossible as N(A) =A. Hence, A is conjugate to 
X,i.e., Ae D(X). On the other hand, if N(A) — A+ 0, then by Property C 
there is a point A’ of N(A)—A such that AA’ is the minimum segment 
containing N(A). As A's AB and XeC(AB) — AB, the points A’ and X 
are distinct. Any point Y giving A’Y X will, by 1. 51, lie in both AX and AB, 
ie, Ye N(A). But AA’X and A’YX imply AA’Y, contrary to the fact that 
Y, being a point of N (4), must lie in AA’. Hence, as such a point Y can not 
exist, the points A’ and Y are conjugate, i.e, A’e D(X). Since AA’X is 
true and XeC(AB), A =B. By symmetry either Be D(X) or there is a 
point B’ distinct from A and B which lies in both D(X) and AB. -If either 
A’ or B’ fails to exist then it follows at once that the set D(X) has two and 
only two points in common with AB. If A’ and B’ both exist, then A’ =< B’, 
for AA’X and XB’B are both true and X e C (AB). 




















2.6 If M has Property C and A, B and P are any three points for which 
APB is true but P - C(AB) = 0, then there is a point Y of C(AB) such that | 
C'(AP) lies in C(AB) +C(YP) while for any point X of a — F the 
relation XYP 1s true. 


_ Proof. As APB is true but P does not belong to C(AB), there is a 
point Z giving AZP and PZB. Hence, as PA- PB — P£ 0, Property C may. 
be applied. Let Y be that point of PA - PB — P such that PY is the minimum 
` segment containing PA PB. Either ABY or BAY, together with BYP and 
AYP, contradicts the condition APB. Hence, as both ABY and BAY are 
, false, AYB must hold. If Y did not belong to C(AB), then there would have 
to be a point W giving AWY and YWB, for AYB is true. But, by 1.41, 
W lies in both AP and PB, i. e., We AP-PB—P. However, PYA and YWA, 
imply PYW, contrary to the fact that PY must contain W. Hence, F is a 
point of C(AB). By 1.2, C(AP) =C(PB) hes in C(AY) + C(YP). 
and C(AY) lies in C(AB). Also, by the same theorem, ((AB) lies in 
C(AY) +C(¥B). Thus, for any point X of A, =l. the relation 
PY PYX follows from PYA A and PYB. 


























= 2.61 Under the same hypothesis as 2.6, the chain C(Y P), has exactly 
the point Y in common with C(AB). 
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2.62 If M has Property C and A, B and P are any three distinct points 
such that P does not lie in O (AB), then there is a point Y of C(AB) for 
which CCAP) lies in O(AB) + C(YP). Further, if Xe C(AB) —Y, then 
PYX is true. Finally, C(YP) has exactly the point Y in common with C (4B). 


2.7 If (M:) is any countably infinite collection of points M; and M is 
a space having Property C, then there tis a collection (C(XiPi)) of chains 
OC(X:P:) having the following properties: | 


co OQ 
1° D O(X:Pı) contains $, Mj; 
i 1 


© kal 
29 Fork > 1, C(XxPx) : ` C(£:P:) = Xk; and 
1, 
8° If r>s, X any point of C(X-P;) —X, and Y any point of 
O (XPa) — Xr, then XX,Y is true. ` 


Proof. Let X, == M, and Pı =M; Let Pa be the first M: not in 
C(X,P,). Let P, be the first M; not in O (X.P) + C(X:P.). Continue © 
in this manner. In general, having chosen Pay > -, Ps, let Pn be the first M, 
which is not a point of the set C(X.P,) +---+C(XiPr.). Clearly 
2, C(XiP;) contains $, M;. Since 2.6 makes it possible to assume the 


existence of a point X deh that C(X,P,) and C'(X2P2) have properties 2° 
and 3°, suppose that for n—-1 > 1 the points Xo, - -Xaa have been ‘so 
chosen that C(X,P,),---,;C(Xa+sPn-+) satisfy conditions 2° and 3°. Pick 
a point X? in C(X,P,) such that P,X?X is true for every point X of 
C(X,P,) —X*. Let k be the first += n— 1 such that P,X*Yz, is false for 
some point Frs of C (Xr ra) —A*. Now X?== Xr, as follows. Suppose, 
on the other hand, that X? and Xx, are distinct. Since X? lies in a C(XYiP;) 
for which 4 < ka, then by the construction of O (Xr k) the relation Prá&r A” 
holds. But X;, lies in some C'(X;P;) where j < ka so from the definition 
of k, the relation P,X?Xxz, must be valid. Applying Axiom 4, Prr A> and 
Xt A Fn give PrXzgPn, While PaX?X;, and X° Xk Pr, imply PnX*P,,. Thus, 
Yp is distinct from Pp, and Xy, That is, Pr¥x Xx, must be true. However, 
XOX ig aNd XigVingPeg imply X? Xk r while PnrX?X,, and X*Xn,Vx, give 
P,,X?Y%, contrary to hypothesis.’ Since X2 and Xr, are.the same point, then 
2.6 may be applied to find a point X° of O(Xu,Ps,) — Xr, such that P,¥8X 
is true for each point X of C(X,Px,.) —X%. From the choice of X;, the 


z REE koi i 
relation X*X;,Y holds for each point Y of X C(X.iP;) — Xx. Thus, for each 
1 


























Fa ; E PEE SEEEN 
point U of X C(X;P;) — X*, P,X°U follows from PaX*Xy, and Axiom 4. 
1 
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If ks is the first k < n such that some point Ys, of C'(Xi,Px,) — X? does not 
stand in the relation P,X*Y;,, then ks > ke. Just as before, X? == Xr, Con- 
tinuing in this manner there will eventually be a point X” such that Pn&” xX 


n-i i 
is true for every X of $ C(XiP:) —X™, where X™ es C(XiPi). Let 
1 1 








Xn = £”, It follows from 1.1-1.2 that X O (X.P;) = 5 O(X;P;). 
1 1 
2.8 Axioms 0-2, 3’, 4 imply Property C.* 


Proof. Axiom 3’ implies UVW whenever UVW is true, so that Property 
Cis trivial. 


2.9 Axioms 0-4 imply that every segment AB possesses a linear order. 


Proof. Let the symbol X « Y mean that “ X precedes Y.” For distinct 
‘points X and Y of AB let X « Y when : 

1° X=AorB=—Y; and 2° When AXY is true. 
Thus, by 1. 6, if X and Y are distinct points of AB, then X « Y or Y « X but 
not both. If X « Y and Y o2Z, then X « Z as follows. If X == A or Z = B 
the theorem is true immediately, so assume X and Z to be points of 
AB—-A-—-B. As X«Y and Yo Z, then Y also hes in AZ — A — Z. 
Now ZYA and YXA imply ZYX, while AXY and XYZ give AXZ, i. e, X a Z. 





3.. The notion of end point will now be introduced. 


Definition. A point P is said to be an end point of the set M provided 

there exists a collection G of points of M — P having the following properties : 
1° ZZP or ZZP is true for any two distinct points Z and Z’ of G; and 
2° If Qis any point of M — P, then some point Z of G gives QZP. 





Definition. A cyclic element is said to be non-degenerate provided it 
consists of more than one point. 


3.1 If M has Property C, then M consists of the non-degenerate cyclic 
elements, the cut points and the end points. 


Proof. | Suppose X is neither a cut point nor contained in any cyclic. 
element consisting of more than one point. Let Z be any point of M — X. 
It will be shown that the set G—ZX— X has properties 1° and 2° listed 

above. Condition 1° is a consequence of 1.6. Let Q be any point of M — X. 


Case 1. QeC(ZX). 


i 
t 
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As Q is not conjugate to X, for the cyclic element O (X) = X, there is . 
a point P giving QPX. By 1.1 and 1.21, the point P lies in ZX — X and 
is therefore a point Z’ of G. 


Case 2. QeM—C(ZX). 


Since ZXQ is impossible as X is not a cut point of the space, then either 
ZQX or QZX is true. As QZX gives the desired result at once, assume QZX 
to be false. As Qe M—C(ZX), than by 1.1, QZX, QXZ and XQZ are all 
three true. Thus, from 2.6, there is a point Y lying in C(ZX) —Z — X 
which gives the relation QYZ” for every point Z’ of ZX — Y. From Case 1 it 
follows that some point Z’ of ZX — X stands in the relation YZ’X. But 
XZY and Z’YQ imply XZ’Q, so that G= ZX — Z is a set satisfying con- 
ditions 1° and 2° above. Therefore, X is an end point of the space. 











3.2 If M ts a connected and locally connected space in which between- 
ness has been defined in terms of separating point as was done on page 234, 
then Axioms 0-4 and Property C are a consequence of the definition. 


Proof. It was seen earlier that UVW occurs when and only when V 
separates the points U and W in the set M. Thus, any segment AB consists 
of A + B -+ all points X which separate A and Bin M. G. T. Whyburn has 
shown * that AB is closed and compact in any connected and locally connected 
set. Suppose, then, that A, B and P are any three distinct points for which 
APB, ABP and BAP are all true. Assume further that AP - AB — A =Æ 0. 
Let V = AP ; AB and order AB in the manner of 2.9. As AB and AP are 
‘closed and compact sets, then N has a last point K which lies in W. From the 
hypothesis K is distinct from A, B and P. If X is any point giving AYP 
and AXB then X lies in N. Since K is the last point of N in AB, either 
X =K or AXK is true. Thus, AK is the minimum segment, containing N. 





3.3 If M is any connected and locally connected space in which between- 
ness has been defined in terms of separating point as above, then, the cyclic 
chains, non-degenerate cyclic elements, cut points and end points defined by 
means of the betweenness relations are identical with those defined in the 


Structure paper. 


Proof. In the Structure paper a non-degenerate cyclic element was char- | 
acterized as being a maximal set ((X) such that no two points U and V of 
C(X) are separated in M by any point. Since UXV means 'X separates U 


* “On the structure of connected and connected im kleinen point sets,” Trans- 
actions of the American Mathematical Society, vol. 32 (1929), no. 4, p. 927. 
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and V, then the non-degenerate cyclic elements are the same. The cyclic 
chains of the Structure paper are shown to be identical with the set AB 
together with all cyclic.elements which have exactly two points in common 
` with AB. ‘Hence, by 2. 5, the cyclic chains defined by means of the between- 
ness relations are identical with those of G. T. Whyburn. The definition of 
end point in the Structure paper is the following: “The point P of a con- 
tinuum M is an end point of. M provided that if W is any subcontinuum cf M 
containing P, then P is not a limit point of any connected subset of M — N.” 
An equivalent definition for locally connected continua is the following: * 
P is an end point when and only when there exists a countable collection of 
open sets O; such that P is the only point common to every O, the boundary 
of each O; is exactly one point Z;, and O; contains Oin + Zin for every i. 
. Since Z; ist separates Z; and P for every 1, then the definition of end point in 
terms of betweenness gives the same points as those defined by Kuratowski 
and Whyburn. 
‘Part IT. ~- 


In tbis part it will be assumed that the set M is a separable metric space. 
The number p(X, Y), which has the usual metric properties, will be used to 
denote the distance from X to Y. By the diameter 8(K).of a set K is meant 
the least upper bound of the numbers.p(X, Y) for all pairs of points X and Y 
of K. A set of betweenness axioms will now be formulated which will make M 
homeomorphic with a subset of an acyclic Peano space. In addition to Axioms 
0-4 it will be supposed that M has been so ordered that the following four 
axioms are also true: 


, Axiom, 3. If A 1s a limit sae of a set N there is no point P such that 
APX îs true for every point x of N differ ent from A. 


Axiom € 6. M has Proper ty C4 


AXIOM. 7%. “Tf (C(XiY:)). ts a collection of gis chains C (XY) and 
P a point such that: 


1° For each k >1 the set OZY) - : C(Xi¥1) is Xy or zero, and 


2° For every nba e > 0 all but a finite number of the sets O (X:Y:) 
have a point as close to P as e, then the numbers 8(C(Xi¥:i)) converge to 
zero with 1/1. 


* Cf. C. Kuratowski and G. T. Whyburn, “Sur les elements cyclique et leurs ap- 
plications,” Fundamenta Mathematicae, vol. 16 (1930), p. 307. 
+ CE p. 240. 
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Axiom 8. If U and V are any two points of a cyclic element O (X), 
then it is possible to send'C(X) into a subset of the unit interval by a homes- 
morphism T for which T(U) and T(V) are the ends of the interval. 


The connection between the betweenness relations and the limit points is 
given by Axiom 5. However, it is to be noted that Axiom 5 is only a necessary 
condition for a point to be a limit point of a set. 

Axiom 7 is used to prevent oscillation. For example, if the space M 
` consists of the graph of y = siil/a for 12a > 0 together with the origin, 
then M is connected. If betweenness is defined in M in terms of cut point 
as was done earlier, then Axioms 0-6 and 8 are true. However, such a set 
is not homeomorphic with the unit interval. It is evident that this example 
is not locally connected. Also, in the previously mentioned paper by C. Kura- 
towski and G. T. Whyburn, * it is shown for compact, connected and locally 
connected metric spaces that any collection of cyclic chains satisfying con- 
dition 1° of Axiom 7 is such that the diameters converge to zero. Thus, 
Axiom 7 stands as a substitute for the stronger property of local connectivity. 

Up to the present time no assumption has been made concerning the 
cyclic elements. Many spaces, for example, any Peano space, may be sò 
ordered that Axioms 0-7 are valid while Axiom 8 might or might not be true. 
In general, the definition of betweenness in ‘terms of cut point for connected - 
sets will not lead to Axiom 8 unless the cyclic elements are all degenerate. 
However, to restrict M to a space which is homeomorphic with a subset of an 
acyclic Peano space it is necessary to restrict the cyclic elements. Axiom 8, 
which at first sight seems to assume part of desired result, is really the 
weakest condition that’can be imposed. 


4.0 Axioms 0-5 imply that the cycle chains and TA elements are 
closed sets. 


Proof- The cyclic elements will be treated first. Let P be a point 
which does not lie in the- cyclic element C(X). Thus, there is a pomt £ 
of C(X) and some point S of M such that PSR is true. If Y'is any other 
point of C(X) either SYR or SRY must be true, for ROY contradicts the 
condition that R and Y be conjugate. However, PSR, together with either 
SRY or SYR, implies PSY. Thus, for any point Y of C(X)—S, the 
relation PSY holds. Hence, by Axiom 5, P is not a limit point of O(X). 
Therefore, each cyclic element is a closed set. 

Suppose next-that P-is not a point.of the cyclic chain C(AB). Thus, 
by definition, either PAB or PBA is true or there exists a point Q giving - 

















* Loe. cit. 
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AQP and:PQB. Since C(AB) would lie in C(AQ) + C(QB) if Q existed, 
then in any of the possibilities there would always, by Axiom 4, be a point Z 
giving PZX for every X of C (4B )— Z.. Thus, by Axiom 5, C(AB) is closed. 

That each segment AB is closed does not follow from Axioms 0-5. How- 
ever, it is a consequence of Axioms 0-6, as follows.. If P is a limit point of 
AB, then by Axioms 0-5 both ABP and BAP are false.. Hence, APB must 
be true. By 1.1 and 1:3 the set AB lies in AP + PB, where it is assumed 
that P is distinct from A and B. As P must then be a limit point of either 
AP or PB, assume it to be a limit point of AP. Thus, AP — P is not zero. 
Now AP — P lies in AB as follows. If X e AP—A—P the relation AXP 
is true by definition. But, by Axiom 5, for some point Y of AB the relation 
YXP is false, where F can be chosen distinct from A, B, P and ¥. But AXP 
and either XPY or XYP give AXY, so that by 1.1 and 1.5 Ye AB. Since 
AP — P lies in AB and is different from zero, then Axiom 6 may be applied 
to find a point Z of AB-AP such that AZ contains AP — P. If Z and P 
were not the same point then XZP > would be true for every point X of AP — X, 
‘ contrary to Axiom 5. Thus, Z = P lies in AB. The following theorem can 
now be stated. i 


4.1 If M satisfies Axioms 0-6, then each segment is a closed set. 

4.11 If M satisfies Axioms 0-5, then any point P of a segment AB which 
is a limit point of the segment UV, where U, Ve AB lies in UV. 

4,2 If M satisfies Asioms 0-5, Y, then for each AB there ts a homeo- 
morphism T which sends AB into a subset of the unit interval. Further, A l 
and B are transformed into the ends OF the interval and T preser rves the be- 
iweenness POLANO: 


Proof. For convenience in notation the segment will be ordered in the 


manner given in 2.9. The proof will then be stated in terms of the symbol 


ce 22 


x”, The demonstration follows along lines for similar proofs, the only 
difference occurring in the following situation. A point P may not be a limit 
point of both the set of points before P and the set of points after it. In this . 
ease the transformation must be so defined that open spaces are left in the 
unit interval to the right and left of the transform of P. , For a sepazable 
metric space which has been linearly ordered in such a manner that the order 
preserves the limit points there are at most a countable number of points which 
are not limit points of both the points preceding and following them.* Hence, 
in AB there is a set G = > P; which is everywhere dense in AB and which 


* Zarankiewicz, Fundamenta Mathematicae, vol. 12 (1928), p. 119. 
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contains every point P of AB which is not a limit point of both AP and PB. 
Suppose further that Pı == A and P = B. If P, is not a limit point of P,P. 
drop from the interval (0,1) the open interval (0,1/8). If P2 ig not a limit 
point of P,P. drop the open interval (1—1/8,1). Call the resulting set Kı 
and define T(P) as p,t=0 and T(P) as p: == 1. Between p, and pz 
there is one and only one interval belonging to K.. Let P,, if it exists, 
correspond to the midpoint p's of this interval. If P} is not a limit point 
of P,P, drop from K, the open interval (pg: — 1/3°, pa). If P; is not a 
limit point of P,P, drop from K, the open interval (p^, p + 1/3"). Lei 
the resulting set be K, and relable the points p,', po", p from left to right 
as Pı’, po", ps» Continue in this manner. In general, having chosen 
P1”, + +, Po” and the set A», consider the pairs p;” and p41, where 
t == 1, 2, © *, Un — 1l. Suppose, for each k, that Pp” is the point of G which 
corresponds to p”. Let Pm, provided it exists, be the first Pm of @ which 
is such that P:i” « Pm, and Ping % Při. Between p;” and p”: there is one 
and only one interval of Ka. If pg” designates the midpoint of this interval, 
then let T(Pm,) = p's". If Pm, is not a limit point of PiPm, drop from Ky, 
the: open interval (p’s"—1/(1-+.n)*, pi"); and if Pm, is not a limit point 
of Pm,P, drop from Kn the open interval (p4”, pi” + 1/(1+7)*). Do this 
for each 2 and let the remaining set of points of Ky, be FA Label the points 


2 pı” together with the set x p'i” from left to right as = pit, 


The proof that T is a homeomorphism which preserves the order and the 
proof that 7 can be extended to the whole set AB are rather tedious. Since 
they follow the lines of similar demonstrations it has been decided for brevity 
to omit them. 


4.3 Axioms 0-6 imply that there are at most a countable number of 
cyclic elements in any cyclic chain. 


‘Proof. Let the cyclic chain be C(AB). Since any two cyclic elements 
C(X) and C(X’) of C(AB) have at most one point in common if they are 
distinct, then the supposition that there are an uncountable number of cyclic 
elements in C(AB) implies the existence of an uncountable set G which lies 
in C(AB) — AB and is such that distinct points X and X’ of G@ lie in cyclic 
elements C(X) and C'(X”) which are distinct. By 2.5 each of these cyclic 
elements has exactly two points U and FV in common with AB. Suppose U 
and V are so named that UV « V. It is well known that any infinite subset 
of a linearly ordered array contains an infinite set which is monotonic with 
respect to this order. Since no three cyclic elements can have a point in 
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common, then for any infinite subset H of -G there is an infinite subset H, E 
- H having the following property: l 

If X and X’ are any distinct points of H, and U and U’ the corresponding 
points then either U always precedes U’ or U’ always precedes U. 


In particular, since M is separable, some point X* of G must be a limit point 
of a subset H of G. Without loss it may be assumed that it is pone to 


choose the set H, such that Ho = > X; and the corresponding set > U; has 


the property that U; « Uim As U, oe Vi, then UVa’ Vistar Vista 7 at most 
Uist £ tZ 0. As O(Xxz) lies in C(UxVx), then it follows from the 
definition of the symbol “ « ” that the collection of chains 0(U;V;) not only 
contains the set H, but satisfies the conditions of Axiom 7. Hence, taeir 
diameters converge to zero. Thus, X* is a limit point of AB. By 4.0, X* 
must then be a point of AB, contrary to the fact that X* lies in C(AB) — AB. 
Hence, the collection of cyclic elements belonging to C(AB) is countable. 
This same theorem may be proved by means of Axioms 0-5, 7 and the as- 
sumption that the segments AB are closed. However; the demonstration is 
much longer than the above. Using this theorem together with Axiom 8 
it is possible to state the following: 


4.4. Axioms 0-8 imply that any C(AB) may be sent into a subset of the 
“unit interval by a homeomorphism S which sends A and B into the end points, 
preserves the order of AB and is such that the relation S(X)S(¥)S8(Z) on 
the interval implies XYZ. 


Proof. Let X be any point of C (AB) — AB and let the elements C (X) 
have the points U and V in common with AB. As UV =U +4- V, then the 
transformation T of 4.2 was such that no point W of AB was transformed 
by T into a point T(W) lying between T (U) and T(V). By 4.3 the cyclic 
elements C of C(AB) may be labeled O1, Cat © +. Let U; and V, denote the 
points which C; has in common with AB. By Axiom 8 there is a homeo- 
morphism 7’; sending C; into a subset of (T (U+), T(V:)) in such a manner 
that T (U4) = T:(U:) and T(Vi) = Ti(V:). Thus, the transformation § 
defined as follows: l 


S(P) =T(P) if Pe AB and S(P) =Ti(P) if P e0, 


"gives a 1 — 1 correspondence between C (AB) and a subset of the unit interval. 
That § is a homeomorphism with the desired properties follows from 4.0 and 
Axiom 7. Again, this theorem may be demonstrated by means of Axioms 
0-5, 7 provided it is assumed that AB is closed.. 

7 
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The: following theorem on the approximation of the space by means of 
cyclic chains is a direct consequence of 2.7 and the condition that M be 
separable. m ™ 


4.5 Azgioms 0-7 imply the net a collection of cyclic chains . 
h,=C(XiP;) for which : 


1° XgeX P;; 2° Every point of M is a point or limit “point of the set 
aad and 3° Ry,’ Èr: = Xy. 


This theorem is analogous to the one > announced in the previously men- 
Honed paper-by C. Kuratowski and G. T. Whyburn.* Such an approximation 
of the space will be used in constructing a homeomorphism between M and a 
subset of an acyclic Peano space, the method being to send the sets R; into 
subsets of appropriate arcs in the acyclic Peano space. . 


5. A unwersal acyclic Peano space is such that every acyclic Peano space 
is homeomorphic with a subset of it. If (tı) is an infinite collection of arcs 
t, of an acyclic space, where t; t; is a fixed point 7,154 7, then x is called an 
infinite branch point of the space. T. Wazewski has shown ł that an acyclic 
Peano space will be a universal acyclic space P provided that on each are 
of P there is an everywhere dense subset of points which are infinite branch 
points of P. In fact, such an acyclic space has been shown to exist in the, 
plane. Such a universal space will be employed in the demonstration of the 
following theorem. as 


5.1 If M is a separable metric space the points of which have been so 
ordered that Axioms 0-8 are Walid, then M is homeomorphic with a subset 
of an acyclic Peano space. 


. Proof.’ Choose in M a collection of cyclic chains R; having the properties 
announced in 4.5. Let P, be any universal acyclic Peano space and 2; and pı 
any two infinite branch points of Py. Let rı be the arc from p, to a, and . 
F the set of infinite branch points which lie on rı. Let Tı be the following 
homeomorphism : 

1° T, sends the set kı, = C(X- Py) ies: r in =a a manner that 
1,(X,) = z and Tı (Pı) = p1; and 
2° T, transforms Ra Ri, where i+ 1, ats a point of #1. Theorem 4. 4 


* Loe. cit. 

t Annales Sociélé Polonaise Mehenin Cracovie, vol. 2 (1923), p. 49; also, 
see Menger, Fundamenta Mathematicae, vol. 10, p. 108 and Gehman, Transactions of 
the American Mathematical Kociety, vol. 29 (1927), no. 3, p. 553. 
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gives a transformation Tor satisfying condition 1°, while a theorem cue .to 
Fréchet and Urysohn * states that To, may be deformed into a transformation 
T, satisfying both 1° and 2°. Suppose that 7,(X2.) = zz. Since sz is an 
` infinite branch point it is possible to find an arc wap’, having just x, in common 
with r;. Choose on this arc a point pz different from &a which is an infinite 
branch point and let 7, be the arc from g, to pe. If the set of infinite branch — 
points lying on rz is F, then let 7, be a homeomorphism sending k: = C (X 2P) 
into a subset of rą in such a manner that T,(X2) = £a, T,(P2) = pa and 
T(R- Ri) is a point of F, for each 1542. Continue in this manner. In 
general, having chosen Tit >+, Tn- and the arcs 71,° *',Tn- In such a 


bn 
manner that m: X ri =x, let En be the cyclic chain C(XnPn). Now Xn 


may lie in more than one of the sets R, where n œ> i. However, if it is 
assumed that the collection (R:) was constructed as was done in the proof 
of 2.7% (Part I), it follows that if X, lies in A; and Ry, n > t-> j, the points 
Xn, A, and X; are identical. Hence, for every 7 for which 7';(X») has a 


' n-i 
meaning the point T; (Xn) = 2%» is the same. Thus, as X, lies in > R: there 


i 
is some point z, to which X, corresponds, and only one such point. Let p’, 


. n-i 
be a point for which the arc %p’» has just the point z, in common with $, ri. 


On this arc choose an: infinite branch point p, different from £y and let tn be 
the arc from at to pa. If Fn is the set of infinite branch points lying on ra, 
then let Tn be a homeomorphism which sends A, into a subset of r, in such 
a manner that Tn(Xn) = En, Tn(Pn) = pn, and Ta(ERa' Ri) is a point of Fn, 
where t&n. | 

For a point X of 2 R; define TX) y s 1(X ) if XeEn It follows at 


once that T is a 1—1 " correspondence. In order to extend T to the limit 
points of > E; which do not lie in =. Ei use nee been made of the folowing 
statement : 

For each point Z of M — >) R; there is one and only one collection (Er) 

4 

of sets R; such that: 1° 4 = 1; 2° t Zi; 8° Ri and Ri, have no pcint in 
common if |t—j|>1; 4° Re, and Rina have exactly the point Xia in 
common; and 5° Z is a sequential limit point of 2 A+, Thus, from the 
construction of T the corresponding arcs rz, would have properties 1°-4°, 
As the space Po is compact and locally connected, then there is one and only 
one point z which is a limit point of 2 fı Since the space is acyclic the 


* M. Fréchet, Mathematische Annalen, vol. 68 (1910), p. 159 and P. Uzysohn, 
Fundamenta Mathematicae, vol. 7 (1925), p. 83. 
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point z does not lie in irr, If T(Z) is defined as z, then the extended trans- 
i 


formation will also be a 1— 1 correspondenee. However, the proof of the 
above statement about (#:,) and the proof that the extended transformation 
is a homeomorphism are both long and detailed. Since they follow along 
lines for similar proofs it has been decided to omit them in order to conserve 
space. A demonstration analogous to the one needed can be found in a paper 
by G. T. Whyburn entitled “ On the set of all cut points'of a continuous curve.” * 


6. The converse question on the types of subset of an acyclic Peano space 
which can be so ordered that Axioms 0-8 are valid will be treated next. 


Definition. A subset M of an acyclic Peano space is said to have Property 
C” provided that for any three distinct points a, 6 and « of M for which the 
arcs ab and-ax contain a point of M different from a, there is a point p of M 
which lies on a@b- ae and is such that ap is the smallest arc containing the 
set ab- az: M. 

In particular, it can be shown that any closed subset M has Property O’. ` 
_ Also, if the points of the acyclic space are ordered in terms of cut point and 
the points of the subset M given the same order relations as they have‘in the 
whole space, then it can be shown that Property ©” implies Property C 
announced earlier. | . 

Suppose then that M is a subset of an acyclic Peano space P in which 
betweenness has been defined in terms of cut point. If X and Y are any two 
points of M which are not separated in P by any point of M, then from the 
definition of betweenness they lie in the same cyclic element. Let YY be the 
are from X to F and Z any pointswhich is conjugate to both X and Y. Thus, 
there is a point W such that the are WZ has just the point W in common with 
XY —X—Y. If, for each point Z of the cyclic element C(X) containing X 
and Y: such an arc WZ is chosen, then the set H (XY) = ne together with 
the arcs WZ will be an acyclic Peano space in which the end points are the 
points of C(X). The theorem that the end points of such a space are totally 
disconnected may then be applied. Thus, by the Fréchet-Urysohn theorem 
mentioned earlier, each C(X) satisfies Axiom 8. 

A set G(AB) consisting of the are AB together with ares WX having 
just the point W in common with AB-—-A-—B and just the point X in 
common with the cyclic chain C{AB) may be formed for each C(AB). Fur- 
ther, it may be shown that G(AB)-G(UV) les in C(AB)-C(UY) if 
C(AB)-C(UV) consists of at most one point. Thus, any collection of cyclic 





* Fundamenta Mathematicae, vol, 14 (1930), p. 185. 


CONCERNING THE GEOMETRY ‘OF ACYCLIC SETS. `` 253 


chains satisfying the re of Axiom 7 must BEL the conclusion, for 
P is compact and locally connected. . 3 

It was seen earlier that the definition of Gecwonihens in ‘avin of cut point 
satisfies Axioms 0-5 if the space P is locally connected. He is now possible to 
state the following theorem : 


6.1. If P is an acyclic Peano space and M any subset of P which has 
Property C’, then the points of M may be so ordered that Axioms 0-8 are valid. 


Up to the present time it has not been shown that Axioms 0-8 make the 
transform of M have Property C’. However, it would appear that this is so. 


Conclusion. ` It can be shown that the set of all cut points of a Peano 
space may be so ordered that Axioms 0-8 are true. It is only: necessary to 
order the points of the Peano space in terms of cut point as was done earlier. 
Thus, the following theorem, due to G. T. Whyburn,* is a consequence of 


= Part I: 


The set of cut points of any Peano. space is homeomorphic with a subset . 
of an acyclic Peano space. 


Also, if Axiom 6 is replaced by the stronger 
Axiom 6’. If A, B and C are distinct then AB: BC: CArAé 0, 


it will follow that Axiom 8 is trivial. For if ABC is true and ABC false, then 
by Axiom 6’ there is a point Z giving AZB, BZC and CZA. Thus, any cyclic 
element consists of at most two points. Also, each cyclic chain C(AB) con- 
sists of just the segment AB, Hence, Axioms 0-5, 6’, 7. imply that M is 
homeomorphic with a subset of a Peano space which is acyclic. In a paper 
which follows the present one an arbitrary collection N is considered the 
points of which are so ordered that Axioms 0-4, 6’ are true. In addition to 
these restrictions is imposed the condition that any collection of segments: 
such that any two of them have at most an end point in common is countable. 
With these conditions it is shown that a metric may be so defined for N that 
it is separable. Further, Axioms & and 7 are a consequence of the definition. 
Hence, such a set N may be transformed into a subset of an acyclic Peano 
space. : 
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* Fundamenta Mathematicae, vol. 14 (1930), p. 185. 


NOTE ON THE COOLING. OF A RADIOACTIVE SPHERE. 


By Arnotp N. Lowan. 


In a previous paper * the cooling of a radioactive sphere has been investi- 
gated in the special case where the initial temperature distribution is a function 
of r only. The object of the present paper is to apply the method of the 
previous paper to the case of any arbitrary initial temperature distribution. 

_ The temperature T(r, 6,6; t) must satisfy the following differential sg 
tion, initial and boundary conditions: 


(1) (0/at) T(r, 6, 6; t) —kAT (1, 0, p; t) = (7,0, 634),. t>0, 


(2) Lim T(r, 6, $; t) =f(r, 0, $), 
t0 : 
- (8) | (0/er) T(r, 0,6;t) =0, r=0, 
(4). (8/or) T(r, 6,634) + oP (r, 6,631) —oF(t), r—a, 


where k — ratio between the thermal conductivity K and the product of the 
density 8 and the specific heat y; o = coefficient of heat transfer by radiation 
at the surface of the sphere into the medium at temperature F(t) and 
b(r, 0, p; t) = (1/y8) X heat generated per unit time per unit volume. It will 
- be convenient to make the substitution 


(5) L(1, 6, 63%) = (1+ Ya’ — Bar? + 78) F(t) + u(r, 6,451). 
The function u(r, 0, ġ;t) must then satisfy the system 


(6) du/ot — kau —= e(r, 0, p; t) — (1+ Ya” — Har? + 1°) (4/08) F(t) 
oo + 6k Rr —a)F) =y bgi), (aay) 
(7) Lim u(r, 6, 43%) 


= f(r, 64) — (1 + Ka — Kat +-)F(0) =g 04), (ey) 
(8) (0/ar)u(r,6,6;1)=0, r=0, 
(9) (0/ar)u(r, 0, p; t) + oul 0p; t) —0, pa 


* “ On the cooling of a radioactive nese Physics Review, November 1, 1933: This 
paper will be referred to as A. N. L. - 
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The system (6) to (9) is formally analogous to the system (1) to (4), 
and defines the temperature history in a radioactive sphere (the function y 
playing the rôle of the function ¢), radiating into a medium at 0°. Let 


(10) L{u(r, o g;t)} = fe u(r, 6, 4, t)di— y(r, 0, 059), 


(11) LEY ds} = f yl 0 43 t)dt = Ql 6 659), 


where we assume the convergence of the integrals. If we operate on (6), (8) 
and (9) by the operator L and make use of the identity (see A. N. L.) 


(12) Lf (0/dt) u(r, 0, 6; t)} = AL{u(r, 0, pt) —u(r, 0, 6; 9)} 
a Ay (r, 9, $; À) — g(r, 0, $), 
the function y(r, 0, ġ3Aà) must satisfy the system 


(13) kay — Ay = — g(r, 0, p) — Q (1, 8, 63), 
(14) l dy/dr = 0, r= 0, 
(15) dy/dr + oy = 0, T == th, 


The general solution of (13) to'(15) may be written in the form 
(16). y(r, 6, 653A) 
=f ò Ò Oogt EAI, g) ONO, gA) Jdr, 
, 


where dr = 17° sin #d1’dé’d¢" and the integration is carried out over the volume 
Q of the sphere. Further, G is the Green function of the problem defined in ` 
the usual manner as the solution of the differential equation 


(17) LAG — AG nl 


satisfying the given boundary conditions, the function ¢.(7, 6, $) satisfying 
the condition 


(18) Lim f Sf fet gdm 


where œw is a little sphere of radius p with the center at the pora (7,0.¢6 a 
From oe) we obtain in a purely formal manner 


(19) u(r, 885 4), “SJ Sa 9,4) LG 0, 850, 0, 850) Jdr 


+f f f ee, 0,377, 0, $5) > O(17, 0, $5 A) }dr, 
Q 
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where L is the inverse Laplace operator. Let us put 

(20) LUG (r, 8, 6317, 0, pA) } =E 8, 65770, $3 t): 
Further, from (11) .it follows 


(11°) L7{Q (1, 0, $, à)} = w(t, 0, p, t). 
It is then known (see A. N. L.) 


: ‘ ; : j 
CD IHG = fH 0 8s) Ep37, 0, g5 ta) dn 


In view of (20) and (21), our solution (19) may formally be written 


(22) u(r, 0, p) = fff g, 0, 6) T(r, 0, 6377, 0, p; t) dr 
Q , PE 


+f ff TTAR EARRA ERER 
A | 


Tf we assume the validity of the bilinear expansion formula, we have 


xy Yon a(t, 8,6) yma’, 1,8) |: 
(28) _ Ce EX acs E 


where the An,;°s are the characteristic values corresponding to the homogeneous 
differential equation | . 


(24) : Ay + ay 0 


in conjunction with the given boundary conditions, and the y’s are the corre- 
sponding normalized characteristic functions. Asis well known, we have * 


0 
(25) Ymmi = (m,n) B(r)P(u) = mg, 


where l , 
B(r) =r JmazlAnir) Phu) = (1 — p)” (0 /0u™) Palu) 
and, in addition, » == cos 0, n is a positive integer, m = 0, 1,2,8- n, and 


P, is a zonal harmonic. 
The function (25) is finite for r = 0, satisfies (8), and will satisfy the 


* H. Carslaw, The Conduction of Heat (1921), p. 143. 
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boundary condition (9), provided the An,,’s are the roots of the transcendental 
equation | 


a Sa 


(26) (c — 1/20) nizala) + dd” R+1/2 (ar) sam 0, 
where J’ nsasa(ar) = { (8/02) J n172 (2) Jeza 
Furthermore, N (m,n) is the normalizing factor defined by * 
“de _ r@rV?2(m+-n)!l oy A 
en Nna) (8-1) (n—m) 1 |W aA 
1 Ira? 12 j : 
(28) Om mil {I n2 (0A) }?. 


With this significance of the symbols N (m, n), R(r) and P(p), (23) becomes 
Gas EE) EEU Ee cea 


i 420 m=0 n=0 Kr 2,4 4- À 
(237) 
{Ni(m, n) YP E(P (u) sin mo: R(r)P (g) sin mg 
S ee Ae ee Eee 
q=0 m=0 n=0 kà ni A 


Since we evidently have 
29 sa Kn, tt At dt 1 
hat “nt . -A an eae 
( ) Í, i á kn, 4 -} A á 


it follows at once that 
T(r, 6,637", 0, $5 t) 


(30) T 5 > (N (m, n) }* eat R(r)P(p) cos mo: R(r)P (w) cos me’ 


4=0 m=0 n= 
[6] 


+3 S S {N (m, n)} oP" R(r)P(u) sin mp R(7)P(p) sin mg’. 


4=0 m=0 n=0 
In view of (30) our solution (22) finally becomes 
oo tO oœ 
u(r, 4, $t) =È È X {N (m, n)}? et R(r)P(u) cos mg 


f f f s, 8', o) R(7)P (u) cos mg'dr 
+5 S X Wn, n) } et R(r) P(u) sin mg 


4=0 m=O n=0 


f J f g(r, 0, &)R(1’)P(u’) sin mg'dr 





* H, Carslaw, The Conduction of Heat (1921), p. 143. 
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(31) +3 S SV (m, n) BIP (H) osme 


=0 m=0 n=0 


f Sf dr f ROPU) cos me °* y(r, Cg; q) eaP dy . 
7 ; 


+È E50 (mn)} RP sime 


4=0 m=0 


SJ Í s SBOP « sin mp! y(r, 0,4" nem ay 
Q 


The pinion of our problem is thus given'by (5), sists u(r, 8, p, t) is given 
by (81). 

If, as is obvious from physical Senet we may assume the bounded- 
ness of the functions f(r, 6,¢), F(t) and $(r, 0, p, t), it may be easily shown 
that the triple sums in (31) are convergent,.and that the derivatives appearing 
in our differential equations may be obtained by termwise differentiation of she 
triple sums. 

It can then further be shown that the function T n 0, $, t), defined by 
(5) and (81), satisfies the conditions (1) to (4), and thus actually repre- 
sents the complete solution of our problem. ` ~ 


INSTITUTE FOR ADVANCED STUDY, 
> PRINCETON, N. J. 


OPTICAL PATHS IN THE IONOSPHERE. 


By "F. H. MURRAY. 


The analysis of optical paths in isotropic media has been developed by 
several writers to a first approximation,” for constant permeability but variable 
dielectric constant, and’ Gans has considered also the second approximation in 
certain cases. An extension of this analysis is required in the calculation of 
the approximate path of a short wave beam. in the ionized region above the 
earth, under the influence of the earth’s magnetic field which makes the 
medium doubly refracting, and the development of this analysis is the: chief 
object of the present paper. Hartree’s form + of the matrix defining’ the 
electric displacement vector D in terms of the electric field # is assumed. for 
a field possessing a time-factor et*°t; the further assumption Ẹ = Beets gives 
a partial differential equation of the first order and fourth degree for S, which 
can be considered the equation of Jacobi for a system of differential equations 
in the Hamiltonian form. If § is known, an assumed asymptotic exparsion 
F = (G, + kG + kh?*G, +. - +) leads to a differential equation for each 
' Gm whose solution can be written down. The construction of F is similar to 
the method of Birkhoff f} for the asymptotic expansion of a solution of 
Schrodinger’s equation; but the necessity of constructing a vector function 
requires an analysis similar to that of Hadamard for the discussion of the 
characteristic surfaces of a system of partial differential equations.§ A first 
result is that the trajectories of the Hamiltonian equations are tangent to the 
Poynting vector of energy flow in the first approximation, if the absorption 
is negligible. : 

The trajectories of interest are those for which the Hamiltonian function 
H vanishes; in the present problem H can be written H = HiH.HsH,, and 
each factor may be considered a new Hamiltonian function. Hence the method 
of successive approximations can be applied to each wave form independently 


_ * A. Sommerfeld and J. Runge, Annalen der Physik, ser, 4, vol. 35 (1911), p- 277; 
R. Gans, Annalen der Physik, ser. 4, vol. 47 (1915), p. 709; K. Férsterling, Phystkal- 
ische Zeitschrift, vol. 14 (1918), p. 265. 

7 D. R. Hartree, Proceedings of the Cambridge Philosophical Society, vol. 27 (1931), 
p. 148; also E. V. Appleton, Proceedings of the Physical Society (London), vol. 37 
(1925), 16D, and 8S. Goldstein, pO geneS of the Royal Society, A, vol. 121 eee 
p. 260.. 

į Proceedings of the National Academy of Sciences, March (1933). 

§ Leçons sur la propagation des ondes (1903), pp. 276-280. 
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of the others; and no splitting up of a plane wave occurs on enteriag the 
ionized region if this wave is suitably polarized at the transmitter close to the 
earth’s surface. Hence to the extent that the present approximate analysis is 
valid; it would be possible, with a sufficiently concentrated short wave beam, 
to transmit just one wave form to a distant receiver; possible advantages are 
indicated by formulae for transmission along the magnetic field, in which case 
the absorption for one wave form may be much larger than that for the other, 
if both paths he in regions of high electron density òver a considerable 


» distance. 


1. In the field of a plane wave of frequency vy, each ion in the ionized 
region describes.a trajectory, calculated from the acting field [E —(U — Bo)*L 
in Hartree’s notaation| and these trajectories produce a dipole moment ` 

. dM = (1/4) oBda dy dt, dlp == dMe-™"/r, ‘Ie = 2av/c. 


If the i ionic density is constant, and the impressed magnetic field Ê” is uniform, 
the field equations are, 


(1.1) D=, kD=cowlH, —ikH = coul Ê 
sher eis a three-rowed matrix defined as follows. Let 
(1.2) kp? = 42Ne?/me?, kr =— e| H°|/me?, Z= 1—iko/k, 


N being the number of free ions per cubic centimeter, e the charge on the ion 
in e.s. u., m its mass, and ck, the number of collisions of the ion per second. 
Then if 


u = Keg”, da + Bho?/k?), 0 = I, H/[k | Ê | (Z + Be 
w == — u/ (1 -— —- v?) 
Hartree’s matrix is: 


{1 — w(1— Va) wre—wredy ~~ — Wry — Wrzgrz 
(1.8) e= || —iwoe—wogvy 14+ w(1—v,?) woe — Wyte : 
Wy — WUgV2 — We — Wye 1 + w(1— v) 


The equations (1.1) will be assumed valid in the ionized region where 
the parameters u, v, w change only by very small fractions of their values 
within a wave-length. An approximate solution of the field equations (1.1) 
may be. constructed with the aid of a function § determined as follows. The 
equation f , 

(1. 4) k?D — grad div Ê — AE 
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is a consequence of (1. 1): ; if E — Pets three equations result from (1.4) 
of which the first i iS, ‘ 


(1. 5) k? (Ê) = k? Los (p, 9,1) — ik Lrs (p, 9,7) + Loz; 


if  p=08/ðs, g= 08/ðy, 1r—0S/iz,  Îo = grad div P — AP, 
ñ = (p, gT), =P HPH, 


In, and Les being defined by 


ni — p —— pg =p 
Low es (LF) 23 Lig = — Qp PUP a q? aaa i 
—rp — rq n—? 


Lis = F,0p/dx + FOp/dy + F.Op/d2 + p div Ê + paFp/dx + q0F,/da + 10P./0x 
— F, (p/s + 0q/ey + Or/02) —2(p0F ,/du +- goF,/dy + r0F 2/02). 


If K is the matrix e— L,, (1.5) can be written 
(1.6) | KP — iki, + ih, 
and a first approximate solution for large & results from KF 0. This equa- 


tion i is simplified if the X — Z plane is chosen to be that defined by the vectors 
n and H °; then if 


p = n sin 0, r = n cos 6, a = 1 — u, b? =[(1 + w)*~ wr? ]/(1+ w), 
ALGO 


Vt == Vg COS 6 — Ve SIN Â, Un = Vz SIN 6 A+- Vz COS O, 


and the determinant K of the linear equations KÊ = 0 is noaea to zero, the 
index of refraction n satisfies 


ni[i — won? / (1 + w)] — nefa + b? — won?/(1 + w)] + ab =0. 
The selene. after some reductions, can be written 
(1. 8) n? — 1 = —u/{1 — 072/20? £ [on? + vit/4a*]#}. 
For an arbitrary codrdinate system, 


Un = (pla + Wy + 102) /N, 
V? == Va? + vy? + 027, V? == 0? — On?. 


The vector F is defined, except for a constant factor, by 


F, iwF, CR 


“aa ee ee S ae aaa a a a 


av, + n? sin Ove (1 + w) (n? — a) — nUn — 70, + n? cos Ou: ` 
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2. If K(p, 4 r,s, y, z) isthe determinant of the matrix K, as above, 
this determinant is zero everywhere if the fynction § satisfies the partial dif- 
ferential equation K = 0, with l 


(2. t) p= S/ix, q —08/ðy, r= 38 /ðk. 


The characteristics of this partial differential equation are in the Hamiltonian 
form . 
dz/dt = 0K /dp, dy/dt = 0K /ðq, dz/dt = 6K /dr, ` 


2) an/dt = —oK de, dq/dt'—=—0K/dy, dr /dt =— 9K /on.. 


The classical construction of a solution S of Jacobi’s equation K = 0 in the 


form À 
(Tyg) 


N = pdx + qdy +.rdz 
Cat, yt, 2°) 
by means of integrals of (2. 2) will be assumed, with the condition K = 0. A 
solution of (1.6) will be assumed to have the form 
P = P, 4 eÊ, + h°R, +- cuted 

from which there results the set of equations | 
(2. 8) EB, = — iLi (Ên) + Lo(Fm2), m= 2, 

KF, = 0, KF, =— ilL (Ê). 
Since the determinant of K vanishes, the right-hand members must satisfy a 
condition 


(2.4) ca[— iL (Pm) + Lo (Fm2) Je 7 2 l 
+ co[— iLa (Pmi) + Lo(Êm-o)]y + co[— iLa (Êm) + LolÊm-2)]e = 0 


in which (cı, c2, cs) is a solution of the equations adjoint to KF =0. Also, 
> CDre (G). caL (FA) + aLi ( FG) = 0 


if Pe is a solution of KF =0 arbitrarily chosen, G a scalar function to be 
determined. This is a linear partial differential equation for G which can be . 
written in either of two ways if Z = 1 in (1.2) corresponding to negligible. 
absorption; in this case the matrix K is Hermitian, and a possible.choice for 
` the ¢s is: c, —F,°, co = Fy’, c; = F,°. Let . ey 


dæ/dn = p/n, dy/dn =q/n, dz/dn=r/n. 


Then from the definition of L, the equation for G becomes, 
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(2. 5) [Pe (Êh) + Fa (Pâ) — 2p | P (270G/ôx 

-H [E (Fa) + (Pn) —2q | Ê |210G/3y 

+ (Fe (in) + F (Fn) — 2r | P |2108/ôz 

+ G[F grad (Fñ) + (Pa) div P — | P |? AS — 2%ndF/dn] = 0. 
From # == Fe-*S and BE field equations, in the first approximation the con- 
jugate imaginary of H is H = [ñ, PF] e8: hence 

— oR 8, J — Bar) + BAR) — oâ | PP 

a numerical constant times the Poynting energy vector (¢/4r) RLE, H]. Let 


dz/ds— RUE, Hs, dy/ds—R[B, Hy, de/ds—R[B, He. 
Then 


—2dG/ds + mG—=0, log G = (1/2) f mas. 
80 


Another form for the differential equation for @ will be derived, from 
which it follows that the integral for GŒ is along a trajectory of (2.2). From 
the definition of Lz, | j 


Los = (Q? + 1?) Fa — p(qFy + Fe) 
Loy = (7? + p?) By — q (pFa + 1 Fs) 
Lig = (p° + 9°) Fe— r (pPo + gy). 


The substitution F — GÊ" in L, with the assumption that F is a function of 
(z, y,2) alone, gives the equations 


w == Gli, (2) — [ (OLen,/8p) 0G/0a + (@Le2/0q)9G/by + (iL ne/@r) 0G/0z | 
Liy = GLa (f°) — | (3Lay/3p) A/s + (OLey/0q) 0G/by + (8Ley/Or) 84/82 | 
Lrs = Gls ( F°) — [ (OL /Op)0G/0x + (ALn2/8q)0G/by + (9L2e/Or)8G/0z). 

If K = || ki; ||, and K ij is the co-factor of kı; in the determinant K, any two, 
rows of the matrix 


i 


Ky Kx. Kis 

Kao Ke Kz 

Kı Ege Kss 
are proportional, from which 


, Í KaKa = KiKa, K Koz = ae etc. 
Now 
_ — OLn2/6p = (0/0p) {Ler — (9? + 27) JE + (ere + pg) Fy Hes + pr) F,°} 


— (8/8) [kPa + kraby? + kra Fa] 
ma CK 20k::/3p + Koo8ky2/0p + Kosth13/0p | 
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if 
Fe = OK, Fp = OK, Bi = CK 2g O == C (a, Y, 2). 
Let 
y= Kis, Co = ÖK, Üg = K2. 


The equation for G becomes 


Ky8h3/ Op + K 120k y2/ Op -+ Ky 30k 13/ op 
CCK 22 + Ko, 8ho1/0p -+ K228k22/0p + Kos0ttes/O0p 0G/dx +--+: : 
-+ K3:0k31/0p -+ K g20k30/0p ~- Ko g30k33/0p 


ms CËK(0K/ðp)0G/ðr ~=} me erg 
Hence the equation l 


0 = G[eLie(F°) + coLy(F°) + cabre (P) ] 
+ COK ..[ (8K /ap)0G/dn + (0K/ðq)0G/ðy + (AK /3r)3&/ðz] 


which is identical with (2. 5.) if the absorption is zero; from a comparison 
with (2.2) it is seen that in any case this differential equation can be in- 
tegrated along the trajectories of these equations. 

The functions F,° = CK», ete., contain some of the variables p, q, 1 
explicitly; these must be expressed as functions of v, y, z with the aid of 
Jacobi’s function 8 ae org G can he constructed by the preceding method. 

If the function @ is known, let Pe = GÊ’; then Ê, can be determined 
from (2.8) except for an additive term G,J" where F is any solution of 
KF —0. With the substitution P, = F,° + G,F° the equations (2.3) can be 
solved for #, ‘only if the right-hand member satisfies (2.4), which gives a 
differential equation for G, similar to that for @; G, being determined, P, is 
known except for an additive term GÊ, and the equation for #, can be 
solved if G is determined from (2.4), and so on. The resulting expansion 
is of the form 


Ê = PO (G, + kG, + PG, + -), 


3. If the determinant K can be factored, let K == K,K,:::+:Km; the 
condition K == 0 requires that some factor vanish; if this is Kı, equations 
(2.2) become 


(3.1) da/dt = (K/K,)0K,/dp,: + © dp/dt = —(K/K,) 0K,/éu, Kı = 0, 
or replacing dt by (K/K,) dt, 
dx/dt = ôK,/ðp, dp/dt = —0K,/éa,-- + Kı = 0, 


and a corresponding function S, is determined by the preceding analysis 
applied to this special system. l | 
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From the first section, except for a neglible factor, 
K = nt (1— yun?) — n? (a? + b? — yon”) + 02, y = w(1 + w), 
Un =N (Pa + y + Vz), n =(P + GY? + 77) %. 
Jf the parameters u, v, w are functions of z alone, 0K /dx == 0K /dy == 0, and 
from (2.2) p and q are constants. ‘Let 


A= p + g’, B= ple + qoy. 
The equation in r boms 
(1 — yt )— 2yBvzr? + r? [RA — a? — b? — yB? + ETE — A) | 
-+ 2Byv: (1 — A)r + (4 — a?) (A — b?) + yB” (1 — A J= 0. 
Tf r == A are the roots, l 
` K =(1— yv?) (r — By) (r — Be) (r — Rs) (r — Ba) 


and the 4 systems of trajectories result: 


 dx/dt = —0R,/9p, dy/dt = —0R;/0q, de/dt =1, 
dr/dt =6h,/02; p==const., q = const., r= Ri. 
from which - 


E EEE f (3Rı/ðp) dz, Y — Yo = — J. (9B; /0q) de. 


The wave normal is vertical if p == q == A= B= 0; but the trajectory is verti- 
cal only if 0&;,/ép = 0f,/0q = 0 when p, q are set equal to zero, a condition 
satisfied over the magnetic poles where vg = vy = 0, also if v, == 0 since Ri 
becomes a function of A, B>. 

A trajectory is parallel to the XY plane if dz = 0, hence 0K /dr = 0, and 
2 roots #; are equal; if this condition is imposed for z = %, the condition of 
equal roots gives a single equation between p and q. | 


4, To determine the components of # below the ionized region, for 
either of the two wave forms being propagated into this region, it is cnly | 
necéssary to determine the limits of the components defined at the end of 
section 1 as the electron density approaches zero. From (1. 8) 


lim (1 + w) (n? — a?) /w = vy? + 01/2 A’, Al = (0? + 044/4)%; 
w~>0 z 
hence if | 


PF, = av, + n? sin bis By =— t [(1 + w) (nr? — @) /w — 00,71], 
Fe == — avy + n? cos Ovr 
8 


t 
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these limits are 


(4. 1) Fs = Un cos 6, Fy = — TOJE g A’), Fe = — sin Ovn. 


If Fz is the component of # in the plane of H® and the normal, F, the 
component perpendicular to this plane, Fn == vp. Let #’ be any given electric 
field below the ionized region, and let 


i’, = EH’, cos 6 — HH’, sin 0. 


Ê’ can be expressed in terms of the two special wave forms (4.1) by a solution 
of the equations for «, 8 : HY = F’e-ts, 


Py, = Gn + Bon, Pty =—i [a (02/2 — A’) + B(w: + A’). 
If the angle ¢ is defined by 


Un = A’ sin d, V1?/2 = A’ cos d 
the solution becomes 


(4.2) a= (A’/2)[F¥z cot($/2)—tF'y] B= (4/2) [F'n tan(o/2) + iP’). 


A solution corresponding to ar index of refraction given by (1.8) with the 
plus sign is obtained if 8 —0, the minus sign corresponding toa—0. For 
vertical waves directed upwards in the northern hemisphere Un < 0, hence 
8==0 corresponds to a right-hand polarized wave, «—0 to a left-hand 
polarization. 


5. To set up the Hamiltonian equations in spherical codrdinates, let 
s = r sin ĝ cos ġ, y = r sin 8 sin ġ, z =T Cos Ë. 
(5.1) pp =08/06, pp = 385730, P, = 08/0r, Pa = po/t, Po = pġ/r sin 6 
and the quantities p, q, r are transformed by the equations 


p = sin 9 cos ¢ P, — sin o Po + cos 0 cos $ Py, 
q = sin ĝ sin ġ P, + cos ġ Pg + cos 8 sin ọ Pe, 
r = cos 6 P, — sin 6 Pa 

MP me p H p 1? ome Pe? H Po? + Pe. 


(5.2) 


The equations of the characteristics become 


(5.3) dr/dt = 0K /0P,, db/dt =(1/r sin 0)0K/0P 9, d0/dt = 10K /0P», 
dP. /dt =— 0K /ér, dpe/dt = —0K/06, dp)/dt = — 6K /00. 
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The magnetic field of the earth can be approximated by a magnetic 
doublet at the center; if m is the magnetic moment, the magnetic potential 
_ is equal to 


V == (mi?) /7r? = r? [mz sin 6 cos o + my sin 6sin ġ + ms cos 0] 
from which 


H, =—0V/or, Hy =—1-20V /00, Hy =—(1/r sin 0)0V /O¢ 
and S, 
Un = N [Pror + Poitg + Povel, vr = vH,/ | H |, ete. 


These relations can be used in the approximate calculation of the hori- 
zontal angle between the wave normal and the trajectory if the latter may be 
assumed approximately parallel the earth’s surface; then P, is small, and if 
the codrdinate system is so chosen that the normal is tangent to a meridian 
at the initial point of the small arc considered, P» is also a small quantity. 
From (5.3) there result the approximate equations, with (1.8) written 


n? — f= 0, vp ==(0? — V)”, dO/dt = 2Po/r, 
dep/dt = O(n? — f) /Opy = — (0f/dun —(n/v2) f/v) ðvn/ðpe | pe — 0. 


From (1. 8) 
f=1—u/D, D == 1 — v: /2a + (Vn? + v:4/4at)”, 
Substituting Pa =— n after the differentiation, 


d6/dt = 2n/r, dp/dt = — [f (1 — f)vn/a*A’]8vn/dpg | pp = 0 

== — n (1 — n?) Vnve/a A'r sin 9, 
hence 
(5. 4) AS¢*/AS, = r sin 6 do/rdð == (n, — 1) nve/2a* A’. 


The corresponding ratio with — A’ in the denominator D is obtained by 
substitution : 


(5. 41) AS g-/ASg = —(n? — 1) vnvg/2a? A’. 


Both deviations vanish if either of the impressed field components | n’, He i8 
` zero, and (5.4) and (5.41) give opposite signs for the deviations if (me — 1) 
and (n.°? — i) have the same sign. 


Tf the direction of propagation is across the magnetic field, (AH t) =Q, 
and the two indices of. refraction are n; == &, ns =b. For very short waves 
the ratio ke/k may be considered a small quantity ; if n, and na are expanded 
in powers of this ratio and only the first power retained, 
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i =n + n ake/k, Ne == Ng? + W okte/k. 


_ The ratio n’,/n’, is a function of the remaining paran from which the 
| relative magnitudes of the absorption losses along the same path may be 
estimated. From the definitions, 


[du/åZ]z- == [dv/dZ]za = (1 + Bho?/k?)*, 
and i 


n/t, = (n/n) (dn? /dZ) /(dn,2/dZ) |z=1 ‘ 
== (24/2) (1 u v) U -+ e —u— vt) 


If the propagation is ied the magnetic lines of force, and 
n? =1—u/(1+0), nm? =1—u/(1—v) 
the limiting ratio becomes, 


wai = (1—0) (1 9)(1 uo) [a> +o) +o—u) 
(1—o—u)]*. 


The relatively smaller absorption fot the refraction index n, can be seen from 
numerical examples, nı corresponding g to right-hand polarization. For example, 
if the ions are free electrons, and | i | = 0.5, N = 3710°, ky ~ 212 meters. 
k~ 20 meters, u == 0.10, v == 0.10, and n/n: = <0, 65; if k-~~40 meters, 
u = 0.38, v = 0.185, and n’,/n’, = 0.28. 


6. The analogy between (2.2) and the equations of motion of a dynami- 
eal system is complete if no magnetic field is impressed, corresponding to the 
simpler Larmor theory; in this case n? = 1 — u(ayz), and K = 2H, | 


H — (1/2) [p° + g +°] + 4/2 — 1/2. 
(2. 2) are equivalent to 
dz/dt — ôH /ðp, dp/dt = —(8/ðr) (u/2)= ete. 


where the function (u — 1)/2 takes the place of the potential function; but 
only those PERJE are e permissible for which H = 0. . 


A PROBLEM IN DIOPHANTINE ANALYSIS. 


i By HANSRAJ GUPTA. 





1. Bell and Ward have considered. the solutions * of 


~ 


(A) UyLelgls* ` * Tn == UUU * * Um, 


(and other allied problems), in integers. Bell has dealt with the problem by 
the multiplicative method, and Morgan Ward by the additive method. Bell 
has taken for the fundamental form the equation 


(B) UyVebg* ` * Cn == UjUet3° * * * Un, 


and has shown that all solutions of (B) ‘in integers can be expressed in terms 
of n? parameters. He makes use of ‘ Reciprocal Arrays’ in the presentation | 
of. his solutions.” 
` In what follows, I have followed in general the method of Bell. J have, 
however, dealt directly with (A). The proof of the general theorem given by 
Bell is inductive. I have given a deductive proof for the general case. The 
G. C. D. conditions stated by Bell have been improved upon in so far as the 
parameters employed are definite at each stage. No need for reciprocal arrays 
arises in the solution as presented here. 
A special case considered by both Bell and Ward has been considered 
about the end of this paper, and their result is obtained by a different method. 
| 3. ifs, y be two non-zero positive integers, their G. C. D. will be denoted 
by [z,y] as usual. If the integers æ, y are prime to each other, we shall have 
[z y] = 1. ` n 


3. THEOREM. ver solution of (A) can be expressed in terms of mn 
parameters. 


Let ` [ 24, as = Pi, [Tpi uz] === 25 [ s/dihe, Us | ae pss 1 ta 


r. ` 
[2/1] r, Ur] — Pri, rta [e/I1 $r, Um | R Pm. 
1 1 1- ` 
Then, o ae Uy totia* * . Um = 0 (mod ty) š 


T, = Pipegs ears Sn. 


A 


* E. T. Bell, “Reciprocal arrays and diophantine analysis”; Morgan Ward, “ A- 
type of multiplicative diophantine system,” American Journal-of Mathematics, vol. 55 
(1933), pp. 50-67. 
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Now let | ee . 3 . 

[T2 tis/ pi] = pmo [22/bmst, Ue/h2] = bm [:22/ er es Us/ pe] = fms, 
[22/] in mir, Um/ bm] = hem. 


Then, eal Ur ==0, (mod z2). 


to = ‘Pm PmiePme+s eG hom 
In general, let 


1-1 "k _ : 
[/LI Dimers uri/{i PD ratjpmst | m= Èkm+ls (k -H i= N, l < m) . 
r= rol t f 
Then we obtain 


(51) Pr = gi Prem. (kSn—1). | 


Moreover, we get 


Wy = Px * Oma’ homer ` Pami SE Ò (nt) mei> i 
Us == ha ` Om42' Qomez Pami2” * * Oen-1ym425 
(S2) aed pı ` Èm’ Pomel Í Pam ee 4 Pn-1ymel) 


Um == dm’ bam’ Pam ham" * * bum 
Placing the solutions [S] and [82| for vs and ws side by side we notice a 
row-column correspondence which would be more convenient in eee than 
the row-diagonal correspondence sét up by Bell. 
3.1. The following example will show how ¢’s can be determined in 
practice. Consider the equation 


y 


Cibola ta = UzU2Us. 
One of its solutions is 


v= 16, u, = 98 
Ta = 189, Ube, = 108, 
g = 56, ua = 576. 
T4 = 36. l 
Now, [£1 w] = 2 = dy! [22 1/2] = 7 = des å 
[2:/2, U2] = 4 = Qz; [22/%, U2/4] = 27 = ds; 
[24/8, Us] = 2 = ps; [ 2/189, u3/2] = 1 = ġe; 
and [@s, u/14 | = T= dr} [ 24, U1/98 | == 1 = dio} 


[t3/7, U2/108] = 1 = s; [Z4 U2/108] = 1 = $1; 
[23/7, Us /2 | = § ao $s; [ 24; us/16 | == 86 == Qız 


> +4 
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We thus obtain 


ty = hifeds,, Uy == pipari 
Lo == papse, | Ue == hobshsoir; 
Ts == hrbshg, Us = d3hsPoGi2- 


Ti = hiohiihi2- l 
8.2. Denoting the parameter in the i-th column and the j-th row in the 
solutions for 2’s, by œ; j, we can write the solutions to the equations of the form: 


n m ` 
U z; = I u - 
1 : a as 

in the symbolic form: 


Sime 1<jin, SiS. 
The row-column correspondence noted above at once suggests this symbol. 
We thus have 
Bi = Prj ` 2,5 ` Pai t l mjs ANd Ui = hi, Pia’ his’ * * Dim 


3.3. From the G.C. D. conditions stated in § 3, it follows that — 


2 kkl 


Tk u l i 

[pe ag] Ht Se Sn—1, 15150 

II Pkmer {I Per-1)m+t 
r=1 r=]: 


and, using the symbolism of § 3.2, we have 


[Pii Pi-a jp] = 1, also [Qij piraj-6] = 1, 

where a, 8 are non-zero positive integers. 
In practice the following .device for finding the parameters prime to a _ 
given parameter shall be very useful. Write down the parameters in rows © 
and columns‘as they occur in the solutions for 2’s or w’s. Separate the given ` 
parameter from the rest by lines parallel to the rows and columns, thus 


1,1 Por a,x o Qin | Dia Pi+t,1 7 Pmt 
1,2 2,2 o32  ° Qin | i2 || dive ° Ọm2 `, 
B 2 pı, 3 $2,3 $3,3 Š Pi-1,3 Di3 Piss ` om,3 B, 


1,j~1 eo, j-i bs, j-i ` bi-1,j-1 Pi,j-r Piri j-i 5 Ém, j-1 





Pri 2,4 Pai * dias | Gig | Pisas Omi 





baja bojet agen | Qija |] Qija | Pier jer °° bm jt 


B, B, 


. ý ; 
Pin gan dan ° dian || din | pinn ` mn 
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Then ¢;; 1s prime to each one of the parameters in the two blocks marked 
Bı, Bs. The number of G. ©. D. conditions ig m(m-—1)-n(n—1)/4. 
4,1.’ We now proceed to consider the equations 





VL” == Yi Yo == 2122. 


Solving first the equation yy. = 2,2. we have 


I = dibs, Zi = hidhs; 
Yo = daha, Za = pods, Where [¢2, 3] = 1, 
so that By Lo” = dhyhodsda. 
We now get 
Lı = 01020564, hı == 6,9, hpa = babr, 
Lo” ==.0546070s, h2 == F266, pa == 848s, 


with the G. C. D. conditions stated in § 3.3. 
Let b; == Ai” i 4s, bs — Ao” : B'o 6, == Aa" 7 A, Os mea A j 6s, 


where @’s have no square factors, and [8s 0r] = 1,°.- [¢e,¢3] == 1. Now, — 
"Os: Ort 6s is necessarily a perfect square, any prime factor of 8's must 
be present in one and only one of the three parameters 8'e, O'r, O's; for, if it 
were present in two of them, 6’, 6’, : &,- 6g would not be a perfect square ; and 
if in all three, [0’s, #;] would not be = 1. 
Similarly 6’¢, 6’; have all their factors present in 4’; and Os. 
.. Putting Os Og] As, [Os 07] = As, [6's, a] =z, 


[Oe 6's] = às and [0 6's] = às, 
we get 8’; == AsAgAd, O's = AsAgs O’; = AcAgy and 6’ == \zAsAg. 


Hence we obtain 


Tı == 01020384, T = AxAnAgAaAsAGAzAgAg- 
nh 6,02r17d27Ag"AGATAs; YJ = OBa Aa Aa Ag AGÀTÀs. 
Zi = OOA NS AG AsArAg, Za == BG An AL As AgAzAg- 


The solution thus employs 13 parameters, a result which agrees with that of 
Bell and Ward. i 


4.2. Let us now consider the equation 
B? == Uy Uollgtta, 


without the G. C. D. conditions, viz. [us us| = 1, as in 4.1. 
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Replacing L? by L£, where «1 = T2, 
we get l LaLa == UUs Ug. 
Solving we obtain T == 6,6,6564, } Uy = 6105, te == babo, 
1 
Ta == 05060705, Us = 307, Wg == 04s, 


‘with the obvious G. C. D. conditions. 


Moreover, 0-820304 — 6;66070s, i 
whence l "A = AyAAgAg, f; z= A1AsA9A135 

0a SER AsAgArAs, Os ER AAGA LOA t4 

0s a7 AgAipAr1A12, Or ai AsÀTÀArAi5 

Oa = ÀrsÀgAisÀr ` Os = AgAgArzAt6- 


The solution thus seems to involve 16 parameters. 
However, making use of the G. C. D. conditions, we get 


As = Àp =Ars == Aro == Arg = Àg = 15 
so that T == NiAgAgAgAcArAsArAr2A165 
and Wy = ÀL AgAgAa, Us == Às AzArAg, Ug == Ar1*AsArAL2, Ug = Me AsrsA12- 


The G.C.D. conditions are thus very useful in the reduction of the 
number of parameters. 


5. Tueorem. The solutions of the equation 
T” = UUlo * * Ums 
can be expressed in terms of "™®Op, parameters. | 


The following case sets down the method of proof of this theorem. 
Consider the equation 2* == u,t2t3. 


Replacing vq by Lilalla, we get 


ty = bi © G21 © $3.1; U, = hi1 © O12 ° Gis © Èuro 
Ta == hi, ° fee * $3,2 Ua = hei * hoe * has ° Oza 
Vg = 1,3 i des i bs.35 Us == b3,1 ° br, : PER: : Ps, 45 


Le = Pia ° G24 ` $3,4 


, 
with the necessary G. C. D. conditions. 
Putting ©, = Tz = T; == 2, we finally obtain 
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P11 == J (1, j k, i), $2,1 = II (2, P k, l), $3, = (3, f k, 1), 
P1,2 a H(t, 1, k, i), 2,2 on I(t, 2, k, l), $3,2 = I(t, 3, k, t) 
P1,3 ie IE (3, j» 1, l); $2,3 ae II (1, J, wy l), 28,3 = H (4, fs 3, tb), 

P14 = I(t, Ís k, 1); 2,4 = U(t Jst, ®), $3,4 = I(t, Js k, 3), 


where IT(2, 7, k, 1) denotes the product oë all the parameters (1, 7, k, t) obtained 
by giving to 4, j, k, l the values 1, 2,8 (i.e. 1 to m) in all possible manners. 
The solution thus seems to employ 3* (i.e. m”) parameters, if the G. C.D. 
conditions be neglected. . 

Making use of the G. C. D. conditions, however, we are able to remove 
totally all parameters that have deformities, 1. e., those of the parameters in 
which 1,7, k,l are not in ascending order of magnitude (i.e., those in which 
a smaller number follows a greater one). Parameters such as (2, 3, 3,1) are 
thus removed, and we are left with only those of the parameters in which 


l— k, k—yj, j= 


are either positive or zero; Le, tS SASL, 
The number of these parameters is °C, (i. e., ™**1C,). In the particular 
case here considered, we are left with the following 15 parameters: 


: (1, 1, 1, 1), (1, 1, 1,2), (1, l, l, 3), (1, 1, 2, 2) (1, 1, 2, 3), 
(1, d; 8, 8), (1, 2, Rs 2), (1, 2; Rs 3), (1, Ry 3, 3), (1, 3, 3,3), 
(2,2,2,2), (2,2,2,3), (2,2,8,3), (2,3,8,3); (8,3, 3,3). 

Moreover, | 
u = (1,1, 1,1)*- (1, 1,1, 2)*- (1,1, 1, 8)*- (1,1, 2, 2)2- (11, 2, 3)? 
- (1, 1, 3, 3)?--(1, 2, 2, 2) - (1, 2, 2, 8) - (1, 2, 3, 3) (1,8,3,3); ete. 


Notice that the power of a parameter in the solution for ur is the same as the 
number of times that r occurs in the said parameter. 


GOVERNMENT COLLEGE, HOSHIARPUR (INDIA). 


A CLASS OF REPRESENTATIONS OF MANIFOLDS. PART IL* 


By Cartes B. MORREY, Jz.t 


In part I of this paper, which appeared in the October 1933 issue of 
this JOURNAL, surfaces (and manifolds) of “class L”? were defined and it 
was shown that the Lebesgue and Gedcze areas of such surfaces were identical, 
end both given by the usual integral formula. The present part (sections 7 
and 8) extends Green’s (in space) and Stokes’ formulas to situations where 
the surfaces involved are of class L. 


6. (continued). Generalized conformal representations of surfaces. As | 
Theorems 2 and 3 of this section were omitted in part I, we shall present 
them here. We shall first recall the definition of a generalized conformal 
representation and state Theorem 1 before proceeding to the proofs of 
Theorems 2 and 3. 


Definition. A surface S, S: xê = si (u,v), t= 1, ©- , N, (u, v)eR, 
is said to be represented generalized. conformally on a Jordan region R (in 
the plane) if 

(i) the z(u,v) are all A.C. T. in R, with (zut)? and (zt)? summable 
over the interior of R, i= 1,; --, N, and 

(i) E = G, F —0 almost everywhere interior to R. 

Clearly such a’representation is of class L. 


THEOREM 1. If S is represented generalized conformally on a Jordan 
region R, then 


where Sy is the surface vt = mrt (u, v), (u,v)eRar, 


© uth DER . 
ryt me (1/h2) f { - wi(é,n)dédn, © (i=1, N), 


and Ey, is that Jordan region consisting of those points joinable to a point Po 
interior to R (independent of h) by an arc all of whose points are at a distance 
= 2%h from the boundary of R. 


THEOREM 2. A necessary and sufficient condition that the surface S 
(of finite area) be represented generalized conformally on R is that 


* Presented, together with Part I, to the American Mathematical Society, October 
29, 1932. 
t National Research Fellow. 


avd 
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(i) lim L(S) —1(5), | 


h->O0 


ho 


(ii) lim ff [4 (Enr + Ga) oe (EnrGn — F?)*] dudv == 0. 
Fin i 
Proof. Combining conditions (i) and (ii), we see that 
L(8) =lim 4 f f (Ba + Gr) dude. 
>00 
' En i ac 


Since it is known that S,— S and z(u,v) > 2'(u,v) uniformly, we. see 
by § 1, Theorem 7, that the gi (u, v) are A.C. T. with (£4)? and (2t)? 
summable over &. Then, since § is thus of class L, we have, by § 1, Theorem 
8, and § 4, Theorem 1, that | 


L(s) =f f [3(B + @)]dudv—= f f (EG — F*)*dudy. 
R R , ; 


Since (HG—F?)*=4(#-+-G) where each exists, we must have. (EG— F°)” 
/ ==$(H + G) almost everywhere, which in turn implies that F = G, F = 0 
almost everywhere. This proves the sufficiency. The necessity is evident. 


Turórex 3. Let 8, 8: et=at(u,v), and Sn, Sn: vt == Tat (U, v), 
i= 1,- -, N, n=1,2,--°, be continuous surfaces represented on R. 
Suppose: (i) the representations of the Sn are generalized conformal, 
(ii) lim D(S,) = L(S8), and (iti) there exists a sequence {er} of positive 
OD <e 


numbers converging to zero such that 
b a a 
| J. Í [tn* (u, v) — zt (u, v) |dudv < en, (i =1,: `, N), 
a c i 


for every rectangle (a,b; c, d) in E. Then the gwen representation of S' on 
R is generalized conformal. ` 


Proof. Since L(S) is finite and Ho L(8a) == L(S), we see, using 


Theorem 7, §1, that the z(u, v) are “A. C.T. with (a,*)? and (m4)? 
summable. Thus 8 is of class L and hence (using Theorem 7, § 1), 


18) = = lim L(8») = lim J f [4 (En + Gn) ]dudv 
= Sf [Z(E + G) Jdu = L(8). 


Hence’ (BOP) 4 (E +G) and thus F= G, P= 0 almost everywhere. 
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° Part II. 


7. Some ii a aes considerations. In this section, we shall give a very 
general definition of a “simply covered ” closed surface. It is to be observed 
that this definition allows closed “ surfaces” to be of infinite connectivity, 
: something not allowed by the usual definition of a closed surface. We shall 
prove an important theorem on the approximation to such surfaces by means 
of closed: polyhedra. | | 


Definition I. We say that a surface, st is Toa if it possesses a repre- 
sentation, st = si (u, v), (i= 1;: :-, N); on Q such that there exist two 
(finite or infinite) sequences, {In D) a and {In?}, of intervals on the boundary, 
B(Q), of Q satisfying the following conditions: 

(a) Any point of B(Q) is either (i) a point of one of the {Int} [class J], 
(ii) a common end point of two abutting intervals- [class IZ], (iii) a limit 
point from both sides of points of.classes (J) and (II ) [elass ZI}. 

(b) The surface is to be “connected up” along the curve corresponding 
to B(Q), i.e., certain’ distinct points of B(Q) are to be made to correspond. 
by the condition that they yield the same point on the surface, both logically 
and geometrically. We do not exclude thé possibility of 2*(Pi) = vi (P2), 
(1—=1,--,-,N), for points Pa (of B(Q)) other than those made to correspond 
_to P,, but such extra points yield logically distinct (i.e. multiple) points on 
the surface. The above correspondence must be such that there is a one to one, 
(uniformly) continuous, sense reversing [on B(Q)] correspondence between 
the points of J,* and those of In’; each.interval I„* corresponds to the unique 
interval [,?, which neither coincides with nor is adjacent to Jn) (unless n = 1). > 

(c) Let I,* (t= 1 or 2) be any one of these intervals having end -points 
P, and Qı. Suppose IŻ abuts on J, at P, and I abuts on It at Qı 
(j,4=1lor2). Let Pz be the end point of J,2- corresponding (by extension) 
to Pı and Q- that of J;°* corresponding to Q,. We suppose that one of the 
intervals (P2, Q2) is one of the {Z,’} and we call this interval the interval 
associated with J,+, provided that IJ 4 I. If I; = I, it is clear that there 
are only two intervals on B(Q). In this case the associated intervals are not 
defined. i 

(d) There exist two sequences {Omt} and: {0m} of simple Jordan arcs 
(which may reduce to points) in Q such that (i) no two curves of {Cm*} 
intersect (1 = 1,2), (ii) a curve of {C,,*} intersects one of {G,?} in at most 
one point, (iii) every. interval of {Z,7} + {In"} is joined to its corresponding 
_ interval by. a curve of {Cmt} and.to its associated interval by a curve of 


t 
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{Omt}; (iv) each curve of {Cm} + {Cm} joins a point of an interval of 
{Int} + {In?} to either one in its associated interval or to one in its corre- 
sponding interval; (v) if a curve, Cy*, of {Cm*} joins an interval, J, to its 
corresponding (associated) interval, there are adjacent curves Cy* and Cy? of 
{Cmt} and they join the intervals J, and J,, adjacent to J, to their a 
(corresponding) intervals. 

(e) Let 7,* be an interval, J,/ its associate, and J,” the associate of its’ 
correspondent, J,***; then J,* = I3, the correspondent of [,/. 

The following lemma is an immediate consequence of the above conditions — 
and gives a more complete picture-of the way the surface is connected up along 
the curve corresponding to B(Q). 


Lemma 1. (a) If Lê and I,J are associated, then I,*** and Ii are also; 

(b) there are at most two patirs of corresponding intervals which are their 
own associates ; 

(c) to each point, Pı, which belongs to class II or class III, there corre- 
spond exactly three other similar points, Pa, P3, and Pa. 


We now introduce the idea of a simply covered, closed surface and of a 
closed surface of class L by the following definitions: 


Definition 2. The surface, S, is a simply covered, closed surface if it 
possesses a representation, zt = si (u, v), on Q satisfying the requirements of 
definition 1 and such that if (u1, v1) 64 (ue, V2) and (ui, v1) and (us, v2) are 
not corresponding points on B(Q), we have 


N 
> | T? (Us, V2) — vt (th, V1) | > 0. 
i=l 


Definition 3. A closed surface, 8, is of class L if it is of class E con- 
sidered as an open surface and (i) 2'(u,v), (t—1,---,N) is absolutely 
continuous along B(@Q), (ii) Vo*[e+(u, V)] is metrically continuous in V 
for V = 0 and V = 1 (i= 1,: < -, N), and (iti) Vo*[2*(U, v) ] is metrically 
continuous in U for U = 0 and U = 1 (4=1,:--:,N). 


LEMMA 2. Let 8, S: zt = gi(u,v), (u,v)eQ, be a closed surface of 
class L. Then we can find a sequence, {Iin}, In : T? = Tat (U, V), of closed 
polyhedra so that the 2,*(u,v) converge uniformly to the x*(u,v) and 


N i-1 
(7.1), lim Sfizz by 
n>oo 2 =1 


Proof. The proof consists of the following three parts: (A) in which 


(ri, ri) (Ln, nr?) 
O(u,t) (u,v) 





l Hida: 
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we form, for each m, certain finite ais {linn} = {I 3 my + {Imn}, of intervals 
on B(Q), each set satisfying the postulates, in definition 1, on the sets {J,*} 
and {Z,?}; (B) in which we inscribe polygons, Om, in C so that (i) the repre- 
sentations of Cm on B(@Q) satisfy the same conditions with respect to the © 
corresponding sets, {Imm}, that the representation of C does with respect to 
the set {In}, and (ii) the representations of Cm approach that of C uniformly; 
(C) in which we span certain of the curves, Cm,, of {Cm}, by means of poly- 
hedra whose representations satisfy the conditions of- the theorem and are 
connected up along Cm, If {Zn} is a finite set of intervals, we define 
{Ina} == {In} for each m. Otherwise, we proceed as in (A), below. 

(A) Choose all of the intervals, Sm, of {In} = {In'} + {In?}, which are 
of length =1/m; to these add all intervals (i) (<= 4 in number) which are 
their own associates, (1i) which correspond or are associated with an interval 
of Sm, and (iii) which correspond to an interval associated with an interval 
of San Call this set of intervals Stm, and the complementary intervals on 
B(Q), Emm. Let I be any interval of êm,- It abuts on two intervals, 
I, and Ž,, of 34mn. Now there is a curve of {Cn*} through each of these two 
intervals. Hither these curves join (i).each to its correspondent (in the set 
{In}), (ii) each to its associate, or (iii) one to its associate and one to its 
correspondent. Given an interval f; ( being any kind of a mark and ¢ any - 
integer) we shall denote its correspondent by Ñ, its associate by Î;”, and that 
interval which is at the same time the correspondent of its associate and the 
associate of its correspondent by 7,’”. . 

In cases (1) and (ji) it is clear that there is a single interval J 
` (of Sem n) between F, and Ëo, a single interval F’ between J,” and f,”, and 
a single interval I between Ï,” and f,’”. In these cases, then, define J = I, 
=f, 7’ =I, and I’ == j, 

. In case (iii) it is clear that there are single intervals I (of Semn 

between Ï,” and i 2, 1% between I’, and I3”, and I@ between I” and I,’”. 
Now let P be the common end point of J and I,. There exists an interval I, 
- of {Ia} abutting on 7, at P. Itis clear that 7; does not abut on fy. It also 
is clear that 7’, abuts on Ñ”, and occupies part of I™, 7,’ abuts on 7’, and 
occupies part of 7, and Ï” abuts on 7,” and occupies part of I. Now 
define J=={—TI,, V =I — 1”, I == [© — P, and I —{® — f,/”, 

We repeat the above process for each interval, I, of 3%m,n and thus cbtain ` 
a new set S?n of intervals in which we have defined the relations of corre- 
spondence and association. We obtain the set, 3%n,. of intervals all belonging 
to Un) from 34m by adding to this latter set all the above intervals Ž;, Fa, 
I’, and 1”. We define the relations of association and correspondence for 


ets 
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—~—, 


intervals of this set to be the same as they ty as intervals in {In}. We thus 
obtain the set {Imm} = {imn} + (3%mn} and we see that it can be split RÈ 
into two sets {Imm} and {1*mmn} satisfying the desired conditions. 

(B) Merely replace the part of C cor responding to an interval of X’m,n ` 
by the line segment joining the end points of the are corresponding to that 
interval, the representation on B(@) being linear with respect to the are 
length. Divide up each interval of 31... into a finite number of intervals . 
each of length = 1/m,-in each of which we replace the arc of C corresponding 
to that interval by the corresponding straight line segment; care must be 
taken to inscribe the same polygon (in the reverse order of course) in the. 
` are of C corresponding to the corresponding interval, the points of Cm corre- 
sponding to’ corresponding points on B(Q) being geometrically identical. It ` 
is clear that l (Cm) =1(C) and that the rene of Cm on B(Q) — 
approach that oz C. | 

(C) Let ~ be defined by — 


Sy: ot = iai (u o), Batu, v) = (1/4) f am ee o (6,9) dédn, 
(hSu,vS1—h, i=: -,N). 
We know that: ; n; 

. 1a ("t-a Dat, 28) zi) a hs, ZAN 
mf Se D “aca | 
(O<a<dijmi,---,N); 
= 1-h N N 
ÖD = Ay Sle DPHy È nat 
4=1 4-1 : 


+V Sencnp+y FEGI } a 


where Tê, w, t) stands for A t) Jèt, etc. Letting t,t (u, v) = tr (u, v), 
we see that 


4 1-h vt 2h 
zet (h, v)| dv = (1/4h? déd 
f, Eao a ("| Sf onto + addin | a 


2 aa f? k 2h r ma | to (é v) | dv \ dé | dy 


<(1/2h) [Vo [x(6, v) 1dg < 2V0*[2(0, 0) 


dudv = 0, 











for h sufficiently small. . Thus it follows that 1(Cn) <M (independent of h). 
Furthermore, we know that the distance between corresponding points of Cr 
and C approaches zero with h, the correspondence being determined by the 


\ ; i 
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w 


radial correspondence, with ` (È 4) as center; between  B(Q) and B(Q), 
Or: hs Uvs1—h | 


Now define 2+ma(u,v) on ie whole of 9 By 


Tim, a(t, 0) = Ür (u, V), (Ù, v) Qh, i > e (i= N); 
Tima (U, v) = Àm (U, V) + (1— A)r [(1— 2h) U + ki, (12h) VF hy, 
u = AU + (1 —A LU (1—2h) +h] 

v =AV + (1—A)[V(1— 2h) +A] 

(G,V)B(Q), | 

OSAZ1, i=l, N); 
where zt = gmi (U, V) is the above representation of Cm on B(Q). For each 
m and each h.> 0, it is clear that im a(u, v) is continuous together with its 


first partial derivatives except along. a finite number of segments-of Q, all 
corresponding to rectifiable curves. It is also clear that 


hae if Ji È {3 i=2 A 


Hence it is clear that we can replace the surfaces, Sm,m by a sequence of 
polyhedra spanning certain of the Cm and having the desired properties. 

©. The proof of the above theorem clearly gives a method. of. constructing 
sequences of closed polyhedra which approach, any given closed surface, S. 
Let P be a point not on a given closed surface, S, in ordinary 3-space and 
let its distance from g be p. Let Il, and I be closed polyhédra represented 
ori Q so that the distance between corresponding points of Tl; and 8 is < p/2, 
(i = 1,2). Then it is clear * that O(P, IL) = O(P, H) = an integer.’ Thus 
it is clear that we can define O(P, 8) mn n O(P, Iin). where, {Tn}. is any 


Ô (Lim, hs Limh) alt, gi) 
(u,v) T ô (u, v) 





\ dudv = 0.- 





sequence’ of closed polyhedra approaching s a P is riot on 8; as before, 
we define O(P, S) —0, for P on S. The following four lemmas are well 
known for surfaces closed in the ordinary sense and may easily be extended 
as below to the more genéral closed surfaces treated here (S is assumed to he 
‘In ordinary 3-space for the remainder of this section). . 


O LEMMA 8: The function O(P, 8S) is continuous in P and S 4 P as 
not on 8. 


LEMMA 4. Tf t two dens Pı and P, can be joined by an are ath 
crosses the closed surface S and intersects it in exactly one point in the 
neighborhood of which S is a 1—1.image of a Jordan region, then 
| O(P,, 8) — O(P2, 8)| = 1. , | 


* See Tannery, loc. cit. 


9 
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Proof. Let S be represented on Q 80 that the given point po corresponds 
to a point interior to,@Q and the representation is 1—1 in a Jordan-open 
neighborhood r of pẹ in Q. This can clearly always be done for if the point 
Po is on the ‘boundary it orice is of class n or TI and we may cutee’ 
move the cut slightly. 

Then let {Ua} be a sequence of closed polyhedra approaching S, the 
representation of each of which is 1—1 and continuous on.r. 

Now the are joining P, and P, has no points in common with S — R, 
RB being the portion of, S corresponding to r, and hence is at a distance d > 0 
from S—R. Now for n sufficiently large, the arc is at a distance > d/2 from 

— Rn, En being the part of IL, corresponding to r; hence any points the 
arc has in-common with IE, are in Ry. Let P» be the first point (for n large, 
such points will obviously exist) of P,P.-K, and P”» the last such point. 
Replace arc P'aP”n of P,P. by an arc of Ea joining them; it is clear that 
we can modify ine new arc.P,P, slightly so that it has just one point in 
common with Ra. Thus we have reduced our theorem to the,case where § 
is a polyhedron, for which case it is already known. 


Lema 5. A necessary and sufficient condition that a.closed set in three- 
space be completely disconnected (i. e. contain no connected subset containing 
two points) is that there exist a sequence of simply covered closed surfaces of 
finite genus containing no _ points of the set, and closing down on any gwen 
point of the set. 


Proof. This lemma is obvious; merely consider the boundaries of the 
set of points at a distance = p from the given set for each p > 0. 


Lemma 6. If 9 is a simply covered closed surface, it divides space into 
two regions, an “interior” in which O(P,8) == 1, and an “ exterior ? in 
which O(P, 8) = 0. i D 


Proof. Let at == xt (u,v) be a representation of S satisfying the condi- 
tions of definition 3. Let P, be the point of § corresponding to po, an interior 
point of Q, say. We shall show below that every point of space not on S can 
be joined to Po by an are containing no point of S other than Py. When 
this-is shown, we choose a simple closed surface X including P, and which 
has in common with S, a simple closed curve which divides $ into just two 
parts 3, and 3, on opposite sides of 5. Now œ can be joined to P, by an 
arc as above; let P, be the first point of this are on 3; call the. part of 3. on 
which it lies 3,; let P, bea point of 31. Now P, and P, can be joined by an 
are which cuts § in exactly one point so | O(P:, 8) —O(P2,8)|=1 and 
hence O(P, i) =£ 1, since O (Pa, 8 ) == 0, by lemma 3. _ Now let P be any 
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point of space and PP, the above are joining it to Py. Let P’ be the first 
point of PP, on 3; if P’ed, P,can clearly be’ joined to P, by an are having 
no points in common with S, O(P, 8) == O(P., 8) = +1, and we say Peli. 
Otherwise O(P, 8) = O(P2,S) =0 and Pelz. Clearly I, and I; are regions 
and, by lemma 3, mutually exclusive. Obviously S is their common boundary, 
since pọ was an arbitrary point not on the cut. y 

Now, let P be any point not on S. Let R bea point of 8 nearest to P. 
If R corresponds to a point interior to Q, well known theorems of analysis 
situs show that P can be joined as stated to Py. If R corresponds to a point 
on B(@) of classes J or IT, the situation is precisely the same as,1f S were an 
ordinary simply covered closed surface of finite connectivity and & was on ‘a 
cut. In this case, also, P çan be joined as stated to Py. Now the set of 
points on B(Q) of class ZII is completely disconnected and closed so that 
it is easy to see that the corresponding set of points on 9 also has this property. 
Hence if R is one of these, let e be a simply covered closed surface of fnite 
connectivity containing R in its interior, of diameter < one-half that of S, and 
containing no points corresponding to points of class ZII on B(Q). Since 8 
is connected o: § 40 and hence P can be joined as stated to a point of S 
| not corresponding to a point of class IZZ on B(Q) and hence also to Pp. 

The following lemma also is known and follows readily from the meaning 
of the expressions involved. 


Lemma 7. I f IL ts a closed polyhedron and F(x, y, z) is a function con- 
tinuous with its first partial derivative with respect to z, and defined through- 
out space, . T 


sir: f (an/09 0¢e, 5523 Dzigi: 


z f ; ie f (OF te) O (2 y; 25 T1) dadyds — J f F (2, y, 2) edy, 
for R sufficiently large. 


' The following two lemmas, together with lemma 2, from a connecting link 
between the above general geometric concepts and closed surfaces of class L. 


LEMMA 8. If S, 8: 2—=a2(u,v), y= y(u, v), z =z(u, v), is a closed 
surface of class L, and the point (r,s, t) is not on 8, then 





x (U, 2 —r y(u, v) —s z(u,v) —t l 
O(r,s,t; 3 8) = SS Yu Za aua ; 
Yu Zo P 








E E + @—Y 
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Proof. Let {I} be any sequence of closed polyhedra approaching £ 
such that | . 


mes t | en) cn) 





-}- | I (Yny Zn) Zn) bee ð (y, z) 

(u,v) (uu, v) 
Ô (Zn, Dn) pe 0(2, T) 
(u,v) (u,v) 
where Iin : £ = nU, V), Y = Yn(%, V), Z = Zn( U, V), aNd Sn, Yn, Zn approach 
x, y, and z uniformly. Then we know that O (r, s, t, In) apprcaches O (r, s- t, 8) 
and the integral expression for O (5 S, t; Iin) approaches the sorresponding o1 one 
with Mn replaced by S. This proves the’ lemma. 
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\ dudv == Q, 


Lemma 9. Let 8,8: == a(u, v), y = y(u, v), z = z(u, v), be a closed 
surface of class L, and having zero three dimensional measure. Then 
O (x, y, 2,8) is integrable all over space and we can find a sequence of poly- 
hedra {ln}, Wn : © = La (u, v), etc., such that 


(i) wn(u,v), yn(u,v), and z(u,v) approach x(u,v), y(u,v); and 
z(u,v) uniformly ; 


(ii) J D a | O(a, Y, 2; Tn) | dadydz < M, 


M independent of n; 


is) tm ff {| FRE en 
+ | few aaa) 


(iv) E f ik O (2, Y, 2; Un) drdydz 


n->00 b 
-f f. n an Y, z; S) dedydz 


for each set of finite constants (ai, bi). 





| aea) ys) 
ô (u, v) 0 (u, v) 














} dudy == 05. 


Proof. In the first place, it is clear that 


by ba | £ — r | drdsdt ` 
po (a, p= f J. g Tet G+ OO 
a Vie il A 
— (7? +. 9? 4. 4?) 3/2 ? 


the function F’,“*) (x,y,z) obtained from F, (æ, y, 2) by replacing | z —r | 


— 


dir® aay 
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by (s—r), and the corresponding Fi, F,, (¢—1,2), are defined, 
bounded, and uniformly contintious over all of space. 

By lemma 2, we may find a sequence, {In}, of closed polyhedra satisfying 
(i) and (iii). Using the results of the above paragraph, we see that 


by de bg 
(7.2) Í. Í. J. | O(2, y, 2;TIn)| dadydz 











0 Ns “nN = ð rhe UR 
< “5, f { F, ® (En, Yn, Zn) ein ss). 4. FO (En, Yn, Zn) | ee 
0 (Yn, Zn) Zn) 


D F, m (En, 4 Yny a 








ado \ dudv . M, (m= 1,2,:- +). 


Thus, O(2, y,2; 8) is integrable over all of space, being zero outside a large 
sphere; this demonstrates (ii). ‘Furthermore, by lemma 8, since 9 is of 
measure zero, we can write 


* dy bg bg 
J. in in O (2,9, 2; 8) dedyde 





oe z(u, n= —r y(u, v) —s z(u,v) — t A 
-EESE OI ee, 





EE + (ya)? + (214 | 
Using the inequality (7.2), we see that we may interchange the order of 
integration and get 


S. f f- [O (x, Y, 2; Tn). — O (z, y, 2; 8) |dadydz 
ra | Í { Roce see 1 P (any Unka) 


(a 
$ ma) EL [Fa (Ens Ym 2a) — Fa (2, y, 2)] b dudu +x, 


where the * indicates the other terms obtained from these two by permuting 
the letters x, y, z cyclically. It is clear that the expression on the right 
approaches zero with 1/n. 


8. «Green's and Stokes’ formulas. 


Definition 1.* A function f(x) is said to be approximately continuous 
at to, if for every « > 0, the set of values of s for which | f(s) —f(ao)| < € 
is of metric density unity. at zo (s may stand for n-variables). 


* Hobson, Functions of a real variable, vol. I. 


“a 
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Remark 1. A measurable function is Boprommnesaly continuous almost 
everywhere. 

Remark 2. A bounded measurable function is ; metrically continuous at 
every point of approximate continuity. 


Lemma 1. Suppose (i) F(z, y, 2) is defined and measurable in an open 
region D, and (ii) for almost all (a, y), F (x,y,z) is continuous in z on every 
open interval of the line r= a2, y==y which lies in D. Then F(x, y,2) i 
approximately continuous at every point (x,y,z) in D for which (x,y) does 
not belong to a certain set of measure zero. `. 


Proof. We can find a sequence {D;} of closed cubes, each lying entirely 
interior to D and such that each point of D is interior to one of the D4. Thus, 
if we prove the lemma for the case that D is the unit cube ‘and with the con- 
tinuity in, hypothesis (ii) uniform, the lemma will clearly hold for the 
general case. 
Thus, let D be the unit abe and define 


$(2, Y, Z, h) = max | F(a, y, £)— F(a, y, 2) | = lim | F(z, y, m)— F(a, y, 2)! 
zals 2h tt? CX) f 


where the sequence, {fn}, consists of all rational numbers, z S fn & z + h, 
(x,y) being a point for which F is continuous in z. It is easy to see that, 
for h fixed, $(2, y; 2, h) is continuous in z and measurable in (z, y, ae Hence, 

for each h, n (T, Y, h is measurable in (æ, y) where 


ł 


q(T, Y, h) = max p(z, Y2, h), 
, 0SeS1-h 
(x,y) again being a point such that F is continuous in z, being defined 
arbitrarily for all other (s, y). Also, if (x,y) belongs to §ı, the: set of points 
(x,y) for which F(a, y,2) is uniformly continuous in z, then (a, y, h) 
approaches zero with A. | 

Now, since F(a, y, 2) is measurable, it is measurable in (a, y) for almost 

all z, and, since it is continuous in z, therefore measurable in (x,y) for each 
fixed z. Let S, be the set, of measure unity, of points , (£o, Yo) such that 
F(a, y,2) is metrically continuous in (a, y) at (tos Yo) for each rational z 
Let 83 be the set where 7(a,y,h) is approximately continuous for each 
rational h. Then 8 = S,°S2° Ss, is of measure unity. 

Let (£o, Yo; 20) be a point in the interior of D such that (zo, wa is in 8. 
Choose an e > 0. ` Choose a rational ho so small that (2, yo, ho) < 6/4, and 
(Zo Yo 20 +h) is in D for |h | < ho Choose a rational % so that 
| Z— Zo | < ho/2 and hence 


A 'OLASS OF REPRESENTATIONS OF MANIFOLDS. PART Il. © | = 287 | 


f | F (20, Yos Zo) — F (£o, Yos ž)| < (4, 


' Now we know: (1) that (a, Y, ho) is approximately continuous in (x,y) at 
(Zo Yo) so. that we can find a set, E, of metric density unity at (£o, Yo) 
in which q (2, y, ho) < €/2, (2) that F(a, y, Z) is approximately continucus in 
(x,y) at (2, Yo) so that we can find a set, Hy, of metric density unity at 
(£o, Yo) 80 that | F(a, y, 2) — F (£o, yo, 2)| < 6/4 for (s, y) in Ea Then let 
(x,y, 2)..be any point of D such that (a, y)eH,- By and | 2—~ 20 | < ho/2. 
_ Then, since | z— Zz | < ho, we have | 


| F(x, y, 2) tidy < £ 


Clearly the above determined set of points (2, Y, 2) is of metric density unity 
at (Zo, Yos zo). 


Lemma 2. Suppose that 8; X ; s= s(u, v), y =y (u,v) ts a surface 
of class L. Let Fay be a subset, of measure zero, of the set, Qay, of 
points into which Q is carried by S. Let D. be the set of points of Q where 
d(x, y)/0(u, v) £0, and E all the points of Q which are carried by S into 
points of Hzy Then 

meas (E: D) =Q. 


Proof. Suppose m(H-D) >0. Let {Op} be a sequence of open sets 
each including the next and covering Hz,y such that liin n m(Op) = 0.. Then the 


sets, Ep, of points of Q which are carried into yie of Op: Qay are all open, 
each includes the next, and all mdite E. Then, if Ë = I Ep, m(E: D)>0 


and m(Ee,) = 0. Let Ey, be the subset of Bin 01, Gi: LS 4, vZ. 1—i.. 
Then for l sufficiently small, m(#:,-D)'> 0. Let Q be a rectangle of Q 
including Qn in its interior, along the boundary of which #(u, v) and yiu, v) 
satisfy the hypotheses of lemma 4,§ 4. Now let F == F- Q- D and F,* be the 
subset of F in which 4(2, y)/@(u,v) =r and Fr that where (2, y) /d‘u, v) 
=—r. Then for r small enough m(F,*) > 0 or m(F,-) > 0. Choose one 
of these of positive measure and let 3 be a closed subset of that one for which 
m(%) > 0. We shall show that m (Xe,y) > 0. which will contradict the fact 
that m (Ea, „) == 0, since Say C Hay 

Let tal be a sequence .of subdivisions of ğ into rectangles, R;™, 
(i= 1, © +, Na) of diameter < en (where lim e = 0) by means of lines 

NW POO 


- parallel to the axes, such that z(u,v) and y(u,v) satisfy the hypotheses of 
_ Jemma 4, § 4 on the boundary of each rectangle of each subdivision. Suppose 


i cg 
We > 7 
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also that the division lines of T, are included among those of Tai. For each 
point (s,¢) not on any of the curves (the totality of which form a set of 
measure zero) corresponding to these division lines, define 


Nn , 
M (s, t; 8) = lim Ma(s, t; 8); Mals, t; 8) = & | Ozgu(s, t3 0s) |, 
n> OO {z1 


where, as usual, C; is the curve of Qe, corresponding to B(R:™). This 
limit clearly exists since the sum on the right cannot decrease with n. From 
the definition of Y (S) and Theorem 1, § 4, it follows immediately that 


¥(8) =L(8) = ff Mals, 438) dsat. 
-00 y ~00 

Y (8) —L(Sy= f` f M(s,t;8)dsdt, 
-00 J ~00 


and M (s, t; 8) is summable and finite except on a set of measure zero. 

Let (so, to) be a point where M (so, to; S) is defined, finite, and > 0. 
Then there is at least one point, P, of Q corresponding to (So, to). Let P be 
such a point; it does not lie on any division line of one of the Ta. Let Ry™ 
be the unique rectangle of Ta which contains P in its interior. For each 7 = 2 


py 
Oxy (Sos £05 CaP) = Ocan (80, to; C TP) — 2z Ox,y(S0; to; Ci) 
where Cf, - +, Cpt are the rectangles of T; which add up to 0,4. Thus 


j Dk 
Oz,y (Sos to; C1) = Ory (So, to; C1) — > > Oo (So tos Cx™). 


But now 


Re j pr 
M (8, to ð) ZE $ | Oo,y(S0, to; Cc) | 
k=2 422 
for every j. Since M is finite, it follows that there exists a 7, such that 
Oa,y (So, to3 Cr?) = Oz, (Sos to; C19), j = Jp. 


Hence for each point P corresponding to (So, to), ol Oz,y (So; to; Cx?) exists 


and can be different from zero at at most M (Sos to; f 5) distinct such points. 
Now, let (s, t) be any point not on the above division curves. Let Hn 
be the set of rectangles of Tn which contain points of 3 and define 


Ly (8,833) = E O(s, t; 04), 
Ri eln l 
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Now 3 = Ua, (Hy = =i plus its boundary), so that (G) if. (s, t) is not in 


n= 
32», any point corresponding to it will be outside Hn for n large enough and 
so L3” (s, t; 3) = 0 for such values of n. (2) if (s, t) is in Bey and M (s, t; 8) 
is finite, then it is clear (from the discussion in the previous paragraph and 
from the fact that X is closed), that there. is a function Lg(s,t;%) [defined 
almost everywhere and zero outside 32,,| such that, for almost every (s, t), 
lim Lg (s,¢; 3%) == Lz (s, t; 3). 


n00 


From lemma 4, § 4, we know that 


u f La (8, t: daf Iie ny a dudo. 


Now, since | L3™(s, t; 3)| S M (s, t; a) and lim Tg i t; 3) = L3(s, t; 3), 





we have' 


f{. i Lz(s,t; an nen n” mf Ly(s, t; 3) dsdt ~ 0. 


Hence m (žr) > 0. 


¢ 


 ‘Turorem 1. Let 
(A) D be an open region in space and R another one which lies, together 


with its boundary, entirely interior to D; 
(B) the boundary of R consist of the oriented simply covered closed 


surfaces Si, l 
Ñi : T == Ti (U, v), y = yi (u, v), Z = 2; (U, v), (i = J; 2," i +, (u, 10), 


‘ = 0( zi, Yi) 
of class L such that (1) 2 | HOLIE 
measure of these surfaces together with their limit points is zero; 

(C) F(a, y,2) be a function (1) defined and measurable in D, (2. ab- 
solutely continuous in z for almost all (x,y), and (8) such that D(F) is ` 
summable in D, Dz(F) being one of the four Dini, partial derwatives cf F. 


is integrable over Q and (2) the space 





Then: 
Gh Faktum iG): eae. 
M,N Leh > Jt r SOLIS afu, 


(ii) 2r exists almost everywhere in D and is summable; and 
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_ (iii) f f sa oF sayin = lim > 5 f fn Pan (2is Yi, Ziy oa y dud, 
~ geis {=i 


F(z, y, 2); — m <S F(r,y, 2) Sn- 


F'm,n (2, Y, z) -| E F(z, Y, 2) <—_m 
n, F(a, y, 2) > n; or F(s, y, 2) undefined. 


Proof. ‘In the first place, it is easy to show that 0F/dz exists almost 
everywhere and is summable (Of. § 1, Theorem:1). We also remark here that 
OF m m/z exists almost everywhere, has the same sign as of/ dz and is summable, 


satistying 
| OF n,n/Oz i < | ôF /éz |, 


wherever both. exist. 
For m, sufficiently large, we see that the set, Gm, of ‘points (not in R) 
.bounded by Sm, m > mo, is a subset of D. Henċe define Rm and Zm by 


Bn =B+ 3 (Sets), m>m, Sn — SS. 


t=], 


Now let {pç} be a sequence of closed polyhedra fulfilling the conditions 
(i), (ii), (iii) and (iv) of the conclusion of lemma Y, § 7, where the S of 
. that lemma is the surface Sy. Call Epa the region bounded by Z -+ p,q where 
Z is the set of limit points of me Be ve do not =e to any. 8; and 


Zp, = $ Dig 
Now, it is clear that Re (2; y,2) and OP ) /Oz are nomi continuous 


in Da, their region of definition and therefore | that 
d , z g 4 . F) : 
(8.1) lim f f Panltna(t v), toatl v), tats) P(e tra) dude 
g->00 J: 
; P(n y) 
2 a 0 Tp, Yo) 
J f FG (2p; Yo; Zp) ô (u, v) dudv, 


po = “ane f” SOS Fan (Es 1 t) dédndt. 


Furthermore, using a well known theorem on Stieltjes integrals, defining the 
set functions ġa( R) and $ (E) by 


d (E) = f f f Ole 25 3na)dedydz, $(R) = È f f Ole, v, 25 3o) dedy, 
! “R` i R poge Ao 


í 


$ 
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_ and observing that, for g sufficiently large, all the points where O (z, 4Y, Z; 3z,¢) 
>= 0 lie in Da, and that O(a, 4,2; %,) is unity inside Rp ant zero elsewhere 
(by lemma 6, § 7), we see that , 


` E OF (h) f Fi) 
(8.2) lim f f Je~ O(@, 9,23 Spa) dadyde — lim 3S, f it md (6) 
i QO « 
Dr 
aie TE de (6 I= SSS — 2 Jodya. 


By § 7, lemma 7, we have, for each sufficiently = g, 














F o 


(8.3) SSS Fi O(a y, #3 Sna) zy 


-2S f ED (troio TOR COM Peson) ay, 
È Çu, v) 





From (8.1) and (8.2), we may allow g to become infinite, and we see taat 


FD 


@ 4) f J. i P mn dzdydz = > S Í po (p04 2) 8) a dudw. 


Now, since 3P (921 is summable, ne. is bounded, and 5 Kreta) 
4-1 5 


. tegrable over Q, we may let p become infinite in (8. 4) getting 





is in- 








F Qed 


Le (8. 5) SSS a deans 3 f f PO (z iy Yis Zi) eNi) du udu. 


Now, for each h > 0, each integrand on the right is measurable and is 
zero when (s: yi) /8(u,v) = 0. By lemmas 1 and 2, PO (iz Yis 2i) con- 
verges to Pman(2i, Yi, 21) at almost all points of Q where ô (s, Yi) /0(u, v) £0. 
Thus condition (i) of the conclusion is demonstrated. 

Since F'n (2, Y, z) is bounded and @f'm,,/éz is summable, we see that 


f f f OF” iedyda = 3 >S J Fona (Eigi 24) ree? O(a: Yi) gi) dude. 
J dz {=l ô (u, 


It is now clear that we may allow m and n to become infinite independently, 
thus obtaining the formula (iii). 


Remark. If we restrict F and 0F/dz to be defined and bounded in a 
bounded region D, which contains the closed surfaces 9;, of class L, and their 








4 
¢ 
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limit points, the whole being of space measure zero, and also the set R of all 
points for which i 


S 


>, O(a, y, 2; 8i) == 0 (z, 4,2; 2) £0, 3 = > S: (+ z2), 
{=1 izi ` 


this function being integrable, the above proof clearly establishes the formula 


SS So O (T, Y, 2; Diaa S f F (tis Yis 2i) eae Haas. 


A method of proof very similar to the above serves i establish the theorem 
below. Itis clear that this theorem may be proved with the hypotheses altered 
in many different ways. 


THEOREM 2. Let 

(A) S8,S:a—2(u,v),y¥—y(u,v), z = z(u, v), be a surface of class L 
such that z, y, and z are absolutely continuous on B(Q) with Vo f(u, V)] 
metrically continuous at V=0 and V = 1, and V,® (f) metrically con- 
tinuous at U == 0 and U = 1, f =z, y, 2 n turn. 

(B) E be a region including S and 

(C) P(a,y,2) be a function (1) defined and measurable in E, (2) ab- 
solutely continuous in y for almost all («,2) and in z for almost all (x,y), 
(3) summable in R together with 0P/dy and 3P/ðz which are assumed to exist 
almost everywhere in R, (4) metrically coniinuous in (x,y,z) at every point 
on C, x not belonging to Zs» of measure zero, and dominated on C by a function 
summable on O, (5) with 3P /ðy metrically continuous at every point, (a, Y, 2), 
of S, (z, 4) not in Zz, of measure zero, and 8P/ðz metrically continuous at 
every point (x, y,2) of S, (#,2) not in Zz, of measure zero, where there exists 
a summable function, G(u, v), such that 

















IP (s, y) OP a(x, z) 
dy Du, v) a aua A 
Then: 
(i) P is measurable and thus summable on C, and — A) and 
dy alu, v) 
Bs ae, z} are P and thus summable on Q, and 
dz fu, v) 
oP (y, s) ae OP a(z, ae) _ f 
(i JS Lay IG) FO E oe nogi 


BQ 


s==are length on B(Q). 
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COROLLARY. We see that hypothesis (C) is fulfilled for the following 
classes of functions for every surface S in R, which satisfies hypothesis (A): 


(1) P(a,y,2), 0P/dy, and 0P/dz are continuous in R, 
(2) P(a,y,2), 0P/dy, and 0P/dz are all bounded and measurable in a 
cube contaunng k, in which P(x, y,2) has the form 


P(a, y,2) — P (z, a, b) + f°. (2,050) dy 


+ fPalsatyae+ f’ f"Paon ean 


where a and b are independent of x and the functions Pı (2,7, b), Pa (z, œ E), 
and P3(x,,f) are summable in the Greek letters for almost all values of z. 


"w 


NON-ALTERNATING TRANSFORMATIONS. 


By G. T. WEYBURN. 


If A and B are compact metric spaces and T (4A) = B is a single valued 
continuous transformation which, as indicated, sends A into B, then T is said 
to be non-alternating provided that for no two distinct points x and y of B 
does the set T(x) separate the set T-1(v) in A, i. e., there exists no separation 
A — T(t) =A, + A, such that A,-74(y) 4054 A2: T> (y). It will be 
noted that in case A is a circle, this is equivalent to saying that for any two 
points « and y of B no pair of points of T>(s) alternates with any pair of 
points of 7“*(y) on A.* Whence the term non-alternating. Such a trans- 
formation T will be called monotone ł provided that for each we B, the set 
T(x) is connected. Obviously any monotone transformation is also non- 
alternating. 

Since anv continuous transformation of A into B is equivalent f to an 
upper semi-continuous decomposition § of A into disjoint closed sets with 
hyperspace homeomorphic with B, it follows that any non-alternating or 
monotone transformation of A into B is equivalent to such a decomposition 
into sets which do not separate each other in A or into continua in A respectively. 


1. Characteristic properties. Throughout this section it will be sup- 
posed that A and B are compact and metric and that T(A) = B is continuous, 


(1.1) Lf bas any limit point of a subset B, of B, then T+(b) - T7(B,) 0. 


For let points b; e B, be selected so that b; converges to b. For each 1 
select a point a; from T-*(b;). We can select a sequence of integers n; such 
that an, converges to some point æ of A. Now by the continuity of T we have 
T (a) == b, and this gives ae T> (b) - T> (B). 


*In connection with this condition see A. Denjdy, Comptes Rendus, vol. .197 
(19383), p. 572. 

t This term has been suggested by ©. B. Morrey. See his paper “The topology 
of path surfaces.” 

t See Kuratowski, Fundamenta Mathematicae, vol. 11 (1928), p. 172. 

$ See R. L. Moore, Transactions of the American Mathematical Society, vol. 27 
(1925), pp, 416-428; also Alexandroff, Mathematische Annalen, vol, 96 (1926), pp. 
551-571. 


294 


NON-ALTERNATING TRANSFORMATIONS.. 295 


(1.2) If E is any connected subset of B, then for any possible separation 
T(H)= F, + Fa, there exists dpe E such that Fa: T> (p) 0 sA Fat T™(p). 


For if there were no such point in Ẹ, then T (F) and T(F.) would be 
disjoint; and since # is connected and #=T(F,) + T(F:), one of these 
sets, say 7’(F’,), would have to contain a limit point p of the other. But then 
(1.1) would give T+*(p)-F, 40, which is impossible since T-*(p) C Fi. 


(1.3) In order that T be monotone it is necessary and sufficient that con- 
nectedness be invariant under T>. 


The sufficiency is immediate, since for each b e B, T= (b) must be connected 
because b is connected. The necessity results from (1.2), because if W is any 
connected subset of B, then since there can exist no pe E with F,-T*(p) 5<0 © 
s£ Fa: T>(p), there can exist no separation of T(E) into sets #, and Fo. 


(1.4) In order that T be non-alternating it is necessary and sufficient that 
for any ce B, T-*(x)' should separate two points a, and a, in A if and only if 
x separates T'(a,) and T (a) in B. 


| Proof. Sufficiency: if x, y e B, then since x cannot separate y in B, T> (x) 
cannot separate any two points of T-(y) in A. Necessity: If z separates 
T(a,) and T(a,) in B, then T(x) separates a, and a, in A by virtue of the 
continuity of T. On the other hand if T>(s) separates ad, and a we 
have a separation A — T> (<) = A, + As, where a; e Ai. Now since T is non- 
alternating, no set T(z), ze B, can intersect both A, and A», Thus if 
B, =T(4,) and B,=T(A.), we have B,-B,=0. But also B,- B,=0 
— B,- Ba; for if say b e B,: Ba, then by (1.2), T= (b) -T“(B.)C A, Åz 0: 
and this is contrary to the fact that A, and A, are mutually separated. Thus 
B — v = B, + B, is a separation between T (a) and T (az). 





> 
(1.41) If B is connected and T is non-alternating, then a point x of Bis 
a cut pomt of B if and only if T> (x) separates A. 


In particular, if B has no cut point, or is cyclicly connected, no one of 
the sets T(x) separates A. 


(1.5) If A ts locally connected, then in order that T be non-alternating it ts 
necessary and sufficient that for each we B and each component K of B— x, 
the set T(K) be connected. ` 


Proof. Necessity: Since A is locally connected and T is non-alternating, 
it follows that some single component C of A—-T +(x) contains T(K). 


/ 
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Since T (C). is connected and contains K but does not contain z, we have 
T(C) = K. Whence T+(K) =C. Sufficienty: By virtue of (1,4) we have 
only to show taat if a point 2 does not separate T (a) and T (a) in B, then 
T(z) cannot separate a, and a in A. Now under these conditions, since 
B also is local-y connected, T (a) and T (a) le together in a component K 
of B— z; and since by hypothesis T(K) is connected ard does not inter- 
sect T(z), our conclusion follows. 


2. Product and factor theorems. In this section the spaces A, B, and 
C referred to are compact and metric and all transformations used are assumed 
to be continuous. 

Let T,(A) = B and T,(B) =C, and let T =—T,7T,. In other words, 
| T is the result of first applying T, to A and then applying T: to 7,(A), 
so that we have T(A) = 7,[7,(A)] = 7.(B) =C. 


(2.1) IFT is monotone and T, is non-alternating, then T is non-alternating. 
If T is non-alternating, Ta must be non-alternating regardless of Ty. 


To prove the first statement, let x, yeC, T> (<) =X, T*(y) =Y and 
suppose, contrary to the theorem, that we do have a separation A — X 
= Á, + Ao, where Y> A, a, and F> dA ad). Now since 


(i) Ty(X) =T; (2), Tı(Y) = T (y), 
we have 
Gi) T, (Ay) Tr (y) £0 6 Ti (Az) Ta (y). 


Furthermore 7,(A:)+T1(A2) == 0; for if this set contained a point p, then 
T,*(), being connected, would have to intersect X, which is impossible since 
T1(X) + T,(Ai) = 71(X) + T1(Az) = 0. Whence, by (1.1), we have that 
Tı(4ı) and T,(Az) are separated. But B—7,(X) =7,(A1) + Tı(42), 
and this, by virtue of (ii), gives that Ty” (æ) separates T27(y) in B contrary 
to the fact that T, is non-alternating. 

To establish the second conclusion, let T' be non-alternating, let v, y eC, 
Tat (v2) == X, and Tt (y) == Y. Then if we had a separation B — X = B, + B», 
where B: Y +4054 B.: Y, we would likewise have the separation 4 — Tr (X) 
= T> (B1) + Ti (Ba), where T (B1): TF) 0s T (Ba) T (Y); 
and this is impossible since T1 (X) == T7 (s), T (Y) == T"(y) and T is 
non-alternating. Thus we have no such separation of B — X, and accordingly 
T, is non-alternating. 

It is easily seen by simple examples that T, can be non-alternating and 
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T, monotone and yet T be alternating. Also both T and T, may be monotone 
and yet Tı be alternating. 

Concerning monotone transformations we have the following correspond- 
ing theorem: 


(2.2) If T, and T, are monotone, so also is T, (T = TT). If T is mono- 
tone, Ta must be monotone regardless of Ty. 


We shall now prove a result which may be regarded as a factor theorem 
for arbitrary continuous transformations. 


(2.3) If T(A) = B is continuous, then there exist continuous transforma- 
tions T, and T, such that TaT (£) =T (£) on A, T, 18 monotone and, for 
each be B, dim Ta (b) = 


Proof. Let A’ denote the hyperspace of the upper semi-continuous de- 
composition G of A into.the components of the sets 7-'(b), be B. Then there 
exists * a continuous transformation 7,(A) = A’ such that for each œ’ eA’, 
T,>(a’)eG. Thus T, is monotone. : 

For each g'e A’, define T,(a’) == T[T,+(a’)]. Then clearly Ta is con- 
tinuous, and for each we A, we have TT (£) =T(@), so that T,(A’) = B 
and TT = T. | 

Now for each be B, we have T” (b) = T [T=(b)], and since T, is 
monotone so that, by (1.3), connectedness is invariant under T11, it fo_lows 
that dim [f.1(b)] 0, (where dim XY means the Menger-Urysohn dimen- 
sionality of the set X). This completes the proof. . 


(2.31) If T is monotone, T, is a. homeomorphism, so that T is equivalent 
to Tı; on the other hand, if dim T-1(b) =O for each b eB, then T, is a 
homeomorphism so that T is equivalent to To. 


Stull using the notation of (2. aye and its proof, by virtue of a result oi 
Menger’s t we have 


(2.32) dim B= dim A’. 


Thus if the dimension of A is lowered under the transformation T, it 
must be lowered under T, and it cannot be lowered under To. 

It is interesting to note, on the other hand, that since the property of 
unicoherence is invariant under monotone transformations,{ it follows that 
if this property is altered by the transformation T, it must be altered under Ts. 


*See Kuratowski, loc, cit. 
f See Dimensionstheorie, Teubner, 1928, p. 235. 
{ See Kuratowski, loc. cit., p. 182. 
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3. Applications to locally connected continua. 


(3.1) Let A and B be compact locally connected continua and suppose 
T(A) =B is non-alternating. Then. for each true cyclic element Es of B 
there easts a true cyclic element Hg of A such that T(E) D Ep. 


To prove this, let z, y e Hy and let wv be an arc in A such that wv: T> (£) 
=u and w-T(y) =v. Then u and v must be conjugate in A, i.e:, no 
point separates them in A. For if some point z separates A between u ma v, 
we would have z C ww — (u +v) so that e-AT(z)~y. But then since 
T=[T(z)] separates u and v in A, it follows by (1.4) that T(z) must’ 

- separate x and y in B; and this is impossible, because s and y are conjugate. ‘ 

Let Ea denote the cyclic element of A containing u-+-v. Then Ee is the. . 
desired element. To prove this we have only to show that for each pe Hy, 
T-*(p) + Ha==9. Suppose, on the contrary, that for some pe Ms, T> (p) Ee 
= 0. Let g «Ha be the boundary point of'a component Q of A — E, which 
intersects T> (p). Either q none 7*(z) or q non e T> (y), say g non e T> (e). 
Then since TIT (q) ] separates u and any point of T+ (p) -Q in A, it follows 
by (1.4) that T(q) must separate « and p in B; but this is paper 
because v and v are conjugate. ) 


(8.11) If Aisa dendrite, so also is B. 


While. this result is a corollary to (3.1), it is interesting to note that 
it is a consequence also of the following two facts: 


(i) Any non-alternating transformation defined on a dendrite is neces- 
sarily monotone, and (ii) the image under any monotone transformation of a 
dendrite is itself a dendrite.” | 


(8.2) Waith conditions as in (3.1), there exists a continuous non-alternating 
transformation Z (Ea) = Hy which is monotone provided that T is monotone. 


Proof. It is understood, of course, that Ea is to be found as in (3.1). 
For each xe Eo, let us define Z(x) as follows: (i) if we Z**(b) for some 
be B, let Z(t) =b; (ii) if not, then let Az be the component of 
iS TH (Ex) containing a; then there must exist a pe Hy such that 
T(p) D Ag— As, because 7'(Az) is contained in some component of B — Ep - 
and hence has only one limit point in Fa; in this case we let Z (s) =p. 

Now clearly Z(E.) = Hy. Also Z is continuous. This is obvious in 


* See Kuratowski, loc. cit, p. 182; R. L. Moore, Foundations of Point Set Theory, 
p. 344. Re 
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case (ii), since Z is constant on As: and in cage (i) it follows from the 
continuity of T.- Finally; sinte foreach pe Hy, Z*(p) == T"(p) - Ee + all 


components of Ee — Ea: T>(p) except the one containing Eal T(E») 


—-L"(p)], it follows that H,—2Z*(p) is connected and that Z“*(p) is 
connected provided 7*(p) is-connected. Thus Z.is non-alternating and is 
monotone provided T is monotone. oe 


: (3. 3) If M is a locally connected continuum and A is id A-set * in M, ` 


‘there ewists a monotone retracting + transfor mation T(M pes 


To see this we have only to define T as follows. If ve A, let T(x) =g, 

` If ze (M— A), let T(x) be that point of A which is the boundary of the 
component of A A containing v. Obviously T is monotone and retracting 

and T(M) = be i . 


(3.4) If A is a compact locally nmaoi continuum and TAY == B is 
non-alternating, then for each true cyclic element Ey of B there. exists a non- 
alternating transformation W(A) == E» such that, W is monotone if T is 
monotone. . Furthermore, none of the, sets W(x)’ can- separate A. 


By virtue of ( 8.2) there exists a true cyclic element Ea of A and a non- 
alternating transformation T(E) == Fə which is monotone in case T is 
monotone. Also by (3.3) there exists a monotone retracting transformation 
T,(A) ='Ey. For each ve A, let W (e) = TT: (£). Then W(A) = 
By (2.1), W is non-alternating, and by ‘(2. 2) W is monotone provided 
T is monotone. Finally, since Hy is’ cyclicly es by (1.41) no set 
W(x) can'separate A. 


(3.5) IFA is a ‘compact locally connected continuum; if T (4); — B is ‘non- 
alternating, and if B is cyclicly connected, then there exists a true cyclic 
element Ey of A such that T(E) =B. ‘Furthermore if Ti (4) =E. is a 
monotone retracting transformation; we have T (x) page on A. 


The first part of this theorem i is a direct consequence of (3. ie To prove 
the second part it is apparent that we. have only to show that if æ is any point 
of A — F, and p is the boundary point of. the component Q of A — Ea con- 
taining z, then T (s) =T(p). But'this follows immediately from the fact 
_ that since B is eyclicly connected, T: set T~ LF ( p)] cannot: ee clean A. 


* That is, A. is closed and. contains every arc wy in M where s.t- y C A. ites 
Kuratowski and Whyburn, Fundamenta Mathematicae, vol. 16, p. 309. 


t This means that for each aeA, T(a) ==a@. For this notion and for the result. 


(3.3) in case A is a cyclic, element of: Ms see K. ` Borsuk, Fundamenta M athemcticae, 
vol, 18, p. 204. : 


. — 


300 > QG T. WHYBURN-- 


If we agree to 'ċall'a given upper-semi-continuous decomposition monotone 
or non-alternating provided the corresponding continuots transformation is: 
monotone or non-alternating respectively, then (3. 4) eves the sarowsns result, 


(3. 6) Any { 


compact locally connected continuum re is equivalent to a - 


monotone 


. > Upper Sem con nunus Acor AA ofa 
non-alternating bu p Eer SK p f 


f monotone - 

E | non-alternating } 

upper semi-continuous decomposition of A into sets- not separating A in the 

sense that each cyclic element of the hyperspace is.ttself the hyperspace of 

söme ¥ | Mongiron ) upper semi-continuous decomposition of A into sets 
~ ` q non-alternating j. ` ae ae ee ao 

not separating A. 


(8.7) If A is compact, locally connected, and unicoher ent’ and T (A) =B 
is non-alternating, the true eyelic cone of B are cantorian manifolds 7 
dimension = 2. : 


“Let us break’ vin up into the two factor- transformations Ti and T, as in 
(2.38). Let Al = T (Å). Then since unicoherence:is invariant under mono- 
tone transformations, A’ is unicoherent. Now let E be any true cyclic ele- 
ment of B and suppose contrary to our theorem that some closed,. 0-dimensional 
‘subset D of -F disconnects E. Then Ty (D) disconnects:A’ and hence must 
reduce to a single point; because the dimensionality of no such set is lowered 
under T, and A’ is unicoherent. But this means that D consists of a single . 
point;-which is impossible since -E’is-cyclicly connected: 


4. Applications to special curves and surfaces.’ In this section it will 
be shown how cur results apply in’a number of interesting particular cases, ` 
(4.1) . Suppose A is a topological sphere (simple: closed: surface). Then, 
using R. L. Moores theorem *’ that the hyperspace. of any upper semi- 
continuous decomposition of A into continua not separating. A is itself a 
topological sphere, our theorem (3. 2) gives that each true cyclic element of 
the image B of A under any monotone transformation is itself a topological 
sphere so that B is a cactoid. Stated in terms of upper semi-continuous 
decompositions this will be recognized as a more recent result of Moore’s.+ — 


(4. 2) Now suppose A is a cactoid. Then by (3.2) it follows that if B is 
the image of A under a.monotone transformation, each true cyclic element 
of B is the image under some monotone transformation of some true cyclic 


* See Transactions of the American Mathematical Society, loc. cit. 
t Monatshefte fiir Mathematik und Physik, vol. 36 (1929), pp. 81-88. 
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element in A, and hence of a sphere. Thus by the theorem o 
above, each true cyclic element of B is a topological sphere ar 
Whence, the image under any monotone transformation of an: 
a cactoid. In other words, monotone transformations car 
cactoids. 


.(4.3) Let A be a simple closed curve. Then if B-is the ir 
any non-alternating transformation, by (38.2) each true cyclic 
is the image of A under some non-alternating transformati 
any non-alternating transformation throwing A into # mu 
since the sets T(z) cannot separate A and any closed set in 
A must be connected. It follows from this that each such Æ ; 
closed curve. 

| We shall call such a continuum as B, i.e., a compact ] 
continuum each true cyclic element of which is a simple 
boundary curve. This term seems justified in view of the faci 
curve 1s homeomorphic with the boundary of some plane bou 
any locally connected continuum which is the boundary of sv 
boundary curve in this sense. | | 


(4.4) Now let A be any boundary curve. Then by (3.2 
have immediately that the image under any non-alternating t 
a boundary curve is itself a boundary curve. Thus non-al 
formations carry boundary curves into boundary curves, 

In view of R. L. Moore’s theorem (loc. cit.) that any cac 
under some monotone transformation of the sphere, the qu 
arises as to whether every boundary curve is the image u 
alternating transformation of the circle. That this is inde 
now be shown. ' 

Let C denote the unit circle, let H be a boundary curve 
be continuous and, for each p e H, let m( p) denote the multip 
= T and let a(p) be the number of components of H — p. Th 


(4.5) If m(p) = a(p) for each pe H for which a(p) =1 
non-alternating. 

Let z, ye H. Since H is a boundary curve, it follows tl 
be separated in H' by a set X consisting either of two non- 
' or of a single point p of H which cuts H into just two compor 
case it follows from our hypothesis that 7*(X) consists of 


* See W. L. Ayres, Fundamenta Mathematicae, vol, 14 (1929), 3 


302 G. T. WHYBURN, 


u and v on C. And since T>(X) necessarily separates T(x) and T>(y) 
in C, it follows that one of these sets lies on one of the arcs of C from u to v 
and the other one on the other arc, so that these sets cannot separate each 


other in C. 


(4.6) For any boundary curve H there exists a non-alternating transforma- 
tion T(C) == H, where C ts a circle, which is not constant on any are of C. 


Proof. Let T be the transformation W described in § 5 of the author’s 
paper in the American Journal of Mathematics, vol. 54 (19382), p. 372 Ë., 
so set up that W (C) == H (see p. 376). Then by (II) and (IIT), pp. 374-375 
of that paper and by (4.5) above, it follows that this transformation has all 
the desired properties. 

Thus it is seen that the class of all non-alternating transformations de- 
finable on the circle is equivalent to the class of all boundary curves, just as 
the class of all monotone transformations definable on the sphere is equivalent 
to the class of all cactoids. 
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THE REPRESENTATION OF INTEGERS AS SUMS OF VALUES 
OF CUBIC POLYNOMIALS. 4 


By R. D. JAMES} 


` 


1. Introduction. As we shall prove in Lemma 7, a cubic polynomial in 2 
is an integer for all integers « = 0 if and only if it is of the form a(z? — z) /6 
+ b(x?— 2x) /2 + cx +- d, where a,.b, c, and d are integers. In considering 
the representation of integers as sums of values of. this polynomial we may 
evidently assume d = 0. Let | 


(1.1) | P(x) = a(a* — a) /6 + b(2? — 2) /2 + cx. 

We also assume that a > 0 and that a, b, and c have no common factor. For, | 

if p|a, p|b, plc then p| P(a) and 5 P (zy) would represent only multiples of p. 
í prt * ‘ 


When a == 1, b =c — 0 the polynomial P(x) becomes a pyramidal number 
(z? — z)/6. It is known that every sufficiently large integer is a sum of eight 
pyramidal numbers,* f and that every integer is a sum of nine pyt amidal 
numbers.® | 

When (a, 3) = 1, b = 0, c =1, L. E. Dickson ? has found explicit values 
of C and v such that every integer = C- 3% is a sum of nine values of P(x). | 
In some cases he showed by a short table that this is also true for every integer 
< C: 3% and hence obtained universal theorems. 

When a == 3a,, b = 0, c == 1, Frances E. Baker + and G. C. Webber 7 have 
applied this method to show that nine, nine, or ten values suffice according as . 
a, = 0, 1, or.2 (mod 3). They also obtained universal theorems in some cases. 
Similar results were proved by Webber without the restriction b = 0, c =1, 
but with a | b. 

In the first part of this papery we prove-the result: 


THEOREM 1. Let s= 9 be an integer and P(x) any polynomial of the 
form (1.1) with as@4e (mod 8). Then there exists a number Cy depending 
only on s, a, b, and c such that every integer n> O, is a sum of § values of 
P(x). That is, every sufficiently large integer is a sum of nine values of P{x). 


We may state this theorem in another form: 


* Presented to the American Mathematical POSIN; April 6, 1934. 
+ National Research Fellow. 
f See the list of references at the end of the paper. 


3803 


304 R. D. JAMES. 


THEOREM 2. Let G(P) denote the least value of s such that the equation. 


8 l 3 
(1.2) n= > P(t), ty Z0 
Pal ‘ 
is solvable for all sufficiently large integers n. Then for every polynomial of 
the form (1.1) with a ṣ£ 4c (mod 8) we have | 


G(P) = 9. 
The method of proof is as follows. Let. 
(1.8) Q(«) =Q(z;v, ty = P(ve + t) = Ar + Bo? + Cx + D, 


where ¢ = 0 is a definite integer depending on a, b, c; and 


(1. 41) v—=6 when 8a, 2 (a,b); 
(1. 42) v=3 when 8a, 2| (4,8); 
(1. 43) v=? when 8la, 2}(a,b); 
(1. 44) v=1 when 3l[a, 2| (4,0). . 


In all cases the coefficients in Q(z) are integers and A == av°/6"> 0. Let 
T(n) denote the number of solutions of 


n = > Q (v), gy Z 0. 
pai 
Then E., Landau” has proved a result which for the special case of cubic 
polynomials becomes 


T: (4/3) 


Sn (3-8/8 On (s-8-89/3 
APE (5/3) ee 


(1. 5) re(n) — 
where C, and 8 are positive constants depending only on s, A, B, C, D; that is, 
only on s, a, b, c. The function © = G(n) is real and is called the Singular 
Series. It is defined as follows: Let p be a primitive g-th root of unity, 


p r e*rir/q, (r, q) pone 1; 


g-1 
Sp = 3 pl; 
R= 


-1 


A(q) = > GEN p8 e2rirn/g - 
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If S$ 27> 0, where 7 is independent of n, then it follows from (1. ae 
re(n) > 0 when ZTA f N 


l CAST (8/3) \ 3 
n>G—( i (4/3) ) 


The proof of Theorem 1 is thus reduced to the proof of 





THEOREM 38. Jf s= 9 then 


S=y>0, 


~~ 


where n depends only on s, a, b, and c. 
In the proof of this result we follow the method of Landau.’ 


In the second part of this paper we are concerned with polynomials y(2) 


& 

for which $, y (æv) represents all integers. Such polynomials must represent 1. 
yak ; 

Hence let 

(1.6) y(r) = att 4+ art ts ++ ay, Ao > 0 


be an integer = 0 for all integers v Z 0; and let y (xı) =1. If we define 
g(w) to be the least value of s such that 


; 
>, y (2v) =n, _ w20 


Pol 


is solvable for every integer n, then we have 


THEOREM 4.* Let x(a.) be the least value of w(x) > ¥(a.) = 1, and 
let y(x) be the least value of w(x) > W(t). Then if l= [4 (z:)/4 (22) ] 


we have 


g4) ILH Y(T) —2 
for every polynomial of the form (1:6). 


In the particular case in which y(x) = P(x), a = 3, b = c = 1 we have 
T, = 2, P(t.) =a +3; z = 3, P (z3) = 4a -+- 6; 1 = [ (4a + 6)/(a + 3)] 
== [3 + (a— 3)/(a +3)] =3. Then g(P) 2a+4. Itis highly probable 
that g(P) ==a + 4 in this case. This is an analogue of the theorem that every 
integer is a sum of a + 2 polygonal numbers a(z*—-2x)/2+<2. The proof 
that g(P) == a + 4 depends on the evaluation of the constant C;. 


* This is a generalization of the result g(k) = [(3/2)*]-+ 2*—-2 in Waring’s 
Problem. = 
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i. 


© g Preliminary considerations. We begin by proving some results fora ` 
polynomial of degree k. Let o 


p (2) oa EA +t ay; 


where ao > 0, @1,°.° +, dp are Hias For every prime p let 6(w) = 0(w, p) — 
denote the highest power of p which divides k — w (0S w & k— 1). That is, 


| : pic) | (k — w), f gone (k— w). 
Similarly, let i a 
i pe | ding pA $ ag, 


O(w) +2, p=2,- 
10) = $ ot +1, p>2; 


0 = (p) = Min (8(w) +a (w)); 


Let 


y=y(p)= Min (y(w) + 4(w)) 
oSwSk-1 


6+ 2, p=2, 
6+1, p>2. 


Then @ is the highest power of p which divides every coefficient of (s). 
Write do(@) = pêg (x). Let M(m) =M(m,n) denote the number of 
solutions of 


(2.1) = $ (ay) =n (mod m), Oe = = By <m. 


For m == p? let N (p) =N (pi n) deriote the number of solutions of this’ 
congruence in which at least one ¢)(zv) is prime to p. These solutions corre- 
spond to the primitive solutions in the case ġ (£) = 


— LEMMA 1. [fAz=z = y(w) +1 and g= y A- zp to- then, 
gek-w == ye af. (e 2: w) ye-o-Lg pr-Ow) 41 (mod pr). l 


Proof. This is Landau,* Miesen 290 with 1, k, y, and 6 EE by 
A, k— w, y(w), O(w), respectively. 


Lemma 2. Tf l=y-+1 and gr = y + zpi ies 


(1) == p(y) + zp**do(y) (mod p’), 
$o(£) = po (y) (mod p). j 
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Proof. . Since 1 + 6(w) — 8 =l + y(w) — y Z y(w) + 1 we may apply 
Lemma.1 with A = I ~+- 6(w) -— 8. Then 
(2. 21) qh = = a + (k— w)yeerapr is (mod ptacw)-6) , 
` Since p*™ | a» and 6(w).+ alw) = > 6 we have | 
Apt? == Aj F (k — wd etape yt. (mod pt). 
If we sum both sides of this congruence for w = 0, i oot — 1 we obtain 


(a) — m= p (y) — ae + 2p ag! w) (mod p’), — 
p(z) =$(y) + 2p" *do(y) (mod.p’). 


‘This proves the first result. Again, since l -+ 0(w-+1)—@>1—d—121 
we have from (2.21) with w replaced by w + 1 


gyn} pe yirw-t ' (mod p) 
po (k — w) dak?" == g’ (k — w)dyy*”* (mod p). 


Summing both sides we obtain the second result. 
Lemma 3. If ]2y-+1 then 
N(p') = pN (pt). 


Proof. In (2.1) with m == p?! write £y = yv + zp’ where 0 SS yy < pre, 
0S a < p™; and p does not divide every ¢o(av). Then by Lemma 2, p does 
not divide every ¢o(yv) and (2.1) becomes | 


S I-1 < t 0S Yv < pit, 
(2.81) Er) + ph È ngl) =n (mod p), pas Se. 


Then to each of the N(p') solutions of (2.31) there ras a solution 
of the two congruences . 


(2.38) ŠA) =n (mod pH), 0S y < pr, phevery duly) ; 


(2. 33) 2 avo (yv) == ph? ( pa (yr) —n) (mod p), 0S z < p™; 
and gomedi: | 


From Lemma 2 it follows that if zy»==y, (mod p***) then $ (ay) 
= (yr) (mod p+). Hence each solution of (2. 32) gives p’: solutions of 


. : : i ` 
2 $ (yv) =n (mod p™>), OSy<p, ppevery go(yr). 
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That.is, the congruence (2.32) has p“*N(p**) solutions. 
Since p does not divide every o(yv) we may assume p'¥ do (yj). Then 
Zo) Z3, * * *,2 may be chosen arbitrarily mod p* in (2. ee) and z, is deter- 
mined sia mod p. Thus for any choice of Z2, %3,° * `, Zs mod p! there 
‘are p° solutions zı with 0S z, < p%*. Hence (2.33) has pion (s-0)+9 solutions. 
Since the number of solutions of (2.31) is equal to the product of the 
numbers of solutions of (2. 32) and (2. 33), we have 


(pt) = p AM N (pH) — pra N (pi), 
LEMMA 4. If l= y then 
N(p*) = pve? N P) 
Proof. If ivy the result is trivial. If J > y then by Lemma 3 
N (pt) = po N (p=) = pe? N (prt) =: - -= pe” N (p), 


LEMMA 5. We have 
M (m) = m 2 4 (9). 
gm : 


Lemma 6. If pa, denotes the h-th prime then 


2 AM=T ZAC, 


alm ppi 


Both these results are proved i in Landau ë for the case ġ (z) =a". The 
proofs given there apply without change to the general case. 


3. Cubic polynomials. 


Lemma 7. A polynomial P(x) == ar? + Bo? + yx + 8 18 an integer for 
all integers x = 0 if and only if : 


(3. 11) g = &/6, B=b/2, y= (6c —a—3b)/6, =d, - 
hee a, b, c, and d are integers. | 
Proof. (1) Let (3.11) be satisfied. Then 
P(z) = a(e* —x)/6 + b(x? —2)/2 + cx 4 d. 


Since z°— v and z? — v are divisible by 6 and 2, respectively, it is obvious 
that P(x) is an integer. (2) Let P(x) be an integer for all integers 2 = 0. 
Then in particular 
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§ == P(0) = an integer d, 

a+ B+ ye= P(1) —8=an integer 4, 

8a -+ 48 + 2y == P(2) — ô = an integer ts, 

2%a + 98 + By = P(3)— ô = an integer 4. 

If we solve these equations for a, 8, and y we obtain the conditions (3. 11). 
Now let 

p(t) = Q (£) = P (ve + t) = Aæ + Bo? + Cr+ D, 
where o 

A = a?/6; B= (at + b)v’?2; 
(3. 12) C == (3at? + 6bt — a — 3b + 6c)v/6; 
D = a(t —t)/6 + b(t —t)/2 + ct. 


LEMMA 8. If p >R, 0 = 0, y=1, p] B then 
N(p) =N(p) 21 
' for s È 6 and every integer n. 


Proof. We determine an integer B’ so that 2BB'= 1 (mod p). By 
Landau,* like Theorem 301 the congruence 


3 , 
> tr == B’(n— 6D) (mod p) 
pot 


has a solution for every n with p}t. Then 


E (Q(t) + Q(p—t)) =X (2BA*+.2D) =n (mod p). 
At least one of Q(t) and Q@o(p—t.) is prime to p, since otherwise 
0 == Q (t) — QO’ (p — ti) == 4B, (mod p). 
This contradicts p > 2, pyB, py ty. 


Lemma 9. If p> 2, p}A then for every n there is a solution of 
, 4 
24 X z =n (mod p) 
pal 
with each of 21, Za, and z prime to p. 


Proof. Tf p| n then obviously 


2A (P + (p—1)?+ 1? + (p—1)*) =n (mod p). 
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Hence let pfn. We dėtermine A’ s0 that 2AA’ =1 (mod p). : Then by 
Landau, Theorem 801 there is a solution of. 


5 z= A'n (mod p) 


pri 


with pz, If a bie p Yz, the result follows. | 
. The remaining cases are p | za p}%3 p}%:, p |z; p | zo p iy zs. In. 
the respective cases we have 


e gly 4 99s A’n (mod p); 
z?” +z + 1° + (p—1)*s=A’n (mod p); 
2° + 1°+ (p— 1)’ == A’n (mod p). 


This completes the proof of the lemma. 


LEMMA 10. If hy, he and hs are each prime to p > 2 there is a solution of 


3 
(3. 4) $ lt =h (modp), ppt 
pol 


for every integer h. 
. Proof. Let g be any primitive root mod p. Then hy== g% (mod p), 
where ay = 28» -+ yv, ye == 0 or 1. Hence we may write (3.4) in the form 
3 | i | . 
Lgrmt=h (modp), pha, 
pe: F 


where ty = gfvty. The coefficients are either 1 or g and the congraence is 
equivalent to one of the congruences 


wy? +a? H =k (mod p), prt; . 
wy eT grn =R (mod p), pa. 


- It is sual seen that both these congruences have a solution. For, if ph’ 
then by Landau,* Theorem 301 


ay? + 2,2==h’ (mod p), pha, 


has a solution and we take Lz = 0. i D | k then py (h’ —1), p> (h’—g). 
Hence each of the congruences 


vy? +a? =h’—1 (modp), pfa; 
t+ aPs=h’—g (modp), phe 


has a solution and we take z, = 1. 
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LEMMA 11. ee 3, 6=0, =. p | B then’ 
N (p) =N(p) = l 
for s= 8 and every integer n. 


- Proof. We cannot have p | A, p | C for this would imply p | a, p |b, 
p|c. .Ifp| A, p> then Q(x) =Cr+D (mod p) and it is evident that 
Cz + D =n (mod p) has a solution with Qo (x) = C prime to p. 

Hence let pA. -By Lemma 9 there is a solution of 


(3. 51) 2A Sa =n (mod p) 
7 pol 
with each of 2, 22, 23 prime to p. Then by Lemma 10 with 
A 4 . ; 
h = — > (2Czy + 2D); hy = GAzy (v= 1,2, 3); f; = 0 
pol , 


there is a solution of 


$ 4 - 4 k 
(3. 52) > 6Azvty? = — X, (2Cz, + 2D) (mod p), poy ty. 
pol p= 


From (3.51) and (8. 52) it follows that 


> (Q(z + ty) + Q=). 
= = (2Az,* zit 6 Azvrty? p Czy +- 2D) =n (modp). 


p=1 


At least one of Qo(2ı + t1) and Qo(4.— t) is prime to p, since otherwise 
0= Q (2, + t) — Q (21 — t) = 12Azt, (mod p). This contradicts p > 3, 
pA, ppt, p pty. 


LemMa.12. If p| A, p| B, p}C then 


N(p?) Z pe» 
for s Z 1 and every integer n. 


Proof. The pY integers Q(x) (0 S s S p” — 1) are incongruent mod p”. 
For suppose Q (x)= Q (y) (mod p”), Æ y, 0 S t S p — 1, 0 S y S p — 1. 
Then 


O(@)— O(y) = (r — y) (A (2? + ay + y?)+ Blat+ y) + C)=0 (mod p”). 


The second factor is prime to p since p | A, p | B, p Pt C. Thus «= y (mod p”) 
and hence z = y, a contradiction. 
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Then in the congruence 


'3 
>» Q(av) == (mod pv), 0S tr & pr—l 
p=l 


we may choose To, Hy," * `, Le arbitrarily mod pY and then determine z, with 
Q (#1) =C prime to p. This proves the lemma. 


Lemma 13. If for c= a, we have p}Q(a1), p}Qo(as) then 
: N 21 oe 
[or s = pY and every integer n. 


“Pre. The result is trivial since any integer is represented mod p by 
at most p” values Q(x.) with p F Qo(21). - pa 


Lemma 14. If for s= z, we have pTO) and for x = zs, p | Q (t2), 
p $ Qo(z2) then 

| Np) 21 

fors È (p T 1) o and’ every integer n. 


Proof. Since pY Q w = 0 (mod p) every integer is represented mod pY 
by at most p” values Q (sı) plus at most py values Q(#2) with p Ff Qo(22). 
Thus N (p) Z= 1 for s Z py + p = (p +1) p. 


4, The Case p > 3: In this section we prove 
Lemma 15. For Q(z) = P(vr +t) we have 
N(p*) Bl 


for p > 3, s = 9 and every integer n. ` ra 


} 


Proof. The coefficients of Q’ (s) ere 34, 2B and C. Ifa prime p divided 
each of 3A, 2B, C it would follow from (3.12) that p divided each of a, b, 
and c, contrary to our assumption. Hence 0 == 0,'y = 1. The result now | 
follows from Lemmas 8 and 11. ` 


5. The Casz p==3. We shall prove that Lemma 15 holds also when 
p== 83. We first consider 
(5.11) i as40 (mod 3). 


Then we have v = 8 or 6,3 | A, 3 | B, 3+} C. Hence Lemma 12 applies with 
p= 3 and thus V(37) Z 3ve) >] for s 21. 

Next, let 
(5.12) ` as=0 (mod8), 6340 (mod8). 


REPRESENTATION OF INTEGERS. 313 


Then v==1 or 2 and B= (at + b)v?/2 0 (mod 3). Hence 0 == 0 and 


Lemma 8 applies. : 
Now suppose | k 
(5.2) ae=b==0 (mod 3), a5& 6c (mod 9). 


Then from (3.12) we have 3)C and hence 0 = 0, y=1. By choosing 
i=] (mod3) we have 3)D. Thus 3+ Q(0), 37 Qo(0). By Lemma 13 
with p = 3, y = 1, tı = 0 we have N(3) 21 for sZ 3. 
Finally, let 
(5.3) as=b==0 (mod3),  a=6c (mod9). 
From a==6c (mod 9), c0 (mod 3) it follows that a z£ 0 (mod 9). Let 
a = 3m, b = 3b,. Then from (1.48), (1.44), and (8.12) 
i = 0,0°/2; B= 8(mt + b,)v?/2; 

= (3a, t? + 6b,t — a, — 3b, +-2c)v/2; 

Daa N/L h (2 —1)/2 + ct; 
where v == 1 or 2, and a, +0 (mod 3). Then § == 1, y—2. 

We ces t as follows l 
(5.31) t=0. (mod 9) when as=24ce (mod 27), _ b==0 (mod 9); 
(5. 32) t=1 (mod9) when a==24c (mod 27), bs£0 (mod 9) ; 
(5.33) t==2 (mod9) when az24c (mod 27). | 
In (5.31) we have 
Q(0) = D=0 (mod 3"), Qo(0) = 0/3 £0 (mod 8), 
Q(1) =A +B + C+ D=a4,.0'/2 0 (mod 8). 

Hence any integer not divisible by 9 is represented. by at most eight values 
- Q(1) plus one value Q(0) with 3}@Q,.(0). Any integer divisible by 9 is 
represented by one value Q(0) with 83}@,(0). Thus N(3?) = >j fors=9. 


In (5.82) and (5.33) we have Q(0) £0,’ Qo(0) £0 (mod 8), and 1 by’ 
. Lemma 13 with p = 8, y = 2 we have N(3?) È 1 fors= 9. : 


6. The Case p =32. We shall oe that Lemma 15 holds also when 
p—=2. We first consider 


(6.1) 2 (a,b). 
Then we have v = 2 or 6, 2 | A, 2 | B and by choice of ¢ mod 2, 
‘Ce=al?—a—bs<0 (med 2). 
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Hence Lemma 12 applies with p == 2 and N (27) = 216-1) for s = i. 
Now suppose a . 


(6. 2) as=b==0 (mod2), bs42e (mod4). 


Then from (1.42), (1.44), and (3.12) we have v = 1 or 3, a = 2a, b = 2b, 
and | | ee ee , l 

A= i4/3; Blast + bi)"; 

C = (3a,0? + bbt — a, — 3b, + 3c) 0/3; 

D =a (E —t)/3 + b.(# —#) + ct. 


By choosing t= 1 (mod 2) we have both ( and D odd. Hence 0 = 0, y=2 
and by Lemma 13 with z, = 0 we have. N (2°) = 1 for s Z 4.. 
Next, let . 


(6. 3) a=b=0 (mod?2); as=2, b==2c (mod 4). 


In this case 6 = 0, y = 2. If we choose ¢ even then Q (0) == 0, Q’(0) = Q(1) 
= 1 (mod 2). By Lemma 14 with p = 2, y ==2 we have N(2*) 21 for 
s26. ` -a 
Finally, let 


(6.4) a= b=0 ‘(mod 2); a==0, b= 2c (mod 4). 
In this case 6 = 1, 1, y=3. We choose t as follows 

(6, 41) | t==0 (mod4) when panies (mod 8) ; 

(6. 42) =i (mod 4) whan b= 2¢ (mod 8). 


In (6.41) we have gto) x20 (mod 4), Q(1) s£0 (mod 2), and since we are 
assuming @3@4e (mod 8), then Q)(9)-—= C/2 540 (mod 2). Any integer not 
divisible by 8 can be represented by at most seven values Q(1) plus two values 
Q(0) with 2% @,(0). Any integer divisible by 8.can be represented by two 
values Q(0) with 2}Q,(0). Hence V(2*) 21 for s2=9. In (6.42) we 
have Q(0) ==Q.(0) =1 (mod 2), and by Lemma 13 with p—2, y= 3 
we have N(2) = = 1 for s= 8. 


7. The Proof of Theorem 3. Since M(p') = N(p') we have from 
Lemmas 5, 4, and 15 , 


y ZAM = pM (p) = pN (p) 
l == ED o- PUN GDN (giy Z pre- 
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= peen (l = 3 > y). 
Also, by Landau,’ Theorem 8 with git 1 /8 
i = . 
Ae) EA) =14- S4(—) >1—- BS pm 
ql|p? A=1 \=1 
=z | E ( p°” ETIR D 


Finally, the Singular Series is absolutely convergent for s Z9 (Landau,° 
Theorem 9). Hence by (7. 1), (7. 2) , and Lemma 6 


© = lim z A(q)=lim II & A(q) 


Io qimt..- ps? I>o00 psp, qip! 
l . = [Tmax AC T 1 — E aa a, , 
p , i 
= > 0. 


Theorems 1 and 2 now follow as indicated in the Introduction. 


IT. 


8, The Proof of Theorem 4. Consider the integer N = ly (s) — 1. 
We have N <y(a,). Hence the only permissible values of ẹy(s) in the 
representation of N are ¥(z,) —1 and ¥(a2). That is, 


N = (I—h) (22) + (h(t) —1) Y(t), 


and 1—h + hy(a2.) —1 values of y(x) are required. Since y(z2) > 1 the 
number required is a minimum when h == 1. Then g(y) 21+ 4(2:)—2. 
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FUNDAMENTAL REGIONS FOR THE SIMPLE GROUP OF 
ORDER 168 IN S.. 


_ By WILLIAM I. MILLER. 


Fundamental regions for certain ternary groups have been considered by 
J. W. Young * and Henry F. Price +; the former obtained a solution for 
eyclie groups, the latter for the Gs, and the Ge. The method used here to 
obtain fundamental regions for the Giss is analogous to the method used by 
Price for the Geo. . 

The Gies may be written as a doubly re permutation group of 
degree seven generated by f 


S — cbcdefg, R=ab-ce, T—=SRS*RSR = adb - cef. 
As the corresponding collineations we shall use 


T, = 1/2 (— 2, — ra’, + 2's), 
S: z= 1/2 (— 2 H12 -+ 0's), 
t, = 1/2 (— Fr, — FT), 


Be Ly rot oe Dg, Tz > — T; Tg mm me 2's, 
T: == fy To = Z'a; Tg == V'i 
where r= 1/2[1 + (—7)*], F= 1/2[1 — (— 7) *]. 


The collineation group in this form contains a subgroup of order 24, generated 
by R, T, and V = 8*RS*, whose coefficients are real; this is the G., studied 
by Price. 

To represent the complex points of the plane as real points in 94, set ` 
U/l, = T + 14, Lof 2g = Y + w. , 

Consider the 21 conjugate linear forms bi; (1 = 1,2,8; 7=0,---,6), 
in which bio = T£, — Fes (or the negative of this, as the signs of these forms 
are of no consequence), and in which the others are so chosen that they are 
transformed by the generators as follows: 


*J. W. Young, “ Fundamental regions for cyclic groups of linear fractional trans- 
formations on two complex variables,” Bulletin of the American Mathematical Society, 
vol. 17, pp. 340-344. 

+H. F. Price, “ Fundamental regions for certain finite groups in S,’ American 
Journal of Mathematics, vol. 40 (1919), pp. 108-114. 

iH. F. Blichfeldt, Finite Collineation Groups, chap. V, p. 113, Chicago, The Uni- 
versity of Chicago Press, 1917. 
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g: ‘ b; bi, j+is 
Re” Brobeo ° bisbas * bisDr4° bisbas barbas” =e Dosbgs * Boebse3 
1: bı, jba,4jb2, 2je 


The second subscript is to be reduced modulo 7 if necessary. 

The group on bio’ a , bse is imprimitive. We may associate with each 
set of imprimitivity one of the letters a, b, c, d, e, f, g, in such a manner that 
the group obtained by considering the ways in which these sets of imprimi- © 
tivity are transformed is the same as the group of degree seven given above. 
To do this let a represent the set bis, bes, baz; b the set B14, Bee, bsa; c the set 
bis, boo, Osa; etc. If in each set every second subscript is replaced by its nega- 
. tive modulo 7, another division according to sets of imprimitivity is obtained ; 
this method of division is not used, however, as it leads to an outer isomorphism 

of the group with itself. 
We now form seven positive forms of the type 


l A= b13013Desbes a basbasba2032 + E E 


where bj, is the conjugate imaginary of bis. The forms B,- - -, G are formed 
in the same manner from the sets b,---,g. The generators permute the 
capital letters in the same manner as they permute the corresponding small 
letters. E 

Let Bi; (t= 1,2,83; 7=0,°'--,6) represent the 21 differences of 
A, ++, G, with Bio = G— A, Boo = G — B, Bao == G— D, and the others so 
chosen that S permutes them in the order Bi ji j+ It is not necessary to 
indicate how R and T transform these oes as it 1s more convenient to use 
- the permutation group on Á, °°, G. 

The forms gı; are used to determine fundamental regions for the Giog- 
If we divide each of these forms by 2z524,2 and equate to zero we obtain 21 
hypersurfaces in S,. Excluding points which lie on these hypersurfaces, every 
point of 8, will make each of these forms either positive or negative; and since 
these are the differences of seven positive forms there are at most 7! possible 
atrangements of plus and minus signs. Obviously no operator except the 
identity can transform a point into another point which produces the same 
arrangement of signs. An arrangement of ia is most converiently given 
by writing the order of magnitude of A,--:,G, and if A>B>C>D 
‘> E >F >G we shall indicate this by the value system ABCDEFG. To 
obtain a fundamental region we select 30 value systems no two of which are 
conjugates under the group. 

As an example of a fundamental region we take the 30 value satem 
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which have the form ABOXXXX or the forni ABFCXXX, where X may be 
any one of the remaining letters. 

If we set u = 0, v = 0 in each of the seat of the 21 hypersurfaces 
we obtain the curves of intersection with the “real plane.” Among these 
_ curves will be found nine straight lines which divide the plane into 24 parts 
which are projectively the same. ‘These are the nine lines used by Price to 
determine fundamental regions for the G», on the plane*; this is not sur- 
prising in view of the fact that this G, is the largest subgroup of the Gres 
- that leaves this plane invariant. Similarly the plane z = 0, y = 0, is invariant 
under a subgroup of order eight, and among the intersections of the hyper- 
surfaces with this plane will be found five straight lines which divide the plane 
into eight regions that are projectively the same. 

Tf the curves of intersection of the hypersurfaces with these two planes 
_are drawn, it is not difficult to determine all the value systems that appear. 
Tt is found that 27 of the 30 conjugate sets are represented. The remaining 
‘. three sets are represented by the points s = 1/2, u = — 1/2, y = «e v = 0; 
T == 6 U=] +e, yY =€, V == €; È = e, u = 1 + e, y = — e, v =e, where 
e is small and positive. Hence all of the 7! value systems occur. 

To completa the determination: of a fundamental region we start with the 
` 80 value systems of the form ABOXXXYX or ABFCXXYX and set two or more 
of the forms A, - + +, @ equal in all possible ways. After discarding’ duplicates 
the remaining value systems are arranged into sets of conj ugates under the 
group and from each conjugate set one value system is-selected. This gives 
327 additional value systems which must be added to the original 30. 
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*H: F. Price, loc. cit. 
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A METHOD OF DETERMINING ALL THE SOLVABLE GROUPS OF 
GIVEN ORDER AND ITS APPLICATION TO 
THE ORDERS 16p AND 329. | 


By A. ©. Lunn and J. K. SENIOR. 


In a recent paper, P. Hall * has shown that if Gis any solvable group of 
order yz where y is prime to z, then 


(a) G contains at least one subgroup of order y. 

(b) All subgroups of order y in G are conjugate. 

(c)- Every subgroup whose order divides y is contained in a subgroup 
of order y. 


These propositions, for the case where-z is a power of a prime, together with 
the well-known theorems on the representations of abstract groups + yield the 
theorem upon which the following paper is based. 

Before proceeding to the statement and proof of that theorem, it will be 
convenient to establish a corollary of Hall’s theorem. The symbol T will be 
used throughout to denote a transitive solvable substitution group of cegree 


. æ == pt and order ka where k is not divisible by p. The symbol (Ti: Tot Ta) 


indicates a group on +} sets of transitivity formed by using isomorphisms 
between the transitive groups T, > -Z;. The limiting case of direct product 
formation by any pair of transitive elements is included in the definition. 
The symbol Æ will denote an abstract group simply isomorphic with T. 


COROLLARY. If T, and T, are distinct substitution groups, they are not 
simply isomorphic. 

Proof. IÈ T, and T, are simply isomorphic then kit, = hat 

Two cases may be distinguished. 


(1) pı = pe. In this case R, (by Hals theorem) contains only one set 
of conjugates of index z, and hence has only one transitive representation of 
degree zı. Therefore Tı and T are not simply isomorphic. 


(2) pr:5& po. In this case A, contains a single set of conjugate sub- 
groups of order kı, no one of which contains any invariant subgroup of Ry, 


‘besides identity. But (by Hall’s theorem) every subgroup of R, whose order 


divides &, is contained in a subgroup of order kı. Therefore (besides identity) 
no subgroup of R, whose order divides k, is invariant, and the order of every 
proper invariant subgroup of R, is divisible by pi. 


* P. Hall, Journal of the London Mathematical Society, vol. 3 (1928), p. 98. 
+ Burnside, Theory of Groups, second edition (1911), p. 281 et seg. 
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If R, and E, were simply: isomorphic; then the order ‘of every’ proper 
invariant subgroup in either of them would ‘be’ divisible by p.p2. . But any R 
is solvable, and hence contains a characteristic Abelian. subgroup (of order 
greater than 1) the Sylow subgroups of which are invariant under R and of 
prime power order. Therefore Æ, and Ry (and hence T, and T») are not 
simply isomorphic. Thus the corollary is proved for all cases. 

The fundamental theorem of the following paper may be stated in terms 
of the notation already defined. If, fori==1.--.: n, T; is of degree z: _ pi 
(where the ps are distinct primes}, and R; is the abstract group simply 
isomorphic with T;, then such a list of n Æ’s will be called a complete array 
for the order g = Ila. 


THEOREM. Every solvable. group G of order g = Tiz; determines its 
complete array of R’s and the isomorphism according to. which each pair of 
R's must be combined to gwe a repr -esentation of G. Any representation of 
G which involves every R of a complete array belonging to the order g is 
simply i isomorphic with G. 


Proof. G contains for. each t a single set of conjugate subgroups of index ` 
vi, thus determining T; and Rj. The intersection of this set is C;, a charac- 
teristic subgroup of G; and T; (hence #;) is simply isomorphic with the 
quotient group G/C;. Let Oi; be the intersection of C; and O;. If T: and 
T; are written on distinct sets of letters, the intransitive representation 
(T; :T;) is simply isomorphic with the quotient group GJ Qu, ‘and hence 
(A, : Ri) is uniquely determined. It is thus'shown that G uniquely determines 
its complete array of R’s, and that between each pair of #’s in the array 
there is only one isomorphism which leads to a representation of G. 
The order of the intransitive representation (T, : Te > © Tn) must be 
a factor of g and a multiple of the cere of each Ti. But since the degree 
of T; is fs the order of (Tı :T.---: Ta) must be a multiple of Na; = g. 
= So (T; : * Tn) and hence (RB, : Rə >- Rn) are of the same order 
as G, Sa thus mea isomorphic with G. This completes the proof of the 
theorem. 
‘The above theorem may be used to obtain all the abstract solvable groups 
of given order g by proceeding as follows. Pick a complete array of R’s 
belonging to the order g, and combiné them by isomorphism so as to give a 
= group of that order. (It is to be understood that the word isomorphism is 
here used to include the case of direct product formation, or isomorphism 
according to a quotient group of order 1.) If this process is carried out in 
all possible wavs with all distinct complete arrays belonging to the order g, — 
. the list of abstract groups thus obtained includes all the solvable abstract 
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groups of that order. No. two of the groups of order g thus obtained are 
simply isomorphic unless the two arrays are identical, and the respective 
isomorphisms between the members of all corresponding pairs of ’s are also 
identical. . 

Certain. general conclusions from the above theorem may also be drawn. 


(1) There exists a category of abstract groups (for which the name Hall 
groups is here proposed) which are defined as being simply isomorphic with 
solvable ‘transitive groups of degree p* and order kp* where k is not divisible 
by p. Every solvable abstract group which is not itself a Hall group may 
be obtained (as explained above) by a suitable combination of Hall groups. 


(2) livery abstract solvable group G of order g = Ia; can be expressed 
as an intransitive group of degree 32; with sets of transitivity of degree 2;. 
If it is so expressed, each transitive constituent of the intransitive group is 
uniquely determined as a substitution group. 
The theorem ‘previously proven. will be used to determine all the groups 
- of orders 16p and 3832p. For this purpose the following symbolism will be 
used. G? indicates a solvable abstract. group simply isomorphic with a 
transitive group of degree x and order zk where z == p* and k is not divisible 
by p. The symbol (Gz, : G*24,)ax%, Indicates that two such groups 
(pı >= p2) are combined by isomorphism according to a quotient group of 
order ‘kiko: Reference will be made repeatedly to the number of distinct 
cases of a given abstract quotient group involved in a list of abstract groups 
Gite G,. Any two such cases (with quotient groups denoted as usual by 
GJH. and G;/H;) are to be understood as non-distinct when and only when 
G,==G;, and H; and H; are conjugate under the holomorph of Gi. 


The Groups of Order 16p.* Every abstract group of order 16p is solvable 
and thus determines a Com : Gory) dase (kı = 1 or p.) The only solvable 
. transitive groups of degree p are the metacyclic group of order p(p— 1) and 
its invariant subgroups. ‘Therefore ka must be a common divisor of 16 and 
(p—1), and for any possible pair of values of p and kz, there will be but one 
_ GP xz, Moreover kz is the order of a cyclic quotient group of order 2” in G?g 
and for any one G?,, there is only one such quotient group of given order. 

Every group of order 16p occurs therefore in one of the following 
divisions: 


* The groups of order 16p have been treated by Le Vavasseur, Annales de la 
Faculté des Sciences de VUniversité de Toulouse, ser. 2, vol. 5 (1903), p. 63. But 
_as the article is not entirely free from error, an independent demonstration is here 
given. 
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Division (2)—(@28:@% ), Division (d)—=(@28 : Pep )s 
i (b)==( G38: Gop) 2 <a (e)=(G:$ : GPiep) 16 
5 (ce)=(G3$ : Gap) 4 s (E) = (Gio + GP pig) pka 


Division (a). (G18: G@Pp)ı A group in this division is the direct prod- 
uct of its Sylow subgroups. Since there are fourteen different groups of 
order 16 and one group of order p, there are, for every p, fourteen groups of 
division (a); five of these are abelian. 


Division (6). (G38: : Gon), Since (p—1) is divisible by 2, dias ‘are 
groups of this division for every p. The fourteen groups of order 16 permit 
in all 28 distinct dimidiations;* hence for every p there are 28 groups of 
division (b). 

Dwision (c). (G28: Gp), Groups of this division exist only when 
(p—1) is divisible by 4. The fourteen groups of order 16 involve nine dis- 
tinct cases of cyclic quotient group of order 4, and each case gives rise to a 
single isomorphism.t Hence there’ are nine groups of division (c) uf 4 
divides (p — 1). 


Division (@). (G38: Gsp)s. Groups of this division exist only when 
(p— 1) is divisible by 8. Of the fourteen groups of order 16, only the 
' cyclic group and the abelian group of type (3, 1) involve cyclic quotient 
groups of order .8. Each of these involves one case of such a quotient group 
and this case gives rise to'a single isomorphism. Hence there are two groups 
of division (d) when 8 divides (p—1). 


Division (e). (G38: Gis op) 38° Groups of this division exist only when — 
(p— 1) is divisible by 16. The only group of order 16 which can be used in 
such an isomorphism is the cyclic group, and it gives rise to a single isomorph- 
ism. Hence there is one group of division (e) when 16 divides (p—1). 

Division (f). (ore : G? ox.) px Groups of this division exist only when 
p. divides (2"—-1) and 1 <n < 5—that is when p==3, 5 or 7. These . 
three cases will therefore be considered separately. r 

When p == 3, the number of Eprours of division (f) has been owi to 
be ten. 

When p = 5, the number of groups of division (f) has been shown to 
- be one.§ . 

When p=%, the groups in question are of order 112. If a group G of 
this order contained no subgroup of order 56, it would contain an invariant 


*G, A.- Miller, Quarterly Journal of Pure and Applied Mathematics, vol. 30 
(1898), p. 243, t Lee. cit. 
7G. A. Miller, unpublished Fone § Loc. cit. 
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subgroup K of order 16, but could contain no invariant subgroup of order 8, 
since it could involve no quotient group of order 14. Hence K would have to 
contain seven subgroups of order $ conjugate under G, and could contain no 
other subgroups of this same order. There is no group of order 16. which 
meets this restriction, and hence every group of order 112 contains a sub- 
group H of order 56. 

If G@ is of division (£f), it contains 8 subgroups of order 7 all of which 
are contained in H. As there is only one group of order 56 containing 8 
subgroups of order 7, H is uniquely determined. It contains a characteristic 
abelian subgroup L of order 8 and type (1, 1, 1) which must be invariant 
under G. In H, every subgroup of order 7 is its own normalizer, but in G, 
the normalizer NV of a subgroup of order 7 is of order 14. Hence G can be 
generated by the adjunction to H of an operator T(T? —1) which with a 
subgroup of order 7 generates N. N is non-invariant under G since its single 
subgroup of order 7 is non-invariant. 
| Since all the operators of order 2 in N are conjugate under N, if T were 

non-iInvariant under G, then N would contain no subgroup besides identity 

invariant under G, and G@ could be expressed transitively on 8 letters. As 
there is no such transitive group of degree 8,* T is invariant under G. G ` 
thus contains an invariant subgroup L (of order 8) and an invariant sub- 
group T (of order 2) which is not contained in L. Together L and T 
generate an invariant abelian subgroup K of order 16 and type (1, 1, 1, 1), 
and G corresponds to a set of conjugate subgroups of order 7 in the 1-group ` 
of K. As the subgroups of order 7 in this 1-group are Sylow subgroups, there — 
is only one group of division (£) when p = 7. 

The groups of order 16p can then be tabulated as follows: 


p No. of groups of division Total 
aaa 


(a) (b) (c) (d) (e) ($) 


3 14 28 0 0 0 10 5 

5 144 28 9 0 0 1 82 

YY ' 14 28 0 0 0 1 48 
>= 

(p— 1) divisible by 2 but not by 4. 14 28 0 0 0 0 42 

(p— 1) divisible by 4 but not by 8. 14 28 9 0 0 0 51 

(p — 1) divisible by 8 but not by 16. 14 28 9 2 0 0 53. 

(p — 1) divisible by 16. 14 28 9 2 1 0 54 


* G. A. Miller, American Journal of Mathematics, vol. 21 (1899), p. 326. 
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The Groups of Order 82p. Every group of order 82p is solvable and thus 
determines a (C San : Gon.) kk (kı = 1 or p). In regard to the group GPpka 
obviously the con deran oui for 16p hold also for 32p save that in the latter 
case k may take the additional value 32. Every group of order 32p occurs 
therefore in one of the following divisions: 


Division (a) (G32: G?, ); Division (d) (G32 : Gsp )s 
“  (b) (Gs : Gop)» “ (e) (G22: GPiep) 16 
© (e) (G82 : Gap) < (E) (G32 + GPsop) a2 


Division (g) (G32, : G?pke) pke 


Division (a). (G32: G%)i. For every p the number of groups of this 
division is 51—that being the number of groups of order 32. Seven of these 
groups are abelian. 


Dwision (b). (G32: Gop), For every p, the number of groups of this . 
division is equal to the number of distinct dimidiations of the 51 groupe of 
order 32. This number has been shown to be 144.* 


Division (c). (G82: Gs). In 24 of the groups of order 32, all the 
operators which are squares are contained in the commutator subgroup. No 
such group can give rise to a group of division (c), and each of the remain- 
ing 27 groups must give rise to at least: one group of this division. In 15 of 
these groups, all the invariant subgroups complementary to cyclic quotient 
groups of order four form one set of conjugates under the holomorph of the 
group; in 11 groups they form two sets; in one group three sets. As each 
of these cases of cyclic quotient group of order 4 gives rise to a single isomorph- 
ism, there are 15 -+(2 X 11)+ 3 = 40 groups of division (3) if (p—1) is 
divisible by 4. Otherwise the number is 0. Each such group contains just 
one invariant subgroup H of order 8, and the groups may be classified as . 


follows: . 

H _ No. of groups 
Oelie nran Beate oo aaa wee Griese 9 
Abelan of type (2.1) ss%etniveciese aa tewmieow ewes! LO 
Dibedah 22.224dhaeiongueenesea enter Ck emg ease wee 4 
TOC VCC prane tel ea See ati E E a EA 4 
Apelar or type (bl Icarusta eaa bee Sine ae v4 

POA a coe cnn attend eee ames ae Ra pe E 40 


*G. A. Miller, Annals of Mathematics, ser. 2, vol. 31 (1930), p. 163. 
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| Division (d). (G82: Gap) s. For seven of the groups of ordez 32, the 
commutator quotient -group has an invariant == 8. Each such group must 
give rise to at least-one group of division (d), and no other group of order 
32 can give rise to a group of this division. In five of the seven groups, the 
invariant subgroups cemplementary to cyclic quotient groups of order 8 
form one set of conjugates under the holomorph of the group; in each of the 
other two groups they form two such sets. As each of these cases of cyclic, 
quotient group of order 8 gives rise to a single isomorphism, there are. 
5 +(2 X 2)= 9 groups of division (d) if (p—1) is divisible by 8. Other- 
wise the number-is 0. Every group of this division contains just one invariant 
= subgroup of order 4. In five of the nine groups, this subgroup is cyclic. 

Division (e). (G82: GPiep)is- Of the groups of order 32, only the cyclic 
group and the abelian group of type (4, 1) involve cyclic quotient groups of 
order 16. Each of these involves one case of such a quotient group and each 
of these cases gives rise to a single isomorphism. ‘The number of groups of 
division (e) is therefore two if (p— 1) is divisible by 16; otherwise the 
number is 0. | 

Division (f). (G82: Gsop)s2. The only group of order 32 which can 
be used in such an isomorphism is the cyclic group, and it gives rise to a . 
single isomorphism. Hence the number of groups of division (f) is one if 
(p— 1) is divisible by 32; otherwise the number is 0. | 

Division (g). ` (Oa : Gor.) pk Groups of this division exist only when 
p divides (2”— 1) and 1 < n < 6—+that is when p = 3, 5, 7 or 31. These 
cases will therefore be considered separately. 

` When p= 3, the number of groups of division (g) has been shown’ to 
be 36.* 

When p = 5,.the groups in question are of order 160. 

(1) Let G be a group of order 160 and division (g) containing no sub- 
group of order 80. G must therefore contain an invariant subgroup K of 
‘order 32, but can contain no invariant subgroup of order 16 since it can 
involve ng quotient group of order 10. K must thus contain exactly 15 
subgroups of order 16 which must be simply isomorphic in sets of 5n. There 
is only one group of order 32 which fulfills this condition, so K is uniquely 
determined. G corresponds to a set of conjugate subgroups of order 5 in the 
i-group of K. As these subgroups are Sylow subgroups, there is only one 
such group. | 


* Loc. cit. A private communication from Dr. G. A. Miller informs the present 
authors that there are 26 instead of 25 groups of order 96 which contain four sub- 
groups of order 3. Thus there are 36 instead of 85 groups of this order which contain 
more than one subgroup of order 3, and the total number of groups of order 96 is 231 
instead of 230 as originally stated. 
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(2) Let G be a group of order 160 and division (g) containing a sub- 
group H of order 80. H contains all.the 16 subgroups of order 5 in G, and, 
since there is only one group of order 80 which meets this condition, H is 
uniquely determined. It contains a characteristic abelian subgroup L of 
order 16 and type (1, 1, 1, 1) which must be invariant under G. 

In H, each subgroup of order 5 is its own normalizer, but in @ the 
normalizer N of such a subgroup is of order 10. ‘N is non-invariant under 
G since its single subgroup of order 5 is non-invariant. G can be generated 
_by the adjunction to H of an operator T (T? —1) which with a subgroup 
of order 5 generates N. | | 

If T is invariant under G, it generates with L an invariant abelian sub- 
group K of order 32 and type (1, 1, 1, 1, 1), and G corresponds to a set of 
conjugate subgroups of order 5 in the i-group of K. Since this i-group 
contains Sylow subgroups of order 5, there is one group when T is invariant 
under G. . | 

If T is non-invariant under G, then N contains no subgroup besides 
identity which is invariant under G, since all the operators of order 2in N 
are conjugate under N. G can therefore be expressed transitively on 16 let- 
ters, and when thus expressed, L is regular, so that G corresponds to a set of 
conjugate subgroups of order 10 in the i-group of L. As this i-group con- 
tains only one such set, there is one group when T is non-invariant under G. 

It has thus been shown that when, p == 5 there are three groups of 
division (g).. 

When p = 7, the groups in question are of order 224. If a group G of 
this order contained no subgroup of order 112, it would necessarily contain 
an invariant subgroup K of order 32. But & could not contain an invariant 
subgroup of order 16, since it could involve no quotient group of order 14. ` 
Hence K would necessarily contain 7 subgroups of order 16 conjugate under 
G, and no other subgroups of this order. But as there is no group of order 
32-which meets this condition, the case does not arise, and G must contain 
a subgroup H of order 112. 

If Gis of division (g), H can contain no invariant subgroup of order 7 
and is hence uniquely determined.* It contains a characteristic abelian sub- 
group L of order 16 and type (1, 1, 1, 1) which is invariant under G. In 
H, the normalizer of a subgroup of order 7 is generated by S (S** == 1 and S° 
isin L); but in G, the normalizer N of such a subgroup is of order 28. G 
can therefore be generated by the adjunction to H of an operator T (T? = 1 
or T? = 87) which with’ 5 generates N. N is non-invariant under G since 
its single subgroup of order 7 is non-invariant. 8” is characteristic under H 


* See p. 323 of this paper. 
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and hence invariant under G. If the subgroup of order 4 generated by 8S‘ 
and 7’ were non-invariant under G, then N would contain no proper subgroup 
invariant under G other than that'’generated by ©. There would then exist 
a transitive representation of G of degree 8 and order 112.. As no such transi- 
tive group of degree 8 exists,* the group generated by S’ and T is invariant 
under G. Hence T and L generate an invariant subgroup K of order 32, 
and G corresponds to a set of. pone ee of order 7 in the 1-group 
of K. 

K must contain L ge abelian group of type a, 1, 1, 1, 1) \, and there are 
five groups of order 32 which meet this condition. ‘Three of these- are non- 
' abelian and their i-groups contain no subgroups of order 7. Thus these 
groups give rise to no groups of order 224 and division (g). The i-groups 
of the two abelian groups contain Sylow subgroups of order 7, and hence 
each of these groups gives rise to one group of order 224 and division (g). 

It has thus been shown that when p= 7, there are two groups of 
division (g). 

When p = 31, the groups in ane are of order 992. -Let G be a group 
of this order and division (g). G must contain 32 ‘subgroups of order 31 
which involve 960 operators of this order. So G must contain an invariant 
subgroup K of order 32 and must correspond to a set of conjugate subgroups 
of order 31 in the 1-group of K. Hence K must contain 31 operators all of 


`- the same order, and can thus be only the abelian group of type (1, 1, 1, 1, 1). 


Since the t-group of this group contains Sylow subgroups of order i there 
is only one group of division (g) when p = 31. 
- The numbers of groups of order 832p can then be tabulated as follows: 


a ae | No. of groups of division Total 
(a) (b) (c) (d) (e) (£) 
3 öl 144 0 0 0 0 231 
5 51 144 40 0 0 0 à 238 
7 51 144 0 0 0 0 2 197 
81 . . l 144 0 0 00 1 196 
> 7 and s£ 31 l 
(p— 1) divisible by 2 but notby 4. 51 144 0 0 0 0 0,195 
(p — 1) divisible by 4 but not by 8. 51 144 40 0 0-0 0 235 
(p — 1) divisible by 8 but not by 16. 51 144 40 9 0 0 O 244 
(p— 1) divisible by 16 but not by 32. 51 144 40 9 2 0 0 246 
- (p — 1) divisible by 32. | Əl 144 40 9 2 1 O°: 247 


* Loe. cit, 


DETERMINATION OF THE GROUPS OF ORDERS 101-161, 
OMITTING ORDER 128. 


By J. K. Senior anp A. C. LUNN. 


In a recent paper,* G. A. Miller hes hsted the numbers of the groups of 
every order g where g does not exceed 100. General methods are known for 
determining the groups of any order g where g is the product of less than five 
prime factors,t and if 100 < g < 162 there are only six integers where g is 
the product of more than four such factors. These are 


g = 108 = 2°: 3° g — 128 = 2" 
g=112=2-7 g = 144 = 2+- 3? 
g = 120 = 2-3-5 g = 160 = 2- 


The groups of crders 112 and 160 have been determined by Lunn and Senior. 
To determine the number of groups of order 128 is a very laborious task, and 
no attempt will here be made to sclve the problem. But brief arguments 
suffice to cover the cases of 108, 120 and 144, and these orders will therefore 
be treated in'some detail. Where g is the product of less than five prime 
factors, since the general methods are known, only: the results will be given. 
The references zo the transitive groups of degrees less than ten are taken from 
the tables of G. A. Miller § and F. N. Cole.{ 

In treating the solvable groups of orders 108, 120 and 144, the argument 
will be based || on tae 


THEOREM. very solvable group G of order g = g; determines tts 
complete array of R’s and the isomo ‘phism according to which each pair of 


* G. A. Miller, American Journal of Mathematics, vol. 52 (19380), p. 617. 

+ Holder, Mathematische Annalen, vol. 43 (1893), p. 409, Orders p, p?, pq, p*, pq, 
par, pts “Nachrichten von der Königlichen Gesellschaft der Wissenschaften zu Göt- 
tingen,” Mathematisch-physikalische Klasse (1895), p. 211, Orders pgrs; Le Vavasseur, 
Annales scientifiques de Viicole Normale Supérieure, ser. 3, vol. 19 (1902), p. 335, 
Orders p*q*; Western, Proceedings of the Loadon Mathematical Society, ser. 1, vol. 30 
(1899), p. 209, Orders p*qg; Glenn, Transacticns of the American Mathematical Society, 
vol. 7 (1906), p. 137, Orders p*gr. 

- $ Lunn and Senior, American Journal of Mathematics, this vol., pp. 319-327. 

§ G. A. Miller, American Journal of Mathematics, vol. 21 (1899), p. 326. 

$F. N. Cole, Quarterly Journal of Pure and andes Mathematics, vol. 26 (1893), 
p. 372. ; = 
| Lunn and Senior, loe. cit. 
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. Rs must be combined to give a representation of G. Any repr esentation of G 
which involves every R of a complete arr ay belonging to the order g 1s spy 
womorphie with G. 


The methods and symbols to be used are those described in the paper just 
cited. The symbol G*. indicates a solvable abstract group simply isomorphic 
with a transitive group of degree x and order vk where x == p* and k is not 
divisible by p. The symbol (G25, : G%e.%.) 24, Indicates that two such groups 
(pı p2) are combined according to a quotient group of order kk to form 
a group of order 222. Similarly the symbol [(@2g, : Cage)u |: G*agrs|v. 
indicates that Gwp, and Gex, are combined according to a quotient group 
of order u, and that the resultant group is then combined with G24, accord- 
ing to a quotient group of order v where uv = kıksks and ps4 pi or po ` 
The group thus obtained is uniquely determined by the three groups G*sx 
and the isomorphisms used to combine them. It is independent of which 
pair is first combined, so that this choice can be made a matter of convenience. 

The Groups of Order 108 = “a 3°. Every group of order 108 is solvable 
and hence determines a (Gta, : G oe Jake kı = 1 or 3, since 4 and 12 are 
the only orders which divide.108 for which transitive groups of degree four 
exist. k,—=1,2o0r4. Thus every group of order 108 occurs in one of the 
following divisions: | 


Division (a) (Gù : G2"); Division (d) (G12: G2"), 
(b) (Gts : Get )e l l j (e) (G41. : Git) 6 
“ (ec) (G44: GA) © (f) (Ga: G2) a2 


108 108 


— Division (a). (G*, : G3t);. A group in this division is the direct prod- ` 
uct of its Sylow ‘subgroups. Since there are five groups of order 27 and two 
groups of order 4, there are 5 X an == 10 groups of division (a). Six of these 
are abelian. ; l 

Dwision (b). (G*. : Gi) There are ten distinct groups G37 * Bach 
of these contains one invariant subgroup of order 27 and can consequently be 
dimidiated in only one way. Each of the two groups of order four permits but 
one distinct dimidiation, and so there are 10 X 2— 20 groups in division (b), 


Dwision (c). (G44 n Q Ja A group in this division corresponds to a 


set of conjugate a of order 4 in the group of a group of order 27. 
The five eroupe of this latter order will therefore be considered one at a time. 


` 


* GQ. A. Miller, Quarterly Journal of-Pure and APENE Mathematics, vol. 30 (1898), 
p. 243. 
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(1) The cyclic group has an i-group containing Sylow subgroups of 
order 2, and hence gives rise to no group of division (c). 

(2) The abetan group of type (2,1) has an i-group containing non- 
Cy syclic Sylow subgroups of order 4, and hence gives rise to one group of 
division (c). 
= (8) The non-abelian group which contains operators of order 9 has an 
i-group containing Sylow subgroups of order 2, and hence gives rise to no 
groups of division {¢). 

(4) The abelian group of type (1,1,1) has an t-group containing 
Sylow subgroups of order 32. Under the 1-group, the subgroups of order 4 
are permuted in five sets of conjugates, two of which are cyclic. Thus there 
arise five groups of division (c). 

(5) The non-abelian group which contains no operators of order 9 has 
an t-group containing Sylow subgroups of order 16. Under the 1-group, the 
subgroups of order 4 are permuted in two sets of conjugates, one of which is 
cyclic. Thus there arise two groups of division (c). 

The number oz groups of division (c) is thus 1+5-++2=8. In three 
of these groups, the quotient group of order 4 is cyclic. 

Dwision (d). (Gis : G3")3. There is only one group 412. It involves 
but one case of quotient group of order 3, and this case gives rise to a single 
isomorphism. The five groups of order 2 involve seven distinct cases of 
quotient group of order 3, and hence there are seven groups of division (d). 
Three of these contain operators of order 18. | 

_ Division (e). (Giz : GET). As Gi: contains no invariant subgroup of 
order 2, there zre no groups of division (e). 

Division (F). . (G12: G27. )ı2 A group G in this division would contain 
an invariant subgroup of order 9 complementary to a quotient group simply 
isomorphic with Gi. Hence G would contain an invariant subgroup of 
order 36 containing three subgroups of order 18 conjugate under G. But 
every group of order 36 which contains three simply isomorphic subgroups 
of order 18 contains a characteristic subgroup of order 4, and no such group 
of order 86 car. be an invariant subgroup of G, since a group of division (f) 
can not contain an invariant se of order 4. Hence there are no groups 
of division (f). 

The number oz groups of order 108 is thus 


Division © (a) (b) (c) (d) 
Number 10 20 8 Y Total 465 


The Groups of Order 120 = 2°: 3:5. It is well known that there are 
just three insolvable groups of order 120. 
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Every solvable group of order 120 determines a (G*ax,:: G¥ sk. : Gara) uv 
(uv = kykeks). ky == 1 or 3; since 8 and 24 are the only orders which divide 
120 for which transitive groups-of degree 8 exist; k.=-1,2or4, since 5, 10 
and 20 are the only orders for which solvable transitive groups of degree 5 
exist; k= 1or2, since 3 and 6 are the only orders for which transitive 
groups of degree 3 exist. 

Thus every solvable group of order 120 occurs in one of the following 
divisions: — a 
Division (a) (G5 1 G's : G?5)4 

“ (b)  [(G%s : Gio): Gs fi 
“ (c) [(G*s : Gs )o: Gs ji 
i (d’) | (Gao : G5 Ja : Gs IE 
- (d”) [(G ro: Ge Ja: Gs IP 
“o (e)  [(@s : Geode @s Js 
“ ($ [(@s : Geo)a: Ge Jo 
“ (g) (G: Gs): Gs h 
a (h) [ (G24 : G Ja : Grole 
ü (i) L(G i Ge Je: Gs Ji 
7 (i) [EG Gs Je: Cio] 
ji (k) | (G5 z4 : Gs; E : Goo] 4 
= (1) [ (GF ay : Ge) 6 : Gao] 4 


Division (a). (G°: : Gs + G73) A group in this division is the direct 
product of its Sylow subgroups. As there are five groups of order 8, one of 
order 5 and one of order 3, there are five groups of division (a). Three of 
these are abelian. — | 

Divisions (b) and (c). (e, : Gro) © Gs], and [(G%s : Gs) :.G5s]a: 
There are seven groups* (G*, : Gio) and hence seven groups of division (b). 
Similarly there are seven groups (G's : G*,)2 and hence seven groups of 
division (c). 

Division (d’). = [ (G10: G¥e)2: Geele. There is only one group 
(Gx) : G*e)2; it permits but one dimidiation. As the five groups of order 8 
permit seven distinct dimidiations, there are seven groups of division (d’). 

Division (4). (Gio : Ge) : Gsja. There is only one group 
(Gio : Gs). Its only case of quotient group of order 4 is non-cyclic, and, 
of the three subgroups of index two involved, no two. are simply isomorphic. 
Hence there arise the following groups: 


* G. A. Miller, Philosophical Magazine and J ournal of Science, ser. 5, vol. 42 (1896), 
p. 195. 
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Group of order 8 - No. of ‘groups of order 120 
CY¥CHG isos ened tea Se eee as aD 
Abelian of type (2.1 )asis ssa vietestec si nis 3 
Diedral arere aa pee ee ee egk goes 3 
DIGV CNC nace ae gUee ieee eta nah ph wees 1 
Abelian of type (11d iwi es See akwaeeaad 1 
TORU eee eee EREE A ANR 8 


There are thus 8 groups of division (d”). 

Divisions (e) and (F). [Gs : GPao)4 : alı and [(G@"s : Gao)s : Gels. 
There are two groups (G*. : Goo)4: These two groups permit in all three 
dimidiations. They may thus be multiplied directly by Gs to give the two 
groups of division (e) or dimidiated with @*, to give the three groups of 
division (f). l 
| Divisions (g)and (h). [(G"z4 : G%s)s : Gs] and [ (Ga, : @a)a © Gio]e. 
There are two groups (G2, : Gs)s. One of these contains a single subgroup 
cf order 12; the other contains no subgroup of this order. Consequently 
these groups yield the two groups of division (g) by direct multiplication 
with G*;, and the single group of division (h) by dimidiation with G*1o. 

Divisions (1) and (7). [(G8ea: e)s : Gs], and [ (G®as : o): C iole 
There is only one group (G*4: @e)e; it contains one subgroup of order 12. 
Consequently it yields the single group of division (i) by direct multiplication 
with @,, and the single group of division (j) by dimidiation with ‘G®,o. 

Divisions (k) and (1). [ (C° : @*s)e: Gao]s and [(G®2. : Geo: Geo]. 
No group G*., contains an invariant subgroup of order 6, and so there are no 
groups of divisions (k) and (1).. : | 

The number of groups of order 120 is thus 


Insolvable .......... eg eee ee 3 
Solvable 

Division a)nieccesscntean seuss 8 

aes G0) rere ee ew eres gaa 

WG) Gatton hoe arad eae de: y 

7 CG). ahegaspeeee as ayes T 

E MCG), oea O 8 

M (2) Seer E 2 

E o TETEE EA 3 

aE o ET E 2, 

MP A E E tnaten cs 1 

me 1) eons ad cana ace: 1 

ei) E E gees 1 
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The Groups of Order 144 == 2*- 37. Every group of order 144 is solvable 
and hence determines a (Gio = Fone) kka ki = 1,8 0r9. he = 1, 2, 4, 8 or 16. 
Thus every group of order 144 occurs in one of the following divisions: 


Division (a) (G18: 5)s ' Division (f) (G28: G%s)s 
C b) O (GH: Gis)e “o (g) (G28: Gis). 
“Oo (e) (G03: @so)a “o B) (Cigi Pe) 
© (a) (G28: 42) “< G) (Gu Pr)a 
© (e) (G35, + Gass) ots “ (GH, + Pots) a 


Division (a). (G38: G°s)ı. A group of this division is the direct prod- 
uct of its Sylow subgroups. As there are fourtéen groups of order 16 and 
two groups of order 9, there are 14 X 2 == 28 groups of division (a). Ten 
of these are abelian. . 

Division (b). (Gif: Gis)2. There are three groups (71s, each one of 
“which permits one dimidiation. As the fourteen groups of order 16 permit 
in all 28 distinct dimidiations,* there are 3 X 28 = 84 groups of division (b). 

The groups of divisions (c) and (d) depend on certain quotient groups- 
'o1 order 4 and 8 involved in the groups of order 16. It is therefore convenient 
to list the fourteen abstract groups of this order according to their quotient 
groups of these types. 


Gie No. of distinct cases of quotient group which are. 


Cyclic Non-cyclic Cyclic Dihedral Dicyelic 
Order 4 Order 4 Order 8 Order 8 Order 8 


(1) 1 0 i 0 0 
(2) 2 A 1 0 0 
(3) 0 1 0 1 0 
(4) 0 1 0 1 0 
(5) 0 1 0 1 0 
(6) 2 1 0 0 0 
(7) 1 1 0 0 0 
(8) 1 2 0 0 ~o 
(9) 0 3 0 1 0 
(10) 0 2 0 0 1 
(11) 0 3 0 0 0 
(12) 1 1 0 1 1 
(13). 1 a: 0 1 0 
(14) 0 1 0 0 0 
9 19 Q 6 E 


* Loc. cit. 
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This listing suffices to identify uniquely each of the groups of order 16 except 
. numbers (3), (4) and (5). These three groups are generated as follows: 


(3): A? B?—=1. BAB = A’. 
(4) A®= 1. B= At BAB = A’. 
(5) 4®=B?—=1. BAB = £’. 


Division (c). (G28: Gsq)4. The groups of this division fall into two 
sub-divisions according to whether the quotient group utilized is cyclic or 
non-cyclic. 


(1) Cyclic quotient group of order four. There is only one case of 
such a quotient group among the two groups Gs. and this case gives rise to 
a single isomorphism. Hence with the nine cases of cyclic quotient group of 
order 4 involved in the groups of order 16, there arise 9 groups of order 144. 


(2) Non-cyclic quotient group of order 4. ` There is only one case of 
such a quotient group among the two groups G°, It involves only one 
characteristic. subgroup of index two. Hence the following groups arise: 


e E No. of groups of order 144 
Dy. eE RS 0 rn 
CARET TEET EE EE E 2 
EEEE E E EE 2 / 
CS eer ee ee ee ee ee ee 2 
CO) sasha ate EE he ance ae lalate. 3 
(Gea ae ete tee aay 2 
Cl) oieigesimideei alate eagsirh 1 
(3 EE TEA EE EE Ai 
CO): a E gegen E TET 2 -+2 -+2 
CLO): EET SE TEE E 2+1 
5 EOE EE ee ee 
E ET EET EE TET 2 
Clo) seuseur ia i 2 
GC Co em ere Tee 1 
Ol as drawer tetaeeas 35 


There are thus 9 + 35 = 44 groups of division (c). 


Division (d). (G18: Gy). Hach one of the three groups G%;.2 con- 
tains an inyariant Sylow subgroup of order 9. This subgroup is comple- 
mentary to a quotient group of order 8 which is respectively cyclic, dihedral ` 
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or dicyclic in the three instances. Therefore the groups of this division fall 
into three sub-divisions. i 

(1) Cyclic quotient group of order 8. Each of the two cases vat elie 
_ quotient group of order 8 involved in the groups of order 16 gives rise to a 
single isomorphism, and hence there are two groups in this sub-division. 

(2) Dihedral quotient group of order 8. The group G7. which involves 
a dihedral quotient group of order 8 contains only one characteristic subgroup 
of index 2 which corresponds to the cycle of order 4 in the quotient group. 
Hence this dihedral quotient group gives rise to a single isomorphism. As 
the groups of order 16 involve in all 6 distinct cases of dihedral quotient 
group of.order 8, there are six groups of this sub-division. 

(3) Dicyclic quotient group of order 8. The group G°,. which involves 
a dicyclic quotient group of order 8 contains three subgroups of index 2 which . 
are conjugate under an outer isomorphism. Hence this dicyclic quotient group `- 
gives rise to a single isomorphism. As the groups of order 16 involve, in all, 
two distinct cases of dicyclic quotient group of order 8, there are two groups 
in this sub-division. 
There are thus 2 + 6 + 2 = 10 groups of division (a). 


Division (e). (G28 : Grs4) 16x,’ Every group in this division is simply : 
- Isomorphic with its Gis. As there is‘only one ‘transitive group of degree 9 
and order 144, there is only one group of division (e). 

The groups of divisions (f), (g) and (h) depend on certain of the quo- 
tient groups involved in the ten groups Gi? These eer have been described 
by G. A. Miller.* | 

Six of them involve one distinct case of quotient group of order 3 each. 

Four, of them involve one distinct case of a quotient group of order 
6 each. . 

- Four of them involve one distinct case of non-cyclic quotient group of 
order 6 each. . | 

One of them involves one distinct case of dihedral quotient group of 
order’ 12. 


Division (f). (G38: Gy) a. Each of the two groups of order 9 involves 
one distinct case of quotient group of order 3, and this case gives rise to a 
single isomorphism. By combining these two groups with the six groups G1° 
which involve quotient groups of order 3, there are ee the 2X 6 = 12 
groups of division (£). - . ` l 


Division (g)-- (G38: G%1e)c. The groups of this division fall into * 


? 


* Toc. cit. 
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sub-divisions according to w keka: the quotient group of order 6 EA is 
cyclic or non-cyclic. . 

(1) Cycle quotient group of order 6. The three groups G? involve 
only one case of quotient group of this type, and this case gives rise to a single 
isomorphism. Thus by combination with the four groups G38 which involve 
cyclic quotient groups of order 6, the four groups of this aan division are 
obtained. ; 

(2) Non-cyclie quotient group of order 6. Such a quotient group gives 
rise to a single isomorphism. The three groups G%1, involve in all three dis- 
tinct cases of quotient group of this type, and, by combination with the four 
groups Gis which involve non-cyclic quotient groups of order 6, the 3 K4—=12 
groups of i this sub-division are obtained. 

Thus there are 4 + 12 == 16 groups of division (g). 


J Division (h). (G$: Gge)i2. The two groups Gs¢ involve in all only 
one distinct case cf quotient group of order 12; this is a dihedral quotient 
group. Only one case of quotient group of this type occurs among the ten 
groups G?° and this case gives rise to a single isomorphism. Hence there is 
one group of division (h). 


Dunsion (1). (G38; Gra) 24 As no group G*;2. contains an invariant 
subgroup of order 3; there are no groups of division (i). 


Division (j). (G8, : Goxe)oxe Every group in this division is simply 
isomorphic with its G19 and hence, to determine the number of groups of 
the division, it is sufficient to determine the number of transitive groups of 
degree 16 and order 144. 

If G is a group which fulfills the. above condition, it can contain no 
invariant subgroup of order 3 or 9. Consequently G can contain no subgroup 
of order 72, for every group of this order contains a characteristic subgroup 
of order 3 or 9 which would necessarily be invariant under G. Hence G can 
contain no invariant subgroup oF ovder 24, since it can involve no quotient 
group of order six. 

If G contains no subgroup’ of or = 72, it must contain an invariant 
subgroup H of order 48. H can however contain no characteristic subgroup 
of order 3 or 24. Every group of order 48 which fulfills this condition con- 
tains a characteristic subgroup of order 16. Hence G. contains an invariant 
subgroup K of order 16 and corresponds to a set of conjugate subgroups of 
order nine in the t-group of K. The only group of order 16 whose i-group 
contains subgroups of order nine is the abelian group of type (1,1,1,1), and 
in the i-group in question the subgroups of order nine are eee subgroups. 
Hence there is only. one group of division (j). 
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The ‘number of groups of order 144 is thus 


Division (a) 


ee 


e 


ce 
Hy 


“ 


“«e 


ce 


cc 


{4 


ee St Be ee ee ewe Sw Fe Bee ee 


eco FP @& se ee et Bee He oF Fee He oH 


CEE E r ee ee ee ee ee ee Se 


»+ ù £% @ # @ 3 8 oe HO PB He HP 6 BD 


En a E E E EE E E E E ewe wee eens 


s.e asa ds Gs o 
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There follows the list of the number of groups of every order ( except 128) 


between 100 and 162 where this number exceeds one. 


Order 


102 
104 
105 
106 
108 
110 
111 
112 
114 
116 
117 
118 
120 
121 
122 
124 
125 
126 
128 
129 
130 
132 
134 


Factors 
2-817 
23.18 
3T 
2°53 
27 + 38 
2-5-11 
3°37 
2*- 7 
2:83:19 
27. 29. 
37-13 
2-59 


2.3e0 


aL? 
2°61 
27-31 
53 
2°37-7 
"A 
3-43 
2-5-13 


peed 


2-67 


Number of groups 


16 


' not determined 


2 
4 
10 
2 
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Faccors 


33 
Qs 


2. 

22. 

J. 
94. 


"5 
a i 


& Ro 
5Y 


Number of groups 
5 
16 
4 


238 
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THE COVARIANTS OF TWO QUADRATIC FORMS 
IN n VARIABLES. 


By J. WILLIAMSON. 


Pood ntroduction. It is known that two quadratic forms in n variables 
possess n + 1 projective covariants and that these »-+.1 covariants, together 
with the n + 1 invariants, form a complete system of covariants and invariants. 
Of these covariants n are quadratic while the remaining one is the Jacobian 
of the other n. These n quadratic covariants play an important role in the 
determination by symbolic methods of the irreducible concomitants of the two 
quadratics.* Unfortunately the actual covariants are not very easily obiained 
from their symbolic expressions. It is our purpose here to determine another 
system of n quadratic covariants which can be expressed comparatively simply 
both symbolically and non-symbolically. Later we make use of these covariants 
to show how the factorization of the Jacobian, mentioned above, depends on the 
nature of the elementary divisors of the pencil of matrices defined by the two 
quadratics. | 


n ká] 
Let f = = ijti; and g= 2 74j;0;2; be two quadratic forms in n 
.ġ Fel 4, j=l i 


variables, whose matrices are A and Æ respectively, so that in matrix notation 
f=XAX and g= X RX. 


With the usual notation we shall write these two quadratics in the symbolic 
forms, 


f= (a0)? = (br)? = (02)? =: +, gm (r2)? = (50)? = (t2)? = + -, 


where @,b,¢,---,3 7,8,#,° <, are two sets of equivalent symbols. We shall 
denote the determinantal bracket factor containing i equivalent svmbols 
a, b,c, + > and »— i equivalent symbols 1, s, t, by (Aify.i). In particular 
we shall write « for An- and p for Ra, so that the tangential forms of f and g 
are. ; 


A E 
(ua)? = > maui, and (up)? = 2 pistatty, 
i j= i j= 


* J. Williamson, “A special prepared system for two quadratics inn variables,” 
American Journal of Mathematics, vol. 52 (1930), pp. 399-412. 
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‘respectively. A simple calculation shows that, if Ai; is the cofactor of a;; in A 
and Ri; the cofector of ri; in R, 


(1) @ig==(m—1) 1 Aggy pu = (Nn —1)! By; (7 =1,2,---, 0). 


If A; = a@Aj_1, that is, if the first column of A; is a and the remain- 
ing t— 1 columns are denoted by Ai-ı, we define the bracket factor (iz) 
= (Aifnuix) by 


(2) (it) = (AiRan-it) = Q (02) (Assos) (6 2,8," > +, n—1). 

; j \ 
On the right of (2) is a series ‘of 4 terms obtained from @2(Ai-+Rnu-i) by 
_permuting determinantally all + symtols in A;. For example, if ¿= 38 and 
A, = abe . 
(Aghn-2t) = (abeRn2t) - | 

= Oy (bcRn2) — be(acRn2) + ce(abRn-2). 


Moreover, if Ry i = rRai it follows from well known identities * that, 
(3) (AR it) = OQ G2(AirRaai) = (— 1) Q re(Ai Bri). 


Further, if we write Ai = abAi-z and Prosi = rsRy1-1, since all the symbols 
-appearing in A; are equivalent, we have the following results: 
(4). (ta) (ty) == t(ax) (Ai rBnst-+) (ty) 


(5) = (at) ® (Asa Rna-t)? 
— i(i—1) (aw) (by) (0A i2Rnas-t) (@As-oBnss-t) 


and similarly, 
(6) (iz) (ty) = (—1)** (n + 1 —2) (rz) (Ai Bas) (iy) 


(7) = (n + 1—1) (re) (ry) (Aikena)? | 
S (n +. 1— t) (n — t) TeSy(AiSn-i-r) (AirRni-r) . 
A complete system of projective invariants for the two quadratics f and g 
is given by the set Ai, (i = 0,1,2,---,n) where A; is the coefficient of A? 
in the expansion of the determinant | A--AR|. The symbolic expression 
for A; is, ` 
(8) ` t: (n— i) 1A; = (Aifi)?, (i= 0,1,2, n). 


One complete system of covariants consists of the n quadratic covariants (ix)?, 


*H. W. Turnkull, Determinants, Matrices and Invariants, pp. 47-50. 
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where (ix) is defined by (3) for (t= 2,:--,%—1) and (1x) = (az) and 
(nx) == (rx), together with their Jacobian. Non-symbolically the covariant 
(ix)? is proportional to the ‘coefficient of At in the expansion of the . 
determinant, 


0 Ü To x ' s z $ Bn 





%, ` Án + AR Áis + ABr ooe Am + AB in 
Ly, Ans + ABni Ane + ARne © se | -}- ARan 





in other words (tx)? is proportional to the coefficient of At-in the point form’ 
of the pencil (ua)? -+-A(up)?.* : , 


2. ‘We now introduce other covariants which are linear combinations, with 
invariant coefficients, of the covariants mentioned above. . Let 


= (azx)’, ; 
pp: = (ax) (ap) (bp) (bz), 
phe = (ax) (ap) (bp) (bo) (ce) (cx), 


and in general, 


2 pipi = (12) (ips) (@ep1) (dope) * > > (tipi) (Qisips) (Git), | 


where p= (n—1)!, a1, do,* * `, Qin are symbols equivalent to a and o, py; pe, 
-, pi are symbols equivalent to p. But do = f = X’AX, and 


poy = > Lis jpjpeetLt, 


45 3 jk t=L 


= p > A by (1), | 


ty j j,i, i=l 


— pX’ASAX, 


where § is the matrix adjugate to R. Moreover 


Wp: = >» Tid sp nriprelasy, 


ue L XA (SA)2X, 

and similarly 
wigs = piX’A(SA)IX. 

Hence we, have l 

(9) pi = XA (SA) tX, (i= 0,1,2 >). 


* Turnbull and Williamson, “The minimum system of two quadratic forms,” 
Proceedings of the Royal Society of Edinburgh, vol. 45 (1923), pp. 149-165. 
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We now proceed to express-¢i, (t = 0,1,2,- - -,n—1) in terms of the 
covariants (17)”. To do this we first consider the product, (27)(2p.). If 


(x) = (Apt) and A, = 412, by (15) 
(2a) (2p2) year) BPs) Co RAR \41p1) (4p) (azpz) 
or 


(10) (2:8) (2p) (Ques) (ps) = (ps) (048) (dps) — 3 (22) (Bpe). 


If we denote by {pa}. the product of all factors to the right of (a2p2) in 
the definition of p’¢bi, we derive from (10) the results 


Bp 7 (4zp1) "pt pia — 3 (2X) (Rp2) a : ‘== 2, 
and E bg 
Ld, = Co Lee 4(22)?, 
or | 
(11) uipi = piAyrdia — $21) (2p2) {po} i=2,- 


and 2 1 hs = pån-ipo — $ (28)? by (8). 
Moreover, since 


(ix) (ip) = (—1) (m4 + 1) (is) (ABa) (7p) by (6), 
(ix) (tp) (ap) (ao) = (— 1) (n= i -+ 1) (Arnaz) (AiBai) p) (ap) (a0), 
= (1) I ja “AB yi) (4iBa-i) (rp) (00); 
= (rp)? HE AiR)? (a2) e zit ay i+ 1,0)] by (4), 


(12) = puân| (n — i + 1) lil! An_i (a2) a 


A +42) 4+40)] by (8). 


` If, then, when 2 > 3, l 
on 

(13) wid; =~ p? > (— 1)F 4A, Anpi 
g ' ks=1 


E Gp 
ER EAA Tata ye 


where {p;} denotes the product of all factors tothe right of (ajp;) in mtoi, by 
substitution from (12) with 2 replaced by 7, p by p; and o by pj+ı we have 


webs = pt oy (— IEA An iit 


j-th teeta 


E aU FLZ) EET TEA 
— 1y] a a n oe. 
| R GFO) 


Cai 
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or 
j í 
(14) pipi = wh D (LYE An An eb 
k=1 
; + 1, æ) (j + 1, pin) {pja} 
Jy ja 1 8) U T L pm) tps TL D > 
EN E 
since (ax) (apja) {pj} = pipi- If, however, i = j + 1, in (14), pj must 
be replaced by v and {pj.1} by oy so that we have 


(15) - od (—1)* 1A An adi-n | 


$ (MEG E E E - +p 2—2). 
Since (14) could be obtained from (13) by replacing 7 by 7 +1 and since, 
when j = ®, ee reduces to (11), by induction (14) and (15) are true for 


(i= 1,2, -© < ,n— 32). Since dp = (1x)?, from equations (15) we deduce 
that ġ; is a linear combination with invariant Rees af the i+ 1 
covariants (17), (2@)?,--- +, (+ 1, 7)’. 

But we may rewrite (18) in the form j 


(16) (iLa) GF) (ail S (SAA 


so that (16) gives an explicit formula for the expression of Apt (i + 1, x)? 
in terms of do, rz, $i. In particular, if An pÆ 0, that is, if R is non- 
singular, equations (11). express (i-+1,2)? as a linear combination of- 
$o $1," ° ', G4, Whose coefficients have A,** in the denominator. 

It is interesting to notice what equation (16) becomes when in.it we give 
4 the value n— 1. We are at liberty to do this, if we replace (nw)? by 
(Ayre)? = (An)? (rx)? = n!Ao(rz)?, Equation (16) now becomes 


. n-1 i 
Ay” A, (re) 5 ae > (— 1) aae ai OEF. A T 
‘ K-90 
or in matrix notation . 
n—-1 i , 
An”? A ok wie > (— 1 ) n-1-k At Ay % A ( gS A) nl 
K=0 
But, if A, is not zero, this last result takes the form 
n-l 
AR = X (— 1) AnA (RIA), 
kzo i 


or 7 
(17) ; : 0 — 5 (— 1)" App (RIA), 
=O x . hg 


and equation (17) is simply the Cayley Hamilton theorem for the matrix R71A.* 


* Of. H. W. Turnbull, “Invariant theory of a general bilinear form,” Proceedings 
of the, London Mathematical Society, vol. 33 (1932), pp. 1-21. 
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\ ; x 
3. In the sequel we shall assume that Æ isnon-singular, so that A, is not 


zero and that (1-+ 1,2)? is a linear combination of o ¢1,- °+,¢:. Ac- 
cordingly the jacobian J of the n quadratic covariants as is k times J’ the 
Jacobian of do, pus © +> Pn-1 and 9, where 


Tess [(n— 1) | (n ——2) fe 312! T Ap E072) (n1) /21 
But, l 
(a n 89, Po, Pip" © "> Pr-1) 
Jv = ( 1) (Li, Lo, Ls, ° ; oe) > 
= (—1)92"| RX, AX, A(SA)X,- + +, A{8A) X], 
= (—1)"2"A, | X, R“AX, R7A(SA)X,: <- , RAA(GA)"2X |. 


On multiplying throughout by aaa *] and writing T for the matrix 
R>A we have, l 


Ar =[in-2) (n-1)/2] J! mame (— les | A, TX, max = r Tni yY |. 


Accordingly, 
(18) J = gån | X, TX, T°X, + +, TX |, 


where q is a numerical factor. 
l To consider the factors of J we take the two quadratic fetus f iad g in 
canonical form. Let the elementary divisors of A + AR be 


(A+ A1)% (A -H As), e +, (A HAr), 


where €, + e +: -+ er =n. We may also suppose that A; 54 àj, if 154 4, 
for otherwise 7’ would satisfy an equation of degree = n— 1 and by (18) 
J would vanish identically. The matrix # is now the diagonal block matrix . 


: [D1, De, ° i -Dt], 


where D; is a square matrix of order e;, all of whose elements are zero except 
those in the courter diagonal, each of which is unity. It follows that D:? = Hi, 
the unit matrix of order e;, and that =? == Ẹ, so that R == R=. But A is also 
a diagonal block matrix . 

[ Mi, Mo,-- +, Mel, 


‘where Mi = D; + A; and F; is the square matrix of order e:, whose only 
non-zero elements are those in the diagonal immediately below the counter 
diagonal, all of which have the value unity. Accordingly, 


T = RA = RA = [ D Ma, DMa, - -, Delft), 
m= [Vi No, ° r Nel 
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so that T is simply the classical canonical form of a matrix. whose elementary. 
divisors are (A -}-Ai)®, (A <b Az), +, (A At) * 
If N; is written in the form A;f#; + H iy 
eil 
ee r r-i Hi 
N + à G) NG H 4’. 
Hence, if G denote the matrix 
k 
(X, TX, TA -, TX), 


Ge 


G may be written in the form G=—| ~? | , where Gu is a matrix of e; rows | 
Gr 

and n columns. More explicitly, Gi = (Xi, NiX4,: © °, NiX), where Xi 

is the corresponding vector of dimension e;. To simplify the notation we shall 


now write q for e; and denote the components of Xi by Zi, %2,° + +, Zg. . If 
vi De * “oF Tg- To 
To Tag * * ° Tq 0 

(20) Y i= | ‘Üa Be * ae 0 0 


eo ae gs WG AG. Ve 
and e denote the vector, whose only non-zero component is the first, which is 
unity, a simple calculation shows that 


\ 


Xi = Vie, and MY, = YN", 


so that . 
N,ivX,=Y; (N'i) er 
Accordingly 
Gi = Y; (e N oor N’? fi," " "y (Ni) a) 
(21) = Y; W,, al 
and 


G == [Y Yo,° Y] W, 


where W is the n rowed squared matrix moe first e, rows form the matrix Wi, 
etc. Hence 

(22) O ASALA P REL LW 

But : 


| W | <= IL (As — Ag) 84, F 


a 


*L. E. Dickson, Modern Algebraic Theories, pp. 105-181. 
f Turnbull and Aitken, Canonical Matrices, p. 60. 
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so that | w | 540, if M&A; Hence, if # is non-singular, J vanishes if and - 
` only if RA satisfies an equation of degree S n — 1. Now | Y; | = (— 1) eye, 


Yi = Ta, 80 that 
| Q | oe (— 1) May, Ory 92 cake Ygl’ | Ww L. 


Since J is a covariant, from (18) we lave the result: If R is non-singular, 
_ the jacobian of the n quadratic covarianis of f and g vanishes, if and only if 
+A satisfies an équation of degree S n—1. Moreover, of the jacobian J. 
does not vanish identically, and the elementary divisors of A+AQL. are 
(A + Ar), (A bAg) O o, (A+ At) eo, J ț Ikk - - beet, where I is an 
invariant, and kı, ka, © +, ke are t linearly: aiden linear forms in 
Ta, Lo © °, Bn.” 


Similar considerations may be applied ‘to thè mixed concomitants J 8) 
denoted symbolicaliy by 


(23) Je = (n,1,2,° + +, 8, Prot) (nz) (12) (20) °° ea), 
(s= 1,2,-°++,n—2,n—1). 


In (23), Pa-s+ is the matrix Urtiz’ ~ - Un-si; Where uj is a vector of dimension 
n contragradient to the vector v, and represents a compound codrdinate. It is 
apparent that Js, apart from a numerical factor, is the jacobian of the s + 1 
quadratic forms (nx)*, (1a)*,- ++, (sv)? and the »—-s-—-1 linear forms 
(ujz). Let us write | K; | for this last jacobian so that 


| Ks | = | RX, AX, A(SA)X,- > +, ACSA)92X, EOP |,. 
(24) _— A, lee-2)/2344 | X, TX, T?X, eve ims TX, RopP F 


where P has been written for Pras... If we now take A, B; and T in the 
normal forms of the previous section, where, however, A; need no- longer be 
distinct from A;, equation (24) takes the form 


|K,|—|H, RAP |, 


where H is the matrix of the first s -+ 1 columns of G (equation 19). Ac- 
cordingly H may be subdivided into matrices Hj, where H; is the matrix of: 
the first s + 1 columns of Gy. Hence H; = Y; V ;, where F; is defined by (20) 
‘and V; is the matrix of the first s -+- 1 columns of W; (21). 

By (24) wé see that ai | vanishes pee: if T satisfies an seen 


* For the particular case in which the elementary divisors are all linear, see 
Turnbull and Williamson, op, cit., pp. 164-165. 
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of degree = Ss. Ta us therefore assume that the minimal equation for 7’ is of 

degree s + 1 and that (A +A1)@(A +A2) 2° °° A + àx) is the n-th in- 

variant factor of A -+ AR. It follows that ¢, + e2 +: -b e = 8 -+ 1; * that 

MÆ fiti and both i ánd j are less than k, and that, if p> k, Ap = Aq: 

where g & k and eg Æ ep. We now consider a Laplace expansion of the de- 

terminant | H, R-P | in terms of the first s +1 columns, that is in terms of 
les 


the columns of H. The first term in this expansion is a | Q |, where | Q | 


is a determinant formed from A-*P and is independent of x. Since 


0| Fil [Zaj] Pal, 
A; | 
where ` 
k 
o= TL (sas), 
pey 
4,j=1 


J; is not identically zero,:so that J, vanishes identically, if and only if T satis- 
fies an-equation of degrees. All other terms in the expansion of | Ke | are 
obtained from the first term by a determinantal permutation of the rows. More- 
over since, if Ay == Ag where q is less than k, e4 is greater than or equal to ep, any 
determinant of order s + 1 containing Hg and any row of Hy is zero, non-zero 
terms in the expansion of | Ks | can only arise when certain rows of Hg are re- 


. H; 
placed by rows of Hp. Ifin Hs the i-th: row of H q ts replaced by the j-th row 
| A : 
of H, the resulting determinant has the yalue c | Y 1l eeel Eal | Yx |, where 


| ¥q | is the determinant obtained from | Y4 | by replace the i-th row by the 
j-th row of | Fp |. If eg—ep—=1q, it follows from the nature of Y, that 
| Yo | = 0, if F, is obtained from Y; by replacing any of the first r4 rows of Yq 
by and row of Yp. Since | Yp | —(—1)°*yq’, every term obtained by replacing 
¢ rows of Y, by îi rows of Y, will have the factor y's and one term will not — 
have y”! as a factor. In particular, if (A + Ag) %, (A + Ag) are the two 


* Turnbull and Aitken, Canonical Matrices, p. 48. 
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highest elementary divisors belonging to the basis Ag, every term in the expan- 
sion of | Ke | will contain yg": as a factor. Accordingly we have shown that: 


If s-+-1 is the degree of the minimal equation satisfied by T, then 
J = Jani Jaz ` +, Jes vanish identically but Js does not vanish identically; 
if the quotient of the n-th invariant factor of A + AR by the (n—1)-st in- 
variant factor is (A + M)" © <, (A+ Ax), Ja has the factor hhg: + + ht 
where h; is a linear form im 21, £2, © +, En 


It is possible in particular cases to proceed further and show how the 
nature of the concomitants J, determines completely the exponents e; of the 
different elementary divisors and conversely. However for a general value of n 
any such procedure is too complicated to be practicable. 
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SYZYGIES FOR WEITZENBOCK’S IRREDUCIBLE COMPLETE 
SYSTEM OF EUCLIDEAN CONCOMITANTS FOR THE 
CONIC, WITH AN ALGEBRAICALLY COMPLETE 
SYSTEM OF SUCH CONCOMITANTS. 


By Tuomas L. WADE, JR. 


1. Introduction. In Parts IV and V of Uber Bewegungsinvarianten 
published in the Wiener Berichte, 122 (1913) and 123 (1914), Dr. Roland 
Weitzenbock established: an irreducible complete system of Euclidear con- 
comitants for the conic. This system consists of the eighteen concomitants 
given in Table I. In this paper we shall derive from this irreducibly complete 
system an algebraically complete system of nine concomitants; and, by means 
of the fundamental identities of the symbolic method, establish an algebraically 
complete set of nine syzygies connecting the eighteen irreducible concomitants. 

An algebraically complete system of invariants and covariants for the 
conic was recently established by Professor MacDuffe through the medium of 
the Lie theory of continuous groups* ; and such a system was also established 
by Professor Franklin using the algebra of matrices and determinants.{ But 
there is no record of an algebraically complete system of all types of concomi- 
tants, with a general method whereby any concomitant of the conic can be 
expressed in terms of the members of this fundamental system. 


TABLE I 
W2ITZENBOCK’ S IRREDUCIBLE COMPLETE SYSTEM For THE CONIC. 
i (2) = (az)? = Pasme or o =h L 2AT taat 120138103 t- Aes Tats +H agt =Â. 
Degree in 
No. Type Symbolic Expression Qij t wz No. 
1 I, ==(abe)? 3 0 0 
2 Invariants I, ==(abl)? 2 0 0 3 
3 l I, =(a |a) ag 0 0 


*C. C. MacDuffee, “ Euclidean invariants of second degree curves, ” The American 
Mathematical Monthly, vol. 33 (1926), pp. 243-252. 

{ Philip Franklin, “The classification of quadrics in euclidean n-space by means 
of covariants,” The American Mathematical Monthly, vol. 34 (1926), pp. 453-467. 
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; Degree in 
No. Type Symbolic Expression Aij i u, No. 
4 -P ==(ax)? J 2 0 
5 . £ =(Iz) | 0O 1 0 
6 Covariants C, = (0a) (a |b) (bx) 3 9 0. 4 
at Ca ==(abl) (ax) (b | c) (ex) 3 2 o 
8 o =(ulu) 2. 40) 0 2 
9 -o KE, =(abu} 2 0 2 
10 Contravariants K, ==(abu) (abl) 2 0 L 65 
11, K, ==(aul) (a | u) 1 0: 2 
12 K, =(a | u)? 1 Ç .32 
13 —_ U ==(ua) 0O 1 1 
14 M, =(u | a) (ax) 1 1 1 
15 Mixed - M, ==(atl) (ax) 1 1 1 P 
16 Concomitants. M; =(abw) (ax) (b | u) 2 1° 2 
17 M, ==(abu) (ax) (b | c) (e2) 3 2 1 
18 ~ M, =(abl) (az) {b | u) ef A 


It seems to the writer that a fundamental algebraically complete system, 
represented as a sub-group of an established irreducibly complete system, in 
conjunction with a complete set of syzygies connecting the members of the 
latter system, is of greater ‘value and interest than a system of independent 
concomitants established by another method., The presentation of the two 
systems in union brings more clearly to light their differences. Moreover, by 
means of this information; a given .concomitant can be more easily expressed. 
in terms of members of the system oz independent concomitants, if desired. 
For, on expressing the given concomitant symbolically, it can be expressed in 
terms of members of the irreducibly complete system by means of the identities — 
of the symbolic method, and thence in terms of members of the algebraically 
complete system by means of the syzygies obtained in this paper. 


2. Identities. The medium of investigation of this paper is the symbolic ` 
invariant notation o? Aronhold and Clebsch. An exposition of this notation, 
with its adaptation to Euclidean concomitants, is given by Dr. Roland Weitzen- 
béck in his book I nvariantentheorie, and also in Uber Bewegungsinvarianten, 
I,. ..,XV Mitteilungen, Wiener Berichte, 1913-1919. Briefly, the Euclidean 
invariant theory of the plane curve | 


F(x) == (a0) =(br)" == > + == (08, + at + aT)" = 0 
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under the general Euclidean transformation is contained in twe fundamental 
theorems. By the first fundamental theorem every Haclidean concomitant of 
the ground form (azv)” is expressible as a polynanizl, the factors of whose 
terms are of the types 


m tle lg Ñ 
fı =(abc) = |b ba bs 5 ' 
C1 Co, Cs 
| Qi G2 as 
fe (abl) Te bı be bs| , 
0 0 ií l 
a fs =(a | b) = bı + debe, 
fa = (az) = ht + doto cz aE 


fs = (lx) = Ox, + OTz -4 125 = 


together with numerical coefficients, it being unde-stood that each symbol a, 
b,c, - + is to appear just n times in a symbolic oduct. Cozversely, every 
such polynomial is an Euclidean concomitant of (cr)". The symbol u in 
the universal concomitant a 


(ur) —= Wit -{. Uste + Upes 


behaves like the symbols a, b, c, > +, except that it mey occur ir a product any 
number of times. 

The second fundamental iben says that eve-y identity satisfied by the 
concomitants of (ax)”,-formed according to the Aarct fundamental theorem, 
can be expressed by means of the interchange of ewai~alent symbols, by means 
of the laws of ordinary algebra for the comb=—azion of tae factor-types 
fot e, fs, and by means of the identities: - 


Iden. 1 (abc) (d | ¢)==(dbc) (a | e) + (ade) (>| =)-+ (abd? (e |e) 
Iden. 1’ (abc) (dx)==(dbc) (ax) +- (adc) (bx) — (abd) (cx) 
Iden. 1” (abc) (def)==(dbe) (aef) + (adc) (be™ — (abd) (cef) 


(lc) OID 


In order to make the subsequent work more «xplicit, we mention several 
identities to be used later, which are special cases zr sonsequenzes of the SUON 
four identities, namely.: 


Iden. 2 (abl) (cdl) = (ae) lD] ce]. (b| d)—(a] d) i |). 
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(abl) (e | d)=(cbl) (a | d)+ (act) (b |da) 
(abl) (cr)==(cbl) (ax) +-‘acl) (bx) + (abc) (lx) 
(abc) (del)==(dbe) (ael) -+ (ade) (bel) + (abd) (cet) 
(abl) (cdl)==(cbl) (adl) + (acl) (bdl) 
(xa) (a |b) (b |c) (cy) 
= I, (za) (a.| b) (by) — 4I (ar) (ay + $1,(I2) (ly). 


In Iden. 7 x and y may represent the same variable z, or one or both of 
them may be a | or u |. | 

Identities 1 to 6 are established in “ «Uber Bewegungsinvarianten,” IIT 
Mitteilung, Wiener Berichte, vol. 122 (1913). Iden. 7 was established by an 
indirect method by Dr. Weitzenbéck in “Uber Bewegungsinvarianten,” IV 
Mitteilung, Wiener Berichte, vol. 122 (1913). It may be established directly 
by means of the identity 


Idem. 8 (as) (b | 8) (e | y)=e(ae) (0 | 7) (e 8)-+(a| 8) (62) (e |») 
- —(a| 8) (b | y)(c2)—(a | y) (bz) (e | B) 
+(e] 7) (b | 8) (ox) +-(abe) (871) (12). 


The truth of Iden, 8 can be confirmed in the following manner. Certainly, 


Iden. 
Iden. 
- Iden. 
Iden. 
Iden. 


-= O Cr e w 


Gy Q2 tg | tı Ta O 
(1) l b; be Da ° Bx Bo 0; =Q. 
‘| Ci C2 Og yı y2 O 


To both sides of (1) add (abc) (8y!) (læ). Then we have 


hy, Gy ag ty T2 Ve 
b, b, bs) . |B: Be 0 | =(abc) (Byl) (Iz), 
Cy z 3 Yı Y2 . 0 


which, Sead: is Iden. 8. 
Applying Iden. 8 to (wa) (a |b) (b | c) of 


. P=(aa) (a | b) (b | €) (cy), 

we get * 

P-=x(az) (b | B) (e| a) (cy) +(a| a) (te) (¢ | B) (cy) —(a|'a) (B | B) (ex) (cy) 
—(a | b) (bz) (e | a) (ey) + (a | b3? (ex) (cy) + (abc) (abl) (Te) (cy) 
== I, (2a) (4 | 0) (oy) +1 (aa) (a | ©) (oy) — 2a"( on) (oy) 


* The fact that the concomitants A(a,b,c,---) and B(a,b,c,.+-) are equal on 
thé interchange of a and b is symbolized by 
A(a,b,c,.- -) = B(a,b,e,--.-). 
aod 
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. —(ax) (a | b) - | ©) (ey) + [Z — Ia] (cæ) (cy) + (abe) (abl) (cy) (Ix), 
or : ee 
P&H (za) (a | b) (by) — 4 Ta(aa) (ay) + 3(ab6) (abt) (ey) (12). 
Let | P’ ==(abc) (abl) (cy). 
Applying Iden. 4 to (abl) (cy) of P’ we get 


P’ ==(abe) (cbt) (ay) + (abe) (acl) (by) + (abe)? (i) 
eSPe P Fy); 


asc bere 
or = 4 I (ly). 


Therefore, . 
P == ay b) (by)— 4 Ta (ax) (a+ I, (læ) (y), 





‘ ‘which is Iden. 7. 


8. Establishment of the syzygies. It is evident that the three irreducible 
invariants J,, J;, and I, are also algebraically independent. Hence there exists 
no syzygy wholly on the invariants of F. | 

The equation of F contains six coefficients and three variables, altogether 
nine (homogeneous) parameters. The general Euclidean transformation con- ` 
tains three parameters. These, eliminated between the nine equations exprés- 
sive of the identity of F and its transform, leave six equations connecting old- 
dnd new coefficients and variables. So F can have at most six algebraically 
independent (polynomial) invariants and covariants. Hence there must be at 
least one -syzygy connecting the seven irreducible invariants and covariants. 
We shall proceed to find this syzygy; and also to show that there are, indeed, 
six independent invariants and covariants. 


Since 
Weiss —(abl) (aa) (3 | c) (cx), 
0 — (abl) (aa) (b | c) (cx) (del) (dæ) (e | f) (fe) 
=[ (a | å) (b | e)—(a| e) (è | A) (b | c) (cx) (a2) (e|f) (fo) 
(By Iden. 2) 
=% | d) (© | €) (ae) (8 |) (er) (de) (e |f) (fe) 
—(a | e) (b | &) (ax) (b | c) (ow) (de) (e | F) (fa) 
=0.(b| 6) (b| a) a l ? (cx) (az) 


~ [(a| BY (8 | 6) (az) (e2)] ECE] e) (el P (a) (aa) 
' = 0, (2a) (a | b) (| p (c| d) (de) i 


eae) | c) (ax) (cx)] [Ca | e) Ce | F) (fz) (da), 


ie 
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or, for briefness let üs say, 
(1) C = 0,4 — Be, 


Applying Iden. 7 to B we get’ 


B= I; (za) (a | ET + 47 (lz)?, 


T 
(2) -© BssI,C,—F LF + 5 he. 

. The anne identity applied to (za) (a |b) (b | c) (c| d) of A gives 

A= (za) (a | b) (b | d) (de) —4 I (2a) (a | d) (dx), 
or 
(3) A=I1,B— 4 I0. 
- In virtue of (1), (2), and (8) we have 

(82). 360; =— 181,0, — 9123F? — 1,26? 


+ 1811,0, F + 61,1,.Fs — LLOR. 


Applying the well known theorem, that the necessary and sufficient con- 
dition that a set of functions be functionally independent is that their gradients 
be linearly independent, to the three covariants F, C,, and £, considered as 
functions of 21, £a, Z, we find that they are functionally independent. And 
we know that J,, J, and Is, as functions ‘of @11, Q22, @33, 12, Mas, ANd Ges, are 
likewise functionally, independent. Hence the six concomitants J,, Ia Ia, Æ, 
C,, and £, as functions of the œs and the 2’s are functionally independent, 
i. e., these concomitants are algebraically independent. Hence there can exist 
exits one independent syzygy on the seven irreducible invariants and covenants; 
and (6,1) may be chosen as this one. 

The equation of F and the universal ternary concomitant 


‘ 


(ux) == Ut F Uzt F Uts = 0 


together contain nine coefficients of the 2’s. The three transformation para- 

meters, eliminated between the nine equations expressive of the identity of 

old and new forms, leave six equaticns connecting old and new.coefficients of 

the, z’s. Accordingly, there can be at most six ‘algebraically independent 

invariants and contravariants of F. Hence there must be at least two inde- 

pendent syzygies connecting the eight irreducible invariants and contravariants. 
We have 


od 
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K, ==(aul) (a | u) (bul) (b | u) 
==(a@ | u) (bul) [ (bul) (a | u)+(abl) (u | ar (By Iden. 3) 


ts 


== KC + Do, ` ; 
where | l - l C= Iw — K, . by Iden. 2, 
and 2D =— lw ` . > by Iden. 3. 
Hence l . 
(S2) IK = RIK sw — 2K; — Iw”. 


In like manner 


K, ==(abu) (abl) (cdu) (cdl) 
== (abl) (cdu) [2 (cbu) (adi) + (abc) (udl)] = 2E + F, 


where 2E = LK, — 4 L (lo — K4) by Iden. 5, 
and E een A by Iden. 5. 
Therefore, . l 
(53) 8K? = 31,K, — 2l zo +- 21K a. 


By means of the syzygies (S2) and (83) the five irreducible contra- 
variants can be expressed as algebraic functions of the invariants and some 
three of them, such as o, Kı, and Ko. Moreover, these three contravariants, 
as functions of ur, Us, and us, are independent. 

' Altogether the equation of F and the universal ternary dca 
(uz)==0 contain twelve parameters (6 a’s, 3 a’s, and 3 ws). The three 
transformation parameters, eliminated between the twelve equations expressive 
of the identity of old and new forms, leave nine equations connecting old and 
new coefficients and variables. So there are at most nine algebraically inde- 
pendent concomitants of all types. However, we have found that there are, 
indeed, nine independent invariants, covariants, and contravariants. Hence 
there can exist no independent mixed concomitant. “In other words, the 


“mixed concomitants are expressible as algebraic functions of the remaining 


concomitants. A set of syzygies by means of which this can be done will now 
be found. : i 
We have 


M,? — (aul) (aw) (bul) (bz) 


==(ax) (bul) [ (bul) (av) + (ab!) (ur) -+-(aub) al - (By Iden. £) 
=(Io — K) F+ AU — BE - 


where aR ; 
(1) i 2A = K£—IU.- ` . -by Iden. 4, 


™~ 
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(2) 2Be= KE—KLU by Iden. 4. 
Consequently, 
(S4) i 2M? == 210F —2K,F — 1,0? + 2K UE — K,#?. 


In like manner, 


(Iso — K.) M, = (bul) (ar) (a | Ji 
= (bul) (ax) [ (aul) (b | a) + (bal) (u | u)] (By Iden. 3) 
= MK; — Ao. 


Thence from (1) we have 
(Ss) f ~ 2 (Izo — K4) M, = 2M:K; + IU 0 — Kook. 
By Iden. 3-we have 


(cul)? (abr) (ax) (b | Hae (ax) (cul) [ (bul) (¢ | w)4- (cbl) (u|u) 
. =(abr) (tul) a — Ho, 
where, by Iden. 4, 


24 == -—~(abr) (abl) (cur) (cx) + (abe) (abr) (cul)£. 
But, applying Iden. 5 to (abr) (cul) we find that 


= (abc) (abr) (cul) == 0. 
Therefore D 


(cul)? (abr) (ax) (b | w)==(abr) (bul) (ax) K, -+ 4(abr) (abl) (cul) (cx) o. 


Putting r = Z in this relation we get 
. rf 


2 (Igo — Kz) Ms = 2 (cul)? (adl) (ax) (b | u) 
= 2(abl) (bul) (az) Ks + (abl)? (cul) (cx) a, 
or, by (1), j . 
(Se) 2 (Ten — Ky) Ms = KK £ —1,K,U + IaM. 


In like manner, putting r= u, we get 


| 2 (Igo — Ky) Ms == 2 (cul)? (abu) (ax) (è | u) 
== 2 (abu) (bul) (ax) K; + (abu) ae (cul) (oz), 
or, by (2), 
(S:) ; 2 (Igo — K) M =K, X£— KKU + KM. 


L 
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Furthermore, 


(w — KSM, ==(abu) (cx) (b | 5) (dul) (ax) (dul) 
== (abu) (cx) (b | c) (dul) [ (da) (aul) + (us) (dal) + (ca) (dua) ] 
= 4 (abu) (cx) (dul) (dx) (u | c) (abl) | 
+4 (abu) (cx) (dul) (ux) (å | c) (bal) 
“+ 4 (abu) (cx) (dul) (Ie) [ (d | c) (bua) +(w | 0) (dba) 
= }K,M.M, — $K -U (d | €) (del) (cx) | 
+ $K£(dul) (å | c) (c2) + 0, 
or 
(S:)  2(Iyw — Ki) M, = K,.M.M, —(K.U — K£) (LM, — Me). 


By means of the syzygies (81), (9s), (Se), (S7), and (Ss), we see that 
the mixed ‘concomitants M,, M., Ma, Ma, and M, are algebraically dependent 
on the invariants, covariants, contravariants, and the mixed concomitant. U. 
That U, and as a consequence all mixed concomitants, are dependent on the 
invariants, covariants, and contravariants will now be shown. 

We have 


M? —=(aul) (ax) (bul) (bz) 
== (aa) (bx) [(a | b) (u | u)—(a | u) | 0} (By Iden. 2) 
=(a| b) (ax) (be) (u | 2) —(a | u) (b | u) (as) (be), 
or l 
(1) M? = Qio —— M. - 
That the syzygy (1) is independent of (84), - + + (8s) is evident, since it is 
the only one of these syzygies in which C, appears. In order to see explicitly 
- that U is dependent on: the. invariants,, covariants, and contravariants, we 
choose as one of our independent syzygies not (1), but one derived from it 
and (8,) and (85). Eliminating M ı and M: from these three syzygies, we get, 
as our ‘desired syzygy 


` (So) (Tok) Cah (ou — Ky)? — K,? | : 
X [2 (Izo — K4 )F — LU? ~t- IK -U£ — — K£] —( K£ — hU PY 
== [2 (Isw — K4) F — LU? + 3K,U£ — K£] [K£ — IU oK 5. 


4. Summary. The results obtained in this paper may be summarized in 
the two statements : 


For the conic F there are nine algebraically independent concomitants, 
and these may be chosen as L, In, Is, F, £, Ci, w, Ka, and Ko. 


308 


THOMAS L. WADE, JR: 


The eighteen irreducible concomitants for the conic F are connected by 
nine independent syzygies, and these may be chosen as: 


(81) 


(S2) 
(8s) 
(Ss) 
(Ss) 
(Ss) 
(57) 
(Ss) 
(Ss) 


860:2 = — 181,0, — 912K? — [,7£? 
+ 181,1,0:F + 6I FE — 61,0182. 
2K," == 21K wo — 2K F — Lau". 
38K? = 31,K,— llo + Ka 
IM? = Uro F —2K,F —1,U? + 2K U£ — K8. 
? (Lo — Ki) M, = 2M, K; + 1,00 — Kew. 
2 (Izo — Ka) Ms = K K£ —- 12K 0 + IMow. 
2 (Izo — Ka) M; == K, K8 — EKU + KM0. 
2 (Ino — Ka) M, == K,M,M, —(K.U — K,%) (IM; — Ms). 
{ (Lye — K,)°0,0 — 4[ (Lo — Kx}? — KZ]. 
X [2 (Lao — EK.) F — LU? + 2K,08 — K,£]—(K:£ — IU) 22 
= [2 (Izo — K4) F — ILU? + 2K,U8 — K£] [K£ — L0 JK. 


ON THE CANONICAL FORM OF A NON-SINGULAR PENCIL OF 
HERMITIAN MATRICES. 


G. RICHARD TROTT. 


Introduction. In this paper we shall be interested in finding a sez of 
normal forms to one of which a non-singular pencil of Hermitian matrices 
can be reduced by a conjunctive transformation. The result may be used 
immediately for finding a necessary and sufficient condition that two non- 
singular pencils of Hermitian matrices be equivalent under conjunctive 
transformations., As has been done in previous cases we carry out the work 
simultaneously for a non-singular pencil of real symmetric matrices under real ’ 
congruent transformations and a non-singular pencil of Hermitian matrices 
under conjunctive transformations. 


1. In order to simplify our later arguments we first define certain nota- 
tions and prove some preliminary Lemmas on matrices. If RÈ is a matrix of 
order n, we may consider & as a matrix of matrices and write 


R = (Ri;), (4,7 = 1,2, +, t) 


where A;; is a matrix of r; rows and r; columns and 
Oa ak Ba e Ba tf ten. 


In particular, if Rij == 0, where +5< 7, we shall call the matrix a diagonal 
block matrix and denote it by 


. R == [ Bas, lise, j -y Riel. 


If S is another square matrix of order n, and S is written as a matrix of 
matrices 


N == (Si), : 


where Si; is a matrix of r; rows and 7; columns, we shall say that § and R 
= are similarly partitioned. : 
_ We shall represent by (fo, fi,' + >, fi-t)i? the matrix of i rows ard j 
columns, where f is the element in each place down the main diagonal, and fi 
is the element in eack. place down the i-th diagonal above the main diagonal, 
with zeros elsewhere. 
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t 


= We shall denote by {fo fat - > fi-ı}47 the matrix of i rows and 7 columns, 
where fo is the element in each place down the counter diagonal’ and f; is the 
element in each place down the ith sub-counter diagonal, with zeros elsewhere. 
The counter diagonal in a rectangular matrix will always be taken as that 
diagonal which has its first element in the upper right hand corner of the 
matrix. Ifthe matrices are square, we shall omit the subscript ¢ and the super- 
script.j. For example 


“fo fi fe fs : “0 “0%: 
| _ lo f fh fe EEO 
(fos fas fes fa) a 0 0 fo | fı {0, ] 1> fade el 0 fı 

0 0 0 f fi f 


In the sequel we shall also have to consider matrices of these two types in which 
. every f; is a matrix of order two. For convenience we shall use the same nota- 
tion for both. 

We shall employ the notation 5* to represent the conjugate-transposed of 
the matrix B, i.e. B* — B’, and in particular if the elements of B are real, 
:B* == B'e We shall say that a matrix A’ is transformed into a matrix D by 
the matrix B, if | 

B* AB =D. 
(A transformation of this type is congruent if B* = B’, and is conjunctive 
if B* = P’). 

Let Ne = (pi, 6, 0, > *, 0) 

be a matrix of order s, and let 

. Na = (pi, @ 9,° * +, 0) . 
be a matrix of order g, where e = 1, and p; is a scalar or-else e = - `) 
and p; is the real matrix (i n) and b £0. 


Lemma (1). If RNqg—N’.R, where R is a matris of s rows and q 
o then | 


== {fo fot" `s fer} if s =q, and R = {0,0,- eng »fes}et ifs > q- 
Moreover if e == G 0 _ then fı 18 @ matris of type (E 4 : 
Proof. The Lemma has been proved for « e= 1f We wish to ae it 


for e = -Q 0 ra | and in doing so we shall use an induction proof. 


+C. E. Cullis, Matrices and Determénoids, vol. 3, Part I, pp. 456-459, 


~~ 


a 
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Let R= (rij) (i = 1,2," : s) and (j71,2,---,q) 


where fi; is a matrix of order two.’ Since RN a = NV’,R, we have on equating’ 
the elements in the i-th rows and j-th columns | | 


(1) | Tajpi — ORL? == toni — fij 
where fot = fpo =0 (t==1,2,---,8) and (p—1,2,-*-,q). | 


Let us assume that ri; is of the type ` i ‘) for all values of 4 end j 
for which t +7 = k. Under this assumption it follows from (1) that | 


rupi— piru isot type (* gh i+ jab +1, 


If we conte Ti = C A) then 


TiiPpi — P iti = (9s — 92)b (gı + ga)b 
j pag — (git 9a) b (9o— 92)? 


and, since b 540, this matrix is only of type ( a) if PERN — 9s and : 


Is = Ge; i. e. if Tij is of type R :) Hence ne g jij = -0, and: 
accordingly - a meg l 
(2) lie => fi-n ` i -+ ; = hk. 


d 
Since rup; -— p tes = 0, fy is of type (F > - Hence our assumption is 


true for 1 +- j} = 2 and by induction rj; is of type (; a a) for all admissible 


values of i and j, and (2) is true for i +- j S s -+ q. 
In particular, if i -+ j S the greater of q and s, since 


n= (GLB yg) and tearm rom O (61,2, s) 


it follows that ri; = 0. 


COROLLARY. If R= k*, then R is a real matric. 


For, if R= oH, ) i==f*; and since f; is either a scalar or a matrix of 
d a ‘ f ' 
type ($ s) fi is ia 

Let. R == (Bij) (4, = b 2,- ', t), where R = R* and Rij is a square 
matrix of type {fo, fry +, ft}, and if each f; is a two rowed square matrix, it is 


b 
of type Ca 


3 
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Lemma (2). If in the above matris | Ru, | = 0 and | Ri | = 0, and if 
E; has a non-zero element in the uvper right-hand corner, then there exists 
a non-singular matris Q such that Q* RQ = G, where G is partitioned similarly 
to R and | Gy, | 0. . 


Proof. Let us assume the contrary. Without loss of generality we may 
take Kı; to be Riz, since by interchanging the 2nd and the i-th columns, and 
2nd, and i-th rows, we may move R4; into the place of Ry». (Transformations 
of this type are conjunctive).+ Let l 


EO | 
H—[(5 n) 5 


where # is the unit matrix whose order is the same as the order of oe Then 
A*RH = K, where Ky, == Ry, + By + Bye + Roz. 

Now Ky, is of type -{fo, f1,° © -, ft}, and the ea in the upper right- - 
hand corner of Ky: is ra -+ r2 + r*,-+ ra where fi, 12, r*a and rs are the ele- 
ments in the upper right-hand corners of Ay; Ris, S and Fə» respectively. 
By the corollary to Lemma (1), Aj, and Re, are real matrices, hence if 


| Bu | == | Raz | = 0, then ry = r; = 0. Since by our assumption | Kir | = 0, 
then | fa +r* |= 0, and as Ta Hr”: is TEN Ta H17” na 0. In a similar 
manner let 

i Bo), 5 E,- 


Then P* BRP == L, where Dià = Mar aa 1h. + th* +0 J Pop. 
Proceeding in exactly the same manner as above, we have rz —r*, == 0. 
Hence 1, = 0, contrary to our hypothesis. 


Lemma (8). Let R= (Bij) (bj = 1,2, > -,t), where R= R* and 
Rij is a matris with rı rows.and r; columns. If | By, | 540 there exists a 
matric W, such that 
i Bu 9 0 + + + Q 


W*RW = 0 Zoe Zo = 3) tS Zat 


Proof. Let 


+ Cf. Turnbull and Aitken, An Introduction to the Theory of Canonical aires, 
p. Il. 


x 
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where F; is the unit matrix of order r Then 
‘ R 
a *; fan a Y* RY,Y, "Y: A i 0), 
where p= (Zi) (4,9 = 2, 3," G 


Dana (4). If Fis the real mites totic Fs A), there exists a real 
non-singular matrix 
S = (8, 815° ° *, St) 
such that — 
S*RS = {fo, 03° ° *, 0}, 


where S; 1s of type ( 5 9! af each f: is a two rowed square matriz of the ` 
i ( 2) 
dui E E bs 
Proof. Now 
k 
F = > f iT 4413 
es i=0 
where l l : 
r l | 
Tr = È Caiksr-as l (r= 1,2, > +, t), 


a, ei; is the matrix all of whose elements are zero except that element ir the 
i-th row and j-th column which is e. Likewise 


t 
S = I, -|- > Iisi, 
i i=l 
where 


-$ baaris a (j gag 0; L psy t). 
Thus it follows ae 
TI; == I’ 7, oe T rj 


Let us assume that there exists a matrix Sr- of the same type as S, such that 


tel 
K rak Dra — G TER fol’s =f Irai Trs -+ 2 Jala, 


` where each g; is of the same type as fi. Now 


tti 
(Lo -}- s*,I’,) G(Io ++ Sly) == fofi -+ Gratl rar -+ g"; oTr -+ foSrL rat + > hala 
=r-2 


Hence on equating the coefficients of 74, to zero, we deduce that 


(3) a © gra F S*rfo + fosr == 0. 
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But, from the nature of f: and gj, it follows that (3). is satisfied if 
Sr == — af 0 Ort) 


and that Sr is a matrix of type 2 a) » if fo and gm, are two rowed square 
matrices. If oo 
Sr-1(Lo + Srlr) = Sr, 


where s, has the value, Sr = — $foo Jra then S, is oi the same type as 8 and 
s* rR, = fol’: + brace Dra + kale, 


where if fẹ and gr, are on rowed square matrices then k; is a matrix of type 


(‘ d wae The truth of our Lemma follows immediately by induction, since 
this formula holds for r = 1 (s; =e). 

2. We consider the non-singular pencil of matrices ÆA + AB, in which 
| B | +40, and where A = A* and B = B*, so that either A or B are both real 
‘ symmetric matrices or both Hermitian matrices. If (A -+ Às)? appears among 
the elementary divisors of A -+ AB and if A, is complex, then (A + Às)’ is also 


an elementary divisor. Hence we may arrange the elementary divisors of 
A -+ AB in such a way that the real elementary divisors are given by 


(A + Aina (A + AG) TB + > (A + Ay) 7, . (t1,2,:-; ', t) 
and the complex dmna ie by 
(A AG) TA AM CAF ADT (Af ADM, (TELL ++, 8), 
where bh, + ke-pe o H ke + Bkr +- a -+ 2ks =n. As is’ customary we 
assume that yj, = jpn for all values of 7 and p. 


Let M = [M., Ma © -5 Me] 


be a real canonical form ł for the matrix AB“, where 
l M; == [N Nin + +, Nix, | 
and Nji = (Pj, e, 0,0,- + +, 9) 
_ f Although this differs slightly from the canonical forms usually listed, it is 
obviously a real canonical form, since the elementary divisors of M -+ AFE are the same 


as those of AB^ -+}-AH. Cf. Turnbull and Aitken, An Introduction to the Theory of 
Canonical Matrices, p. 72. 
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; í ; f 1 

is a matrix of order yji Hence e == 1 and p; = À; if A; is real, and e = 0 °) 

and pj == a ) if A; =a; + ib; Thus there exists a non-singular 
— 0j Gif 

matrix K such that 

(4) | KO (AB -+ AH) K =M + àF, 


where, if A and B are real, K is also real. From (4) it follows that  ' 

KO(A+AB)B*K = M 4AE 
and, accordingly, that g | 

K*(B+)*(A +AB) BK = K*(B>)*K(M +22), 
or more concisely 
(5) P*(A + AB)P = F(M +E), 
| where P = BIK and F = k*(B)*K, Since B = B*, it follows that F = F*, 
and from (5) that FM = M*F. If F = (Fı;) is a partition of F similar to 
that of M, since FM — M*F we have the result 
BM = M* Fi, (i, j = 1,2, © +38). 


Since no latent root of M*; is the same as a latent root of M;, 


| Fy=0, ijt | 
Thus the matrix F reduces to the diagonal block matrix [Fi tt; Pinete, Fas], 
where P*,; = Fii and FaMi: = M* ly. 

We now consider the matrix equation FM: = M*,Fi;, and to simplify 
‘our notation; we write N; == Nj; and k = ki. Hence 


(6) FM, = Ful, Nas = >, Nx. 


If Fu = (D) is a partition of Fj; similar to that of M; we deduce from 
(6) that 


. 


Dr Nj = NF Dy; = N’, Dy. 
Hence by Lemma (1) Dr; is a matrix of type {fo, fst : >, fr-1}rf, where fi is 


of the type ( : aa if every f; is a two rowed square matrix. In particular 


Dj; is real and of type {fo fi,° cfr} 
If the order of N, is greater than the order of Nə, Di, is non-singular, 
since Fi; is non-singular, and by Lemma (1) Diu: (= 1,2,:°°+,%) has a 


tC. E. Cullis, loc. cit. 
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zero element in the upper right-hand corner. If the order of W, is equal to 
the order of Nz, i.e. if ky = ka, let 


kı = ke: . ` == kg > kgn. 


If | Dı | = 0, there is at least one matrix Dy (1< j = q) which has a non- 
zero element in the upper right-hand corner. If | Dı |= 0 and | Dj; | 0 
(j == 2, 3, >+, q), then by a simple interchange of rows and columns we mèy 
move D;; into the place of D,,. Again if | Daa | = 0, and | D;; | = 0, then by 
Lemma (2) there exists a matrix X; permutable with M; such that 


hae iiA = Ti 


where | Ta, | 540. Hence foes loss of generality we may assume that 
| Diz | 340. Now by Lemma (3) me exists a matrix Li DRA with Mi 


such that 
af, 7 — gos ann it a 


where D, = (Hi) (1,7 =2,3,:-+,k). Since ei s ) M; is Hermitian 
. 1 
Hi; N; = N* Hi; (4,7 = 2, 3,- t, ke). 


Thus, we can treat D, in the same manner as Fi; and in k steps deduce the 
existence of a non-singular matrix G; such that 


(7) G* FaMi Gi = G* Faaa M = (Ky, Ka + +, Ke] Mi. 


-~ Thus we have found a non-singular matrix G; permutable with M: such that 
(7) is true, where K*; — K;, and K; N; = N*;K;j. 

Hence by the corollary to Lemma (1), K; is a real matrix of type 
{fo fis’ © *y> fr}. Therefore by Lemma (4) there exists a matrix Si; per- 
mutable with N; such that 


(8) S* GN iSi = S¥ ij Sig NG = (fol's) Nj. 

' We have thus shown that there exists a matrix Q permutable with M such that 
Q*P* (A 4+ AB) PQ = Q*F(M + AB) Q = Q*FQ(M + AE) 

where Q* FQ = J and J is the diagonal block matrix 


J = Care j Trs 
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and Jp is a matrix of the diagonal block type | 
Jp = [Jp Jo * 5 J py | 


[i 


and ` 

(9) | l l | Jp = foi P 1 

is a matrix of yp; rows and columns. 
It might be well to note here that Q is a product of matrices of the type 
GS, where @==[G,,G:,:--,G@s] asin (7) 

and S = [S Sa: > +, Ss]; where 8; = [Si Sin <- , Si] as in (8). 


If A; is real, then in (9) f:i; is a real number different from zero. On 
transforming the matrix (f:;7.)N; by the matrix Vi; = (| fi; |” Io) we derive 


Va aTa) Ni Vig = V*i PsP) ViN; = (eT) Ns 
where cij == + 1. If A; is complex, fi; is of the type (; Eo. If a0, 
on transforming the matrix (fı;Tı) N; by the matrix Uy; = C T -) I,, where 
r = — [b + (b? + a*)*]/a, 
Ok 

(10) U* 3; (fas Ti) NU a; rae O* 3 fu T 1) U uN = ke ) TN, 
where k is a positive or negative real number. If a = 0, we see that the matrix 
(fuTı)N; is already in the form (10) with k= b. If k is negative we 
transform ( 3 o) T-N; by the matrix W == : >) I, and this transforma- 
‘tion gives | : 


WE, 0 k 


ay ) TN; Wi = LC o) TN, k > 0. 


7 : -% 
If we now transform (; J TN; by the matrix X35; == C aN o we have 


[Ok 0 1 
Gary i) N Xi; == (i >) T Nj. 


Thus we have found-a matrix Y permutable with M, such that 
¥*Q*P*(A +B) PQY = Y*J (M+ AB) Y = Y*JY (M 4AE), 
where Y*JY = Z, and Z is the diagonal block matrix 
Z = [Z Zn Z] with Zi = [Zin Zint + +, Zir] 
and Zij == eiT, where cej = + 1 if Ai ia real and eij a C 5) if A; is com- 
plex. Here a 
5 
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Y = [Yu Fn > t Fe] where F; = [Vin Vint +--+, Vir] 
ifi S t, and Fi = [Yn Yin p Fa] ifi >t Hao 
Yy == UyXy (G= byla, l), and Yy = UyWyXuy (Gla la lo) 
If a = 0, | 
Yy = WajXiz (Jt te +, te), and Yy=Zy (j= tows’ st), 


where l, te s lrs lastet, ly, t1,°++, batte, tp is some permutation of 1, 2,---, ke. 

Summing up our results we may state: Given'a non-singular pencil: of 
matrices A + AB, having the properties stated in paragraph 2, we can find a 
non-singular matrix H, where HM = MH with eeens independent of à 
‘such that 


(11) H*P*(A + B)PH =Z(M -+ AB) = [Zu Za + +, Za] (M+ AB), ` 
where Z; = [Zin Zin" + *,Zin,] and Zij = eTa, where eij = + 1 if M is 
real and €ij =(? 1) ita if A; is comes 

3. However, it is quite possible that A + AB be equivalent to two dif- 
ferent normal forms (11). Let V(M-+AH) and Z(M + AEF) be two 
normal forms both equivalent to A + AB, where V =[Vi, Va: ©, Va| and 
y= [Va Fia, R Via | where Vij = 84313, where ĝi; = + 1 if Ài is real 
and òi; = ( ;) if à; is complex. Then there exists a non-singular matrix R 


such that A*VMh == ZM, and, since in obtaining the normal forms only 
transformations permutable with M were employed, it follows that 


(12) RM == MR: 
Hence l R*YR = Ž. 


If the matrices R, V, and F are similarly partitioned, since RM == MR, Risa 
diagonal block matrix and 


mA 
\ 


. R* 4 ViR = Zi. 
Since V; = Z; for the complex roots, we need only consider the cases where 
tt. If for simplicity we write R, V, Z and M for Ru, Vi, Zi and M: 
respectively, M is the mare block matrix 
Fk (Na, Na: ` "Nel, 


where Ni; = N: and N,. is a square raatrix of order nj. Let R= (Si;) be a 
similar partition of Æ. Then, on equating the elements in the i-th row and 
j-th column of R*VR == Z, we find thet F 
2: 8*3 V 8j = Zi. 
j=l 


i 
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Tt follows from (12) that ł 

Dij = (Tij 2, Y,* * ",W), p os ‘ 
where rij is zero if 4; > nj. Thus the element in the upper right-hand corner’ 
of 8*;,V;S;; is zero unless yı = n; Hence the element in the upper right-hand 


damer of Š I*a VS is 
(18) . = . È 7185754, 
where 7 tain oes over all values for which q; —=7;. Let 
| Ma > p= Ha =" "= Of > Nfa 
It follows from oy that 


~ 


A | S 
(14) ETid =e, and Di Tiada = 0 (pa=ii t 1, f). 


. tad 


The two sets of equations in (14) can be written in the following manner 


m — e 4 
rii Tine TP ĝi re Maltin Tif pe ep PD 


0 Sted ° amie 0 1 4 . e e . DONE 0 Eiti’ noa 0 
Tip Taat Tre) (0 O + 8 Taffia’ r 00 ere 
Thus the two matrices [8;, 8i5,° © +, 8r] and [ei ein,° z,e] are equivalent 


under conjunctive transformation, and therefore 


ôi + Sin +: "+ yi == £j + ein +: + ef 


Accordingly, if (A + As) be a real elementary divisor of A -+ AB, where 
| B | 0, in the normal form there is associated with this elementary divisor 
an ei; = +1. If (A+ Ai) is repeated exactly p times among the elementary 
divisors of A +- àB, we denote the ei; associated with these p elementary 
divisors by teiz, eiz t © +, Peiz and write 


(15) Tij — 2° €ij. 


Now if s of the “e:i; have the value T 1 ag p—s : have the T — 1, in the 
normal..forms there are p!/s! (p—s)! possible arrangements of the “eij, 
all of which are equivalent by our last result. We choose for the normai form 
that one in which the first s are positive. Thus two non-singular pencils of 

matrices A + AB and C + AD, both having the properties of paragraph 2, are 
' equivalent under congruent or conjunctive transformation if and only if they 
have the ‘same normal form, i.e. if 


7+ C. B. Cullis, loe. cit. ’ 
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(1) they have the same elementary divisors, 

(2) the integers o;; defined by (15) are the same for both pencils.t 

If in the pencil of matrices A -AB both A and B are singular, but 
| A + AB | £0, we consider the non-singular pencil MA + AB. Let 

à = gà —g and Az hN, 
where g, h, g’ and h’ are so chosen that | 
| JA +hB| £0 and gh’ — g'h —1. 
Hence MA + àB = A( gA +B) — (PA + AB) = Ai + AB. 

In a similar manner l 
Now AiA + AB and MC -+ AD are equivalent if and only if Ay -+ AB, and 
Cı + AD, are equivalent. Thus we may state: 

A necessary and sufficient condition that two EN gna of 
matrices MA + ÀB and MO +2A.D (where A = A*, B = B*, O = 0* and 
D == D* so that either both A and B, also both C and D, are real symmetric 
matrices or Hermitian matrices) be equivalent under conge 'uent or i 
transformations is that 

(1) they have the same elementary divisors, 
(2) the integers oij be the same for both pencils. Here oi; is defined for 
the pencil A; + AB, and C, +-AD, in a manner analogous to that in (15). 

At the time of the completion of this paper, an abstract by K. W. Wegner f} 
appeared as follows: . | 

“A necessary and sufficient ccndition that two pairs of Hermitian 
matrices A +A AB and C+-AD, | B| 0 and | D | 0, be equivalent under 
conjunctive transformations is that | 

(a) they have the same elementary divisors, l 
(8) the indices of B(B7A + AH)™ and D(D>C -+ AE)” be the same for 
every real value of A and every positive integral value of m.” 
We wish to show here that the results obtained by Wegner and the results > 
obtained in this paper are equivalent. From (4) we have 
KR (AB + AN) K = M + ME. 
Hence K7(AB* + A#)"K = (M + AE)”. 
+ In the real case, this result is the same as the result derived by P. Muth, “ Ueber 


reele Aquivalenz von Scharen reeler. quadratischer Formen,” Crelle’s Journal, p. 314. 
t Bulletin of the American Mathematical Society, January, 1934. 
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Thus we can write | 
. K(AB4 + B)"BBAK - = (iM a ag)" 
and accordingly 
P*(AB> 4+ AE)”BP = F(M + AR)", 
where P has the same meaning as in (5). We may proceed exactly as we did 
in the derivation of our normal form and deduce that 


Q*P* (AB 4- AE)” BPO = Q*FQ(M + AE)” = 2(M +E)". 

It is obvious that if the two pencils have the same normal form, the results 
(a) and (8) are true.t} ` 

For a fixed value of A and a fixed value of m, it is apparent that there 
exists a non-singular matrix K, such that 

K*(AB* +E)” BK =H, where H = [H Ha: >, Hs] and 

H; = [Hn, Hint c, Hin] and Hai = eu (A + i)" 71. 
If 1 > t the signature of H4; is obviously zero. Ift St and À -+ à; is positive, 
the signature of H,; is independent of the value of m. Let us suppose à, so 
chosen that if A = — M, Aj HÀ > 0 (j= 2,3,- -, t). Let s; be the signa- 
ture of Z; m — àE)”, and s be the a of Vi(Mı— ME)” 
= 3,° “oo. Ti m = 11; 
‘ Z,(M, —),E)™ = 0, 
and, since the signature of Z(M +- AE)” and V (M +E)” are the same for 
all real values of A and every integral value of m, we have 
Sotset-: + +s —sa tes +--+ st. 
If m == 1. $; the signature of li (M, Same A,H)™ 18 5 e134 == Ils and the 
signature of V; (M, + A,#)” is X8 =ou. Therefore 
Z ter Fs H: St = 38 H 8'0° - sb i. 

Hence > Teir == = 3.45 i €, Gy, = Pi 


On continuing this process, we easily see that oi; = o;z for every value of 
+ and 7. Thus if (a) and (8) are true, the two pencils have the same normal 
form. | 
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‘+The matrix which we transform here differs from that in (8) only as to the ` 
situation of B, hence a change of notation would be necessary to alter this slight’. 
difference; but it is obvious that the work carries through in the same manner, so we 
refer to (8), keeping this difference in mind. 


A GENERALIZATION OF THE VERONESE AND STEIN ER 
SURFACES. : 


By Josx R. Mayor. 


Introduction. If f,(a;) are linearly independent quadratic forms, the 
equations 


(1) Yi = f;(2;), t= 0,- ` ', R =r(r + 3)/2; 7 = 0,° "ty? 


map the points of S+, hereafter called +, upon a locus of dimension r in Sp., 
It is called the Veronese variety. In this paper properties of this variety and 
of its projections are studied by means of a (1,1) correspondence that may 
be set up between the hyperquadrics of m of the system 


(2) | È Afi (tj) = 
and the hyperplanes of Sx of the system 


(3) | | 3 Ayi = 0. 


If (2) is the system of all hyperquadrics o of v, it is Bene and the variety 
given by (1) is of order 2". 

Properties of the Veronese G?” are determined in Article 1. In the 
second, third, and fourth articles two projections of the G2" upon an Sm: are 
considered. The first projection, given in Article 2, is that for which the 
space of projection So, c=(r? + 7—4)/2, is chosen in a general way in 
order that the hypersurface, G,*’, obtained by the projection is one which 
can be represented rationally by general quadratic forms. Articles 3 and 4 
are devoted to the second projection; for it the Se of projection is chosen in 
a special way in order that the hypersurface resulting from the projection 
may have the equation 

XS yt = 


G,?" is used to represent only this Veronese variety in Sg given by (1) 
or its projection upon r, from a general Se of Sr. The locus in Sra, which 
has a rational representation with each f; the square of a linear form, is 
denoted by F',?” to distinguish it from that for which the f; are general quad- 
ratic forms. In the discussion a pair of points P, P’ always refer to a pair 


* Presented to the Society, Apr 14, 1933. 
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of points which forms a composite hyperplane hyperquadric of a linea? sys- 
tem corresponding to the space of projection, under the correspondence which. 
is established, 

The well-known Veronese surface is given by (1) for r = 2; Veronese * 
showed that the Steiner surface is a projection of the Veronese surface from 
' a general line upon an Ss. In this case, r == 2, there is no distinction between 
the G.* and Fot in S3, since in a general linear system of coo? point conics, there 
are four conics which consist of a line counted twice. Hither. of the two pro- 
jections of the Veronese variety G?” which are given in this paper might be ` 
considered as generalizations of the Steiner surface. The author has deter- 
mined in detail the properties of the Veronese variety and these two projec- 
tions of it for the cases r = 8 and + == 4 but the results are not included here. 

Several references to a generalization of the Veronese surface occur in 
the literature. That generalization, for r= 8, is implied by Reyet in a 
discussion of linear systems of quadrics. Use of the Veronese (5° is made 
by Del Pezzo f in his'study of surfaces of n-th order in Sp for the case n = 8. 
Bertini § first rigorously proved that the Veronese surface is the only surface 
of S., * > 4, not a cone, whose tangent planes meet in pairs in a point. This 
theorem has been extended for varieties of dimension 3 and 4 by Scorza.{ 

In a paper devoted to varieties whose plane sections are elliptic, Scorza | 
first referred to the variety given by (1) as the variety of Veronese and 
mentioned that the G, is a double locus of a certain M°. In a generaliza- 
tion of an argument recorded by Bertini,** he showed that two Gs coincide 
if they have two hyperplane sections in common and that any variety whose 
.general hyperplane section is a GS is a cone. It is stated in a footnote that 
the argument, could be generalized. This last property has also been given 
in a more general theorem by Tanturri.t f+ 

Cosserat ti suggested a method for studying a certain type of surface 
as a hyperplane section, of the G in S4. , He mentone the special variety, 


* Veronese, Reale Accademia dei Lincei, Memorie (3), vol. 19 (1884), pp. 344-71. | 
t Reye,. Journal fiir Mathematik, vol. 82 (1877), pp. 54-83. 

t Del Pezzo, Rendiconti di Palermo, vol. 1 (1887), pp. 261-71. 

$ Bertini, Introduzione alla geometria proiettiva degli iperspazt (Pisa, 1907), 


p. 315. 
4 A Scorza, Rendiconti di Palermo, vol. 25 (1908), pp. 193-204; also, vol, 27 (1909), 
pp. 148-78. l 


|| Scorza, Annali di Matematica (3), vol. 15 (1908), pp. 217-73. 

** Bertini, loc. cit., p. 342. 

tt Tanturri, Giornale di Matematiche di Battaglini, vol. 45 (1907), pp. 29l- 7. 
(14° della. 2° serie.) 

tt Cosserat, Comptes Rendus, vol. 124 (1897), pp. 1004-8. 
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F;*, in this connection and noted thet his variety in that case is one of the 
“ipersteineriana” of Brambilla.* The F?” of this paper is a special case, 
n = 2, of these “ipersteineriana,” hypersurfaces of S,,, which can be repre- 
sented rationally by the n-th powers of linear forms. Brambilla’s method is 
strictly analytic, while properties of the F,2" are found in this paper by 
means of its projection from the Veronese variety. Segre + made an applica- 
tion of a cubic variety, which is a particular case of the Veronese variety for 
r= 3, to a study of systems of lines in § and surfaces in 83. Palatini f 
has defined a variety representable in S; by all the varieties of dimension 
r— 1 of S, of a given order and considered some special cases in a study of 
forms (particularly ternary) which can be represented by sums of powers of 


linear forms. 


1. Properties of the G,” in Spr. Let all the. point hyperquadrics of x 
of a linear o/ 4 system correspond to the oo hyperplanes through a point 
of Sr. If one makes this point of Sr correspond to the hyperplane hyper- 
quadric of + apolar to the point hypecquadrics of the 0+ system, by means 


- of the (1,1) correspondence between the point hyperquadrics of m and the 


hyperplanes of Sz given by values of A; in (2) and (3), one obtains a (1,1) 
correspondence between the hyperplane hyperquadrics of m and the points of 
Sr. It can be shown that this correspondence is unique in both directions. 
The conditions that a point of Sr he on a hyperplane of Sp is that the cor- 
responding hyperplane hyperquadric and point hyperquadric cf m be apolar. 
Requiring that the hyperquadrics of (2) pass through a point x in ~ is 
requiring that they be apolar to a hyperplane hyperquadric which consists of . 
a point counted twice, the point: 7. Thus each point of G,*" corresponds to a 
point of r, considered as a hyperplene hyperquadric consisting of a point 
counted twice. The points of hyperplane sections of G,*" correspond to the 
points of r lying on a hyperquadric ir z The 27 points in which G,*" is met 
by an Sr-r correspond to the 2" base points of a linear oo” svstem of point 
hyperquadrics. . 
In S, are oo? point pairs, so that to all point pairs of r correspond an . 
M*,, k = 4( ry. The G,2" is double on the locus M*,,. The complete sys- 
tem of hyperplane hyperquadrics of m which consist of a pair of points is of 
dimension 2r; since by 27 hyperplanes are determined, 3 (*) pairs of points, 


* Brambilla, ‘Atti dell’Accademia delle scienze fisiche e matematische, Napoli (2), 
IX (1899), paper no. 14. Also other papers by the same author, the results of which 
have been combined and generalized in this paper. 

t Segre, R. Accad. delle scienze di Torino, Memorie (2), vol. 39 (1888), pp. 1-48. 

ł Palatini, R. Accad. dei Lincei, Rendiconti (5), vol. 12 (1903), pp. 378-84. 
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the degree of the system is a( 7) . Consequently in any linear system of 
hyperplane hyperquadrics of dimension R—2r are $ (7) hyperquadrics 
which consist of a pair of points; or the variety M*ər is met by an Srer-1)72 
in Sr in k points.” 

To an i-dimensional locus of order n in m corresponds one of dimension 
i and order 2'n on G,” in Sr. On G,” the only loci of dimension i are of 
order 2'n. In Sp, a variety Vi2"", is met by an Sz4 in 2'n points. These. 
points in + correspond to the 2*n points in which a locus V4" in r is met by 4 
hyperquadrics. By the correspondence an Sz; corresponds to 1 hyperquadrics 
in m, since it is the intersection of + hyperplanes. Suppose on G,*" were a 
locus V;", m €2n. Then it is met by an Spin m points. But these points, 
since the correspondence is (1,1), correspond to the m points in which a 
variety of dimension + in + is met by 4 hyperquadrics. This variety is neces- 
sarily of order m/2*, which is à contradiction. | 

The system of hyperplane hyperquadrics consisting of a fixed point with 
every point of an Sj; is an œt linear system. On M*, are linear spaces Sj, 
(t—=1,---, r). From the correspondence in w, it is seen that each S, of 
M*., has a point in common with G,;?" at which it is tangent. Two S,’s of 
M*,, always have a point in common which is not a point of G,?".+ There 
are two different types of planes on M*,,. Those already described are referred 
to as planes of the second species. A plane of the first species corresponds in 
x to a linear system of hyperplane hyperquadries consisting of every point 
pair ona line. Such a plane of the first species does not meet any of the other 
linear spaces of M*,, in more than a line. Two planes of the first species may 
have a point in common, in which case it is a point of G2", The planes of 
the first species meet G,?" in a conic. On each point of M*2, is a plane of the 
first species and two Srs. The two Sps through a point have only the one 
point in commoa, but the Sər determined by them contains the plane of the 
first species through the point. Each 8, has a line in common with the plane.’ 
Through a point of G,” are cot planes of the first species and just one S;. 

Two 8,’s of M*,, determine an Sar, which is met by a third in an Sar-1; 
r of the S,’°s determine a hyperplane in Sg. This hyperplane is tangent to 
G"" at + points and from the correspondence is seen also to contain the conics, 


* The order k of the variety may also be obtained from formulas given’by Segre, 
Atti della Reale Accademia dei Lincei (5), vol. 9 (1900), p. 258; this case requires 
` that a symmetrie determinant of order r+ 1 be of rank 2. Seorza noted, Annali di 
Matematica, loc. cit., that properties of the Veronese variety could be determined with 
the aid of these formulas of Segre. . 

7 Scorza stated that the tangent hyperplanes of the Veronese variety, for the cases 
' r= 3 and r= 4, meet in pairs in a point (see the introduction). 
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cut out by planes of the first species, joining these points in pairs. Such a 
' hyperplane in general corresponds to a hyperquadric of m with r double points, 
points of an Sr, and the lines on the hyperquadric joining these. Such a 
hyperquadric is necessarily a hyperplane squared, so that the hyperplane of 
Sp corresponding to this hyperquadric meets the @,2” in a V 2, counted twice. ` 
It is tangent along this variety, as is seen from the correspondence in r; 
it contains all tangent hyperplanes to G,” along this F ri: The G,” has 
hyperplanes tangent along a V?"". 


2. Projection of G,” from a general Se. The projection of the Veronese 
G,” upon Sra from a general Se, a Gr” in Sra, is represented by (1), where 
t= 0, r41; 7=0,:--,r. The Se of projection meets the M*,, in a 
C*,.. corresponding to the locus of point pairs P,P’ which are hyperplane 
hyperquadrics in the linear system of wo hyperplane hyperquadrics corre- 
sponding to the Se. The conics of G.?” which lie in a plane of the first species 
on a point of C*,. correspond to the lines PP’ in x. Under the projection. 
for each point of the C*,.2 is a double line on G,” in Sri, since on each point 
of C*,_2 is a plane of the first species which meets G,?" in a conic. This conic 
projects into a double line; every Secs through the Se of projection and a 
point of the conic will necessarily meet the conic in two points. On G, in 
Sra is a double locus, V eg: which ie a locus of double lines. 

The points of tangency of lines from a point'of C*,.2 to the conic on its 
plane of the first species project into cuspidal points on Gr?" (in Sri) with 
the properties of cuspidal points of a Steiner surface. On G,?" there is a cus- 
pidal locus V2, which corresponds in v to the.locus of points P, P’. These 
multiple loci and others, arising from the intersections of the double V"’s may 
always be determined by a eonsideration of the properties of a linear «’** sys- 
tem of point hyperquadrics. Triple loci on G,?" in Sr correspond to loci of 
intersections of two lines PP” as is the case on the Steiner surface; and k-fold 
loci correspond to loci of intersections of & —1 lines PP’. If two lines PP’ 
of m intersect, the corresponding conics in planes. of the first species associated 
with points of C%,.; intersect in a point; an Se determined by the Se of pro- 
_ jection and a point of intersection of two of these conics meets each of the 
conics in a second point, and, as the Se. meets the G,” in Se in three points, 
the projection of G,?" upon r+ will have a triple point. 

Since part of the projection in this general case may be discussed in 
terms of the projection of the Veronese surface to obtain the Steiner surface, 
it might seem possible that the projection of the Veronese G,*", for a given r, 
from a general S, could be described in terms of that for the preceding value 
of r as is precisely the situation fcr the special case to be considered in 
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Article.3. This however is not the case. In the general linear system of «7 
point hyperquadrics in ~, for r > 3, there are no hyperquadrics which consist ° 
of two hyperplanes.: The order of the system of. hyperplane hyperquadrics 
‘apolar to 7 point hyperquadrics is c. [(7? + r—4)/2] + 1 conditions 
must be satisfied by the coefficients of a hyperquadric apolar to this system. 
This is > 2r, for r > 3.* For the projection of the G,” from an Se in Sr 
to be described in terms of the projection of the preceding case, that is as the 
projection of cot G? Ps from an Ster-ay%(r-1y-41/2 IN Serseyer-1y/2, It is neces- 
sary that some space of the space of projectivity meet the M*ər in a locus like 
that in which the projection space meets the variety on which the Veronese 
variety is double of the preceding case. This is possible only if in a general 
linear system, of o° hyperplane hyperquadrics there is a linear system of - 
dimension [(r— 1)? + (r — 1)-— 4]/2 which contains a locus of point pairs 
just like that in an oof(r-)*(¢-0)-41/2 linear system of hyperplane hyperquadrics 
of Sr. If such a system existed there would be imposed upon the hyperplane ‘ 
which contains it conditions sufficient that another hyperplane could be deter- 
mined such that the product of the pair would be a hyperquadric of the system 
in w.apolar to the o° system. If a hyperquadric is composite, with a hyper- - 
plane containing this configuration of pairs of points which are hyperplane 
hyperquadrics of a system of dimension c as a component of it, it satisfies 
{[(r—1)? + (r—1) —4]/2} +1 of the conditions that a hyperquadric 
must satisfy in order to be in the system apolar to a system of dimension c. 
'A hyperquadric belonging to such a system must satisfy c -+ 1 conditions. 
But [(7? + r--4)/2] + 1— {[(r—1)* + (r—1) —-4]/2}—-l=r A 
unique hyperplane could be determined for the other component, But if this 
oo? system is general, the system apolar to it is also and could not have a 
. hyperquadrie degenerated to a pair of hyperplanes. 
It follows that on G,*" of Sri: there is no G37 forr > 3. 


3. Projection of G,” when the Sc ts specially chosen. When the space 
of projection is chosen to meet the M*.,, on which G*" is double, in such a 
way that the linear system of hyperplane hyperquadrics corresponding to it 
in w is a linear system with an apolar (r -+ 2) — Sra, the G,*’, which is the 
projection is denoted by #,".+ The locus of point pairs P, P” of the system. 


* Note that for r= 2, the number of conditions is two so that given any line in 
the plane another can be determined such that the pair form a conic of an co? linear 
system of point conics. This accounts for the fact that esch tangent plane to a Steiner 
surface meets the surface in a pair of conics. - 

+A linear system of hyperplane hyperquadrics is said to have an apolar 
(r-+2)—S, ,.if there is associated with the system r+ 2 hyperplanes such that 
the 8,’s, (t<r—1), determined by r—i of the r+ 2 S8,_,’s are apolar to the 


~ 


t 
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of hyperplane hyperquadrics is the (r + 2) (r+ 1)/2 S,-2’s of intersection of 
the r +- 2 hyperplanes of the (r + 2) — Sr... The points P, P’ in a pair are 
so arranged that each point of an Si determined by r— i of the + + 2 hyper- 
planes, with every point on the S;2-; determined by the remaining 1+ 2 of 
these hyperplanes is a point pair forming-a hyperplane hyperquadric of the 
system. From the correspondence between the point pairs of m and the points — 
cf M*,, it is seen that the So of protection must be chosen to meet the M*e,, 
of r ws odd, in (r+2)(r+1)/2 tinear spaces Sr. and Ce) Ves for 
p = 1,: ;: -, (1—3)/2. If r is even the configuration in which the space 
of projection meets G,*" has (r-+2)(r+1)/2 linear spaces Sro, hee 
Vie’s for p=1, : : +, (r—4)/2, and (zia )/2 VP, 8 for p= — p— 2. 
kp tg the order of the system, of hyperplane hyperquadrics made up of a pair 
of points, one from. an Sp of Kr and the other from an Sy-2 not meeting Sp. 

On each point of this composite CF,» aS in the general case, there is a 
plane of the first species which meets G?” in a conic and this conic will be 
projected into a double line. From the correspondence in + it is seen that 
all of the planes of the first species on a point of one of the (r + 2) (r + 1)/2 
Sr-28 of O*,_2 meet in a point so that part of the locus of double lines on 
PF," consists of (r-+2)(r-+1)/2 V2""s, [case r= 2, there are (r+ 2) 
X (r+1)/2 X 2], on each of which there are œ lines through a point. 
Further the points of tangency of lines of a plane of the first species, from 
the point of the C%,-2-to the conic on the plane, project into cuspidal points. 
Since these points correspond to P, P’ in ~v, the cuspidal locus will correspond 
to the Srs of the (r+ 2) —S,4. Therefore there are (r+2)(r-+1)/2 
Ver) 's on Fr”, the points of which have the properties of the cuspidal points 
of a Steiner surface. In fact, in the next article it will be shown that the 
Ver, 8 are actually the loci of cuspidal points of the œ"? Steiner surfaces 
which are on F,”. It follows that the V ary is an Fe from the fact that 
an 8; of the (r + 2) — 8r- is met by the other spaces of the (r + 2) — Sr- 
in an (t +2)— Si- By an S; cf the (r+ 2) — Sr- is meant an S; 
determined as the intersection of r —1 of the r + 2 hyperplanes. 

As in the more general case, all the properties of the F,” may be deter- 
mined by means of a consideration o= the properties of an o° linear system 
of hyperplane hyperquadrics with an apolar (r + 2) —8;-,. Where two lines, 
PP’, meet in two, or r in a point the conics on the planes of the first species 
cf M*,, meet 2 or r in a point, and in the resulting projection triple or 
(r + 1)-fold points arise. 


pig 5 ei by the remaining 8, ,’s in regard to the point hyperquadrics of 


the system apolar to this system of hyperplane hyperquadrics. 
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4. Fi "son F,*". A consideration of the properties of an (r a 2) — ore 
in 8, is sufficient to show not only the existence of Fi?°s on F,2", but also 
how each projection may be described in terms of that of next lower dimension. 
In an (r+ 2) —S,1 in S, are a) 5s, (t < r). In each hyperplane of 
the (r+ 2)-—— Sr- are Cis) Ss; in each & («<< k <r) are CD Srs. 
Through each Sẹ are C4) 5 vs (r>1>k). In an (r +2)— Sra of Sr 
the configuration of spaces on any Sx is that of an (k + 2) — Sra in an Se. 
In the (m-—+- 2)— Sms of an Sm, belonging to an (r+ 2) —Sy1 in Sr 
the Srs (t < m— 1) of Sm, intersection of Sm with an Sr-msi of the 
(r -+ 2)-—S,r1 in Sr, are opposite in the (m+ 2) —-Sm-ı of Sm to the 
Smi- in the (m + 2) — Sm. of Sm, which are opposite to the Sma in the 
(r-+ 2) —S,. of Sr. Thus, in the configuration of a (k -+ 2).— Sx. of an 

iz Which is an Sx of an (r+ 2) — Sy. of Sr, (k < r), the point pairs which 
are on opposite spaces, are also on opposite spaces in the (r -+ 2) — Sr. 
These properties may be used to prove the theorem on hyperquadrics: The 
oo? point pairs consisting of the pairs made up of a point of an S: of an 
(k +2) — 8r- (t < k— 1), of 8y with a point. from the opposite Sy. 
are hyperplane hyperquadrics in a linear œo %+-9/2 system of yppa 
hyperquadrics in Sr, (r = k). 
Any 8,1 through an Sr- of the (r -4+ 2) — Sr is met by the spaces of 
the (r+ 2) — Sr in an (r+ 1) —S;2, and points of the (r -+ 1) — Sr. 
of rı on opposite spaces are on opposite spaces on the (r-+ 2) — Sr. 
© By these theorems it is seen that the components of O% meeting any of the 
linear components of it, are met by œt Secr-1)%s¢r-1)-41/2'8 in the points corre- 
sponding to an (r-+-1)—Sr.. The projection of the G,” from an Se, for 
this special case, actually reduces to the projection from 001 Sr cr-1y%s¢r-1)-4]/2 S. 
All of the multiple loci on the projection of the Veronese variety arise 
from the manner in which the conics on G, intersect; but the: conics on 
G,*" intersect as they do on G2. -On F; are (r 4-2) (r+-1)/2 sets of 
co? Fis with a cuspidal #°" common to all of one pencil, which is a irope 
for cach of the FY s of the 1 pent On F,” are œt varieties, F”. 

On F,” are œ" V?""s corresponding to the hyperplanes of Sy. For 
r= 2, any V? is an F,? so that on the Steiner surface are œ? conics. The 
existence of the pencils of F?"s follows from the property of the Srs- 
through an Sr-z of the (r -+ 2) —Sr. just stated. The cuspidal property 
of the locus corresponding to the Sr-z itself is shown below. 

The #?"s on F,°" correspond to œ hyperplanes on an Sz of the 
(r -+ 2) — Sy but a pair of these hyperplanes form a hyperquadric of the 
system corresponding to the Se of projection. A necessary condition for an 
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S,.+ in Sr to correspond to an F? is that it be one of a pair whose product 
is a hyperquadric of the system corresponding to the Se of projection. This 
follows from the same argument used in the general case of Article 2. The 
condition is sufficient for all but those 4 : 2) (r+ 1)/2 exceptional hyper- 
planes, joining an Sr of the (r +2) —Sr+ to the opposite verter, which 
correspond to double V2 Ps, 

In a linear system of co point Eanes which is apolar to a linear 
system of 0° hyperplane hyperquadrics with an apolar (r+ 2) —Sr-+, are 
T+ 2 hyperplanes squared. If the space of projection, Se, corresponds to 
such a system of hyperplane hyperqiadrics, through Se are r + 2 hyperplanes 
in Sp, each tangent to G,” along'a V2". These appear on F,*" after pro- 
jection, as V?"’s with properties similar to those of a conic trope of a Steiner 
surface. Also since hyperquadrics of the system which consist of a pair of 
hyperplanes or hyperplanes countec. twice, are hyperplanes through an Sy.» 
of the (r + 2) — Sr- these V?""s are Fis., On F,” are r 4-2 F's with 
properties of a conic trope for a Steiner surface. They are the locus of conic 
tropes for the ot? Hos of Fi”. The class of Fr” is + 4- 2, and its hyperplane 

equation 1s X l/u; = 0. 
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LINEARLY CONNECTED SPACES AND ENNUPLES OF CURVES. 


By Harry Levy.  ' 


1. Ina Riemannian space with a positive definite fundamental form 
(1s) | | ds? = gi;dz'dz! 
n mutùúally orthogonal unit congruences of curves defined by 
(1.2) AE aA = AE? SaM? = © + == AEPS aA” (a==1,2,: + -,n) 


and consequently satisfying the conditions 


4 


0 % 
(1. 3) Jij aà’ pal == ap == Toe 


1 a=, 
determine a set of invariants, which we denote by Ypy defined by 
(1.4) > Ypy = B$, MAG Àt. 
It is immaterial whether we adopt the customary-definition 

| “i = Jij a? 


or whether we define 4A; to be the cofactor of «àt in the determinant A = | gM | 
divided by A itself. ‘pri; is the covariant derivative of gd* with respect to the 
form (1.1) 
> (1.5) . pr4j = Opr'/0a) + pàr). 


Here {atj} are the Christoffel symbols of the second kind formed with respect 
to the form (1.1). . 

It is readily seen that it is not necessary in the formulation of these ideas 
to restrict ourselves to Riemannian geometry as did Ricci when he first intro- 
duced the y’s.* For example, in a linearly connected space, that is one in 
which parallelism is defined by means of nè arbitrary functions I“; instead 
of $n°(n-+ 1) functions which are the Christoffel symbols of a quadratic 


* L. P. Eisenhart in his Riemannian Geometry, Princeton University Press (1926), 
gives a detailed treatment of ennuples and their coefficients of rotation, the name intro- 
duced by Ricci of the functions yag,. We shall refer to this hook with the notation R. G. 
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form, we can readily define invariants of an ennuple essentially by the above 
process.” l a 

In the development of both Riemannian geometry and the geometry of a 
linearly connected space ennuples cf curves and their invariants have played 
an important rôle. It seems to the writer however that the possibilities in this 
direction have not been fully explorted, partially because the methods applied 
depend on Ricci’s absolute calculus rather than on a calculus in which the 
ennuples themselves play the fundamental part. One result of this is that 
in the main the invariants y%g, have been utilized in the study of properties 
of configurations within the given space rather than those of the space itself. 
We shall develop and apply a theory in which the ennuple and its invariants 
are fundamental, in which for example, our process of differentiation, analo- 
gous to covariant differentiation, enables us to obtain from a given intrinsic 
tensor (see § 3) a new intrinsic tensor. | 

From another point of view our work, will tie up with Graustein’s study 
of invariant methods in classical differential geometry in, which he points out 
that a powerful theory may possibly be built by combining the methods of 
Ricci and the intrinsic methods of Cesaro.+ | 


2. We begin with a space Vm of n dimensions, to every point of ` 
which is assigned codrdinates s, g, + -,2"% n independent but otherwise > 
arbitrary contravariant vector fields are given by a set of functions «àt where 
a,i==1,2,:-+,n and @ is fixed fcr a fixed vector field. We associate with - 
the ennuple ,A* a set of në arbitrary functions yay which we postulate to be 
invariant under transformations of coSrdinates. We shall speak of these y’s 
as the invariants of the ennuple at. . 

If in place cf the n given vector fields we introduce n others we can 
express their components «àt linearly. in terms of the components of the 
given fields { . 

(2.1) ga! == taf prt 


and we postulate that the invariants of the new ennuple are obtained from 
those of the old by means of the equations 


* See the author’s “ Congruences of curves in the geometry of paths,” Rendiconti 
del circolo Mathematico di Palermo, vol. 51 (1927), pp. 304-311, for the case of a 
symmetric linear connection, and Hisenhart’s “Non-Riemannian geometry,” American 
Mathematical Society Colloquium Publications, vol. 8 (1927), for the general case. 
We shall use the abbreviation N-R, G. to refer to the latter work. 

{| Bulletin of the American Mathemctical Scciety, vol. 36 (1930), pp. 489-521. 

+ As usual an Index repeated, once as a subscript and once as a superscript, is 
summed from 1 to m. 
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(2.2) Pray = Yractatty Th + (Ate */ba! wi Taft 


Here Tf is the cofactor of ig? i in ¢, the determinant | tg p divided = t itself, 


SO that . o g i 
(2. 3) TPt. — da’, TP ty = yp, 


where 8,7 is Kronecker’s delta 


Y= 44 uy 


(2. 4) ee 


We define the associate covariant vector fields A; by 


(2.5) o Mumi, 
so that | 
(2. 6) E Or; gd! = §;*. 


It is readily verified that the transformation (2.1) induces on “A; the 


transformation | fe. a 
(2.7) Oh; == Tet Pri. 


We shall denote by 0/0s, the operator aàt 0/dx* so that 
(2.8) 3/Sa = di d/dxt, 8 /da* = "Ai 0/05q. 


Through differentiation we find that intẹgrability conditions take the form 


ða ð at) ô 
(20) O86 +) - 08a ilies) = (= "sa J Oat ` 


From (2.6) we obtain by differentiation — 








(2. 10) © (Ô gA*/dsg)*Aj + ad! 0 4A;/05p = 0, 
whence : 
(2.11) Ô aht /ðsg = — (8 VA;/Osg) yA? adi. 


Equations (2.9), may be rewritten by means of (2.11) 


, | ams, am Nð 
D os ERA E At D a 
(2. +) i, .(2-)—- 5 (ee) = ( sq ” Jsa aA OS ` 
It will be useful to insert. here also the equations obtained from (2.10) 
by ean for 0 %A;/dsg 








(2. 13) 0°;/Osg = — (0 yA*/Osg) VA; Ai. 
; . ` ' Š l 


In a similar manner we obtain from (2.3) that 
6 - 7 
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(2.14) AL B/S = — (tg /bsy) PT. 
Equations (2.2).may be written | 
(2. 15) Y py == Yoc attg ty +. (6tg"/Ose) Tatty.. 
If we solve these for the derivatives of ét we obtain 
(2. 16) Oby2/08¢ = Ynytat T Y — yectr®. 
From (2.14) we obtain by means of (2.16) that 
(2. 17) IT p°/ 08 = — Yoc T g LD? + yeI a”. 
If we denote by Tije the functions defined by i 
(2.18) © Tije = yay phi 40g YAn — (Ô aM? JIE) O; 


and by Dije the corresponding functions for the ennuple defined by (2.1), 

we find by virtue of (2.15) together with (2.1), (2.3), and (2.7) that 
Ti, = I%j,, so that these are independent of the choice of ennuple; moreover, 
we obtain from (2.8) that with respect to arbitrary. transformations of 
` codrdinates 


(2. 19) gi == C aa s”) 
the functions Ij, undergo the following transformations 


See «at OF Oa! Par Og! 
i ats TG oy neces. Meat te a eee ee 
(2.20) Die = Vet 57 OR Gar T Geilo Dat 


so that they may be taken as the components of a linear connection.* 


4 


3. If Ae i is a set of functions on which iie transformation (2. 1) ` 
induces the Pee 


N 


(3.1) A el eee ee a i Es 

We say that the functions Ap: "gh are the components of an intrinsic tensor 
of order À -+ u, covariant in the subscripts bı’ - * bp and contravariant in the 
superscripts @,° > -an A tensor of order zero will, as usual, be said to be an 
invariant, and one of order one a veczor. In particular aà (%==1,2,° > en) 
are components of an intrinsic covariant vector, while “A; (a == 1,2, -n) 


* Hessenberg in his paper “ Vektorielle Begrundung der Differentialgeometrie,” 
Mathematische Annalen, vol. 78 (1917-18), pp. 187-217, defined a connection in terms 
of an ennuple in such a way that yA, = 0. 
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are components of an intrinsic contravariant vector. When necessary to em- 
phasize the difference we shall 'refer to a set of functions which undergo the 
ordinary tensor laws of transformation with respect to transformations of 
coordinates as the components of a scalar tensor. i 


If we express the components wt (i= 1,2, -n) of a scalar cortra- 
variant vector linearly in terms of the components of a given ennuple 
(3. 2) p= Ae gd! 


the coefficients A* are scalar invariants and the components of an intrinsic 
contravariant vector. 

Clearly the algebraic results of ordinary tensor analysis may be extended 
to include the theory of intrinsic tensors.* 

Just as an algorithm for obtaining scalar tensors from scalar tensors may 
be established by differentiation and through the specification of a set of 
functions (for example, the components of a linear connection) so can we 
establish a similar algorithm. If we differentiate (8.1) and eliminate the 
. derivatives of the #’s by means of (2:16) and (2.1%), we find that 


Í a. — Aad + 2) by. e -+È CU ay . a TFA 
(3. 8). Ag: eae = Ae cs - base te ten by Le To 
where 
` 0A a: a) ` 

3.4 ae — bure bu n PEE ere 
(3. 4) ee agen PC ene eae 

n i ; 

she a. a h 
2A a ea 


and A an ake is obtained from 4 oe. by similar equations in § and the 
y's. We doves speak of A a the intrinsic covariant derivative of 
Ane: . Again it is clear ihe intrinsic covariant differentiation of the sum, 
ioen, or product of tensors obeys the same laws as does ordinary dif- 
ferentiation. t 

We shall obtain in section 7 the aigi of Ricci’s identities for the 
interchange of the order of differentiation in the case of a second covariant 
` ‘derivative. E 

We may observe here that if the components of an intrinsic tensor are 
scalar invariants its intrinsic covariant derivatives are also scalar invariants. 


4. If we subject an ennuple ad! with invariants yg, to a transformation 
(2.1) we obtain a new ennuple aA? whose invariants y*gy are given by (2.15). 
Under a general transformation of coérdinates given by (2.19) we obtain 


* Of R.G., pp. 1-17. 
t Cf. R.G., pp. 26-30. 
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` (4.1) ad't = gi Oa't âri 
and l 
(4. nw ) . YB = Yer . 


where the primes denote the analogous functions in the 2” codrdinate system. 
If we eliminate the A’s and 7’s from (4.1) :and (4. 2) by means of (2.15) 
the resulting equations are reducible to 


(4.3) | : Oa’? /Osg = gr't Tet | 
and E i 
(4.4) Ptg / sy = y'*3cta* Ty — y*nytp”. 


Lt we differentiate (4.3) with respect to sy eliminate the derivatives of 
zi, tg and Tet by means of (2.17), (4.2), (4.3), and (4.4), interchange 
£ and y, subtract and make use of (2.12) we obtain 


t 


(45) O Legy = Lye Tatty? 
where ; 
(4. 6) i Leye = Yve — Yeo + oA? AiOS — cA* Ô i/o 


and L’%, is the same expression ih. the y”s, A”s and s’. For reasons which 
will appear later we shall call: Ly, the torsion invariant of the space. 

Under the transformations of codrdinates (2.19), the Xs transform in 
accordance with (4.1). By differentiation it follows that 


ie ÎN Ox’* . da! FOSY PAEA r! 
ôE Oa? Axi Iae U Axlaa ðk" 


If we multiply on the left by pr and on: the. ‘tight by its equal aM AT 
and sum on k we obtain 


(4.7) 








BaN Ort âri g'i 
ðs’  Ôsg Oat Fa ~ pr’ riða * 


soi thisitfollowe that 


(4.8) 


BAX Ô *)4,/08-y — or 8 Az/ dsp 


is a scalar invariant. Consequently L%, is a scalar invariant and an intrinsic 
tensor. 

Similarly we can differ ainai (4. 4) and apply the integrability condi- 
tions (2.12), after having eliminated the derivatives of the 2s, the vs, and. 
the T’s by means of (4. 3) and (4.4). We obtain that 


(4. 10) ple By = Popa teh etat 


3 : 
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where 
(4.11) P%,.4 = dy* elles — By* 14/880 +y a payřno ; 
| — yt*pey a H Yop (eA 8 Hg, / 08a — a 4 #Az/@se). 


and P’,.5 is a similar expression in y’, A’, and s’. ‘As was the case with Lec 
the P’s are scalar invariants and intrinsic tensors. We shall designate them 
briefly as the curvature invariants. 

By intrinsic covariant differentiation of (4.5) and (4.6) we > obtain the 
intrinsic tensors of.orders four and five respectively, invariants with respect 
to transformations of codrdinates, 


(4. 12) oa = Loyo aT a tg ty tat 


and 

(4.18) 0. Pga = Phra, Tptghtetglte 

where | 

one) L%y,4 = 810/884 + Lrey*ua — L"pey"va — Loyy"ea 


(4. 15) Prca, Tre OP *y04q/O8e + P#yeay~ne - Ptreay"ve = P®ynary"ce >=. Prony 
' ` h A 


and L’ĉroa and Pyca¢ are the same expressions in y’, L’, P’, and s’. 
If we denote, the intrinsic covariant derivative of “jz by "Agg so that 


(4. 16) he, p = i is “+ Any ng 
it follows from ic 5): that 


(4. 17) Lo pry = Aay BAY — A,B yA". 


5. In a linearly connected space there does not exist, in general, a 
coordinate system in which the coefficients of the linear connection are zero 
at a given point.* Only if the connection is symmetric can such a codrdinate 
system be established. This condition arises from the fact that the law of 
transformation of the coefficients of the linear connection involves the second 
derivatives. Since, the law of tr ansformation of the y’s involves only the first 


ð 0 re 
derivatives of tg and since TA byt ae FAFA need not be symmetric in 


B and y we expect and we shall proceed. to prove that there esist (infinitely 
many) ennuples which at a gwen pomt have given directions and whose 
invariants at that point are zero.‘ For if we impose on the functions tes the 
following conditions to be satisfied at- a Dronene, point Po: (oat: + og”) 


(5. 1) (taf Yo == §,8 


* Cf. N-R. G., p. 53. l ' l K 
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(5. 2) (tab ILE) o == — (Pap i)o- 
so that 
(5-3) bgt = 3g" — (Yer YM )o (2? — ot!) +> > > 


we find that the invariants of the new ennuple are zero at Py. Because of 
(5.1) the directions of the two ennuples coincide at Py). We shall say an 
ennuple is a canonical ennuple at a point if its invariants vanish at that point. 

' Fermi’s extension of local Riemannian codrdinates to local coördi- 
nates along a curve* is valid here too. For let a curve 0 be given by 


T? = g? == + >= ==, We define functions dg* of st by the differential 
equations 

(5. 4) (d/da*) dp == — (-y*pv "M ) c de! 

in which the y’s and )’s are evaluated along C. We now define 7’s as functions 
of the æ’s by means of a power'series in x*,2*,- - - a" whose coefficients are 
functions of zt, 

(5. 5) . ‘tpt == dg*— (yen i)e d at +o. 


The index iin (5.5) is summed from 2 to n. If we differentiate (5.5) and 
apply (5.4) we obtain , 


(5.6) (dtg 02") o = — (yar M) o dg 
(5.7) (3tp*/Ox*) a = — (Yan PAi) o dp 


and by substitution of these values in (2. 2) we find that yg, is zero along C. 
Along O, tg* = dg* and the two ennuples are related by the equations 


(5. 8) aN + == doh grt 
so that 
(5.9) > d aN t/ da = daf (Q prt / dT — y*py at Y). 


It then follows by virtue of (2.18) that 
(5.10) d at /da + Tije ah? da*/dat = 0. 


The directions A’* accordingly are parallel along Ọ in the space whose coeffi- 
cients of linear connection are given by (2.18). Conversely starting from 
(5.10) we can retrace our steps so that if a canonical ennuple is displaced by 
infinitesimal parallelism along a ‘curve its invariants are zero along the curve. 

In general it will not be possible to select an ennuple whose invariants 


| 


* Cf. N-R. G., pp. 64-67. t 


j 
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are zero at all points of a surface for in that case we must have in place of 
(5.4) a set of partial differential eee which do not necessarily admit 
solutions. 


6. The functions y%g,5 defined by 


(6.1) y% sys == Oy%py/083 — Oy%g5/88y — Y pp. (ys — yoy) + yay us — y" Boy uy 


are in the case of an orthogonal ennuple in a Riemannian space with a positive 
definite form identical with Ricci’s four index symbols.* We take (6.1) as 
their definition in every case. If we compare (6.1) with (4.6) and (4. 11) 
we find that 


(6. 2) Pins =e ty" pubs. 


Since the P’s and L’s are intrinsic tensors but +g, is not, it is clear that in ~ 
general y*gys ig not an intrinsic tensor. 

When the y’s are the invariants of an ennuple in a linearly connected 
space whose coefficients of connection are given by (2.18) it follows from 
(4.6) and (2.10) that 


i 
(6. 3) Legy = (Tiin — Tg) Aa prt Aë. 

Tf we denote by Btw: the curvature tensor of the space t} 

` (6.4) Bitir = OT 51/00" — LiOH T "j — Iin 


it follows by substitution in. (6.4) of the values of I“ and of their deriva- 
tives as obtained from (2.18) and simplification by means of (2. 5) that 


i a 4 
(6. 5) Ptge == — Bixi a), pj rk sr? ae 0 pat =u Ni ô ght : 
‘ Y 


We see then that in general the invariants determined by the curvature tensor 
are not intrinsic tensors. 


7. From equations (4.6). and (4.11) it follows at once that Lys and 
Pĉgys are skew aymmete in y and 8, so that 


(7.1) tya = — Ly, P* gg = — P% Br. 


In terms of a canonical ennuple with origin at a fixed point Po, y*gy will 
be zero at Po and from (4.6) and (4.11) it follows that at P, 


* Cf R. G., p. 98. 
+ Cf. N-R. G., p. 5. 
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(7.2) Legy = pA 8 igj OSy — yA* 8 %Az,/Osg 
and l pi > oN 
(7. 8) ` Pegy = (0/085 )-y* py — (8/084) ¥ ga. 


From (4.14) and (7.1) we obtain 


Ay I yg— = (4 aa 
(7. 4) By,6 Ass (y*By — Yve) ra Asa ty , < bss dsp 


2; 0%; 
F p Aea ) =a E a). 


Let us denote by C the sum of the terms obtained by cyclic permutation 
of the subscripts 8, y, ò so that, for example, 














(7.5) ` OL" py, 6 = Legy, F L'yag + Leop, y 
We observe moreover that the relations’ 
C noe C Avsg == O Assy 


hold for any set of functions An By virtue of (2,11) and this cyclic 
property we find that 


———_ a el 


apd! O°; ÔA! iy) 
O85 Isy i Os i 








0%, 0%; ) 
+ j ie pened 4 j 


Similarly by means of (2.12) _ a , 
69% 2 #4) _ (3 d ð $s) 
o (a As5 sy vÀ O85 Sg ed 085 OS sy O85 
DOA 9%, | 0%; 0%); 
= ta Sah St ta ood 
& (a aM! 08y 08a aan ‘085 «Sq ) 











Making use of these values in (7. $) we find by virtue of (7.1) and (7: 2) that 
CL gy,5 = Ope Ey — OL 


Since these are , tensor equations they hold for every , ennuple and at every 
point, so that ' 


(7.6). Pepys + Pt yap + Papy == Lpy, + Lys,5 + L'apy 
F Apple ys + Dey btag -+ Dep Le py. 


We shall see in the next section that the vanishing: of. Legy is a necessary 


` 


a t 
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and sufficient condition that the linear connection be symmetric.. In that case 
Lg, is also zero, and (7.6) reduce to the well known relations 


(7.7) Y py + Y rop T Yagy = 9. 


In a Riemannian space these equations are equivalent to the well: known. 


relations 
` Bij + Birk + Btr = 0. 


By means of a canonical ennuple we can obtain another identity in the 
P’s and L’s, one which may be regarded as the generalization to an assymetric 
connection of the identity of Bianchi. In fact in terms of a canonical ennuple 


(7.8) P%g45 e = Y — PA, 5 = ô yey re) 











as, Ose \ O85... OS. 
dy* PE ( Xj j ð HY; j 
T ds. \ dss a ôs BA): 


if we advance y, 4, e cyclically and =) we e here denote Py C the resulting sum, 
we obtain 


| Oy Bry 4p, 
(7. 9) are a =0 Ise ðs Sa ISe 


Ay%gu [0 EN; Ô ENj 
+07 a a). 
Y € 


} 





By means of (2.9) the first parenthesis on the right becomes 


Dy ie eee aes 
OS¢ sp “Oss Su 


` 


Because of (2. 6) this reduces to 


, OHA; Oy"py „j OPAG Oy “By | 


A “Asa ÔSu ÎSe - OSy ` 


If we substitute in (7.9) and make a slight modification in the dummy indices 
of the second parenthesis we ee 


OF p66 =C 0 *N5 ri Oy" pu _ 4 ret) aE u? OMA; (a ee 3y“ py 





‘ as. \Osy (Sp Bss \ Dsp sy 
or 
ypy — er) (ma Mj, 8 a ') 
CP Yay. = X (e ĝSy Sn as. ° A 


- consequently the relations 


(7. 10) P 4 Byd,e F rs Bde, + P They, 5 = P aguy Le be + P tgu Ley PP “gue L” yò 
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are valid at any point in terms of a canonical ennuple and since they are 
Intrinsic tensor equations they must hold throughout space for every ennuple. 
In the case of a symmetric connection they reduce to the well known identity 
of Bianchi and Veblen,* 


(7.11) Biik, A B'iru + Bhie = 0. 


In a similar manner we can obtain the generalization of Ricci’s identity 
for covariant differentiation. For in terms of a canonical ennuple the second 
covariant derivatives of an intrinsic tensor Am::-o are given by (cf. § 3) 

ene u 


ue ô 
w CEE Lease ae aoe a 
(7. 12) Ay ' vua = 0s ia nn? +34 -+ Op Isg l*a 
Be 9 h 
ea A a re i 
Consequently 
(7. 18) Ata.: oma Ans baa 
= — LrggAe na, HS Age Be apu — SAna P haB’ 


In particular, if A is an intrinsic invariant 
(7. 14) A ap — £,pa = — A,rlap 


and if A, is an intrinsic covariant vector 
- | 


(7. 15) Aa py — Aap = — Aanb” gy — AnP apy. 


8. In section 4 we found that under transformations of codrdinates and 
of ennuples the functions £%g, and F%gys were transformed in accordance with 
(4.5) and (4.10). Conversely if w2 are given two spaces each defined by n?” 
functions gA‘ and n? functions y%s, of the corresponding coördinates they 
determine the same space provided that equations (4.3) and (4.4) admit a 
solutions Consequently if (4.5) and (4.10) are identically satisfied equations 


(4.3) and (4.4) are completely integrable and the solution will contain - 


n? +n arbitrary constants. In particular for a Euclidean space in terms of 
n mutually orthogonal normal congruences of straight lines the y’s of Ricci 
are zero and Legy and P%gys are zero. Accordingly a necessary and i ae 
condition that a space defined , by an ennuple «àt and tc yay b 
Euclidean is that L%gy—=0 and Pe Bys = 0. 


* Veblen, “ Normal coördinates ifor the geometry of paths,” Proceedings of the 
National Academy of Sciences, vol. 8! (1922), pp. 192-197. 
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Clearly the n? + n constants of integration correspond to the fact that 
the -codrdinate system and the ennuple may be subjected to a rigid motion, 
and that independently of each other. Hence it follows that if ‘two ennuples 
mm KBuchidean space have equal invariants, they are congruent. 

From (6.3) it follows that L%g, are zero if and only if I; are symmetric 
in j and k. Hence it follows that a necessary and sufficient condition that a 
space defined by an ennuple aà and invariants yp, be a space with a sym- 
~ metric linear connection is that the torsion invariants vanish. 

We shall say that a space is pseudo-euclidean if P%gy5—=0. An example 
‘of such a space is one in which the coefficients of the linear connection are 
defined in terms of an ennuple by * i 


(8.1) Tt, == gd! 0%; /da* 


for it then follows from (2.18) that fay are zero, and consequently that 
Paga are zero for all ennuples. We proceed to show that every space for — 
which Ptge = 0 admits oo ennuples whose invariants y“gy are zero through- 
out the space, and whose coefficients of connection consequently satisfy (8.1). 
Since the coefficients of connection are invariant under transformations of the 
ennuple we must show that the equations 


(8. 2) an’* ð ay’, âa = "By aA? BA; YAg aag (0 ar! A0) N; 


admit as solutions n? functions «àt. These equations may be solved for 
ð tX ;/ðz* and it is readily found that the integrability conditions are identi- 
cally satisfied by virtue of the hypothesis that Pg == 0. Clearly if *A’; are 
solutions, Aa A’; where the A’s are constants, is the general solution. Since 
the invariants of the ennuple «aà? are zero, such an ennuple is analogous to l 
the ennuple determined by a cartesian coördinate system in euclidean space. 
We shall call such an ennuple a fundamental ennuple so that in a pseudo- 
euclidean space there exist œ fundamental ennuples, whose invariants are 
zero throughout the space, and the components of one fundamental ennuple 
are linearly dependent on the components of any other with coefficients of 
dependence which are constants. 

Since, under a transformation of codrdinates, the components of an 
ennuple are transformed in accordance with 


(8. 3) ant == gS Oeti 


there exists a codrdinate system 2’ in which the Xs are constants if and only 
if the equations obtained from (8.3) by differentiation, namely 


f 


* Cf, Hessenberg, loc. cit., p. 190, or N-R. G., p. 48. 
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7 oe ee ee G a a = 
(8. 4) Oxi Oak Ai, gk Bah 


admit a solution. One can verify easily that these equations admit a solution 
only if the coefficients of the connection are symmetric and then they are 
completely integrable. Accordingly a pseudo-euclidean. space admits a coördi- 
nate system in which the components of a fundamental ennuple are constants 
- af and only if the space is euclidean. 

From another point of view the connection (8.1) is symmetric if and 
only if 
(8. 5) (8 AjI) gd* == (0 Tg ICi) aA. 


These equations are equivalent to 
(8. 6) | -BONI = 8, /dai | 


and hence there exist n functions, f*, such that 


(8.7) - ay, — foô. 
If we put l 
(8.8) Wi [O(a x", ° a na”) 


' and regard these equations as defining the a’s as functions of the y’s it - 
follows that . 
(8.9) ad! = bxt /dy* 


~ 


so that the curves of the congruences can. be taken to be codrdinate curves.. 
Accordingly with any n congruences of curves we can associate by means of 
. the linear connection (8.1) a pseudo-euclidean geometry which is euclidean 
if 'and only if every set of congruences generate a family of hypersurfaces. 
This point of view may be of value in the study of Riemannian manifolds ` 
which admit n-tuply orthogonal systems of hypersurfaces. 


9. Werecall that if the coefficients of two linear connections are related by 
(9. 1) Pia = Din t bja + Sets + Nie 


© where ý; is an arbitr ary covariant vector and Nij, an arbitrary tensor, skew 
symmetric in 7 and k, , 
(9.2) Ny == — Ny 


contravariant in the index i and covariant in the indices j and k the two 
spaces have the same paths. Conversely if two linearly connected spaces have 


f 
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the same paths there exist a vector y; and a tensor N*j,.such that (9.1) hold.* 
If we define invariants *y*g, of an ennuple ,A* by : 





(9. 3) Fy gy a pàti Thi yA 
where 
(9. 4) ad" 3 == at, ji P] (aA? prj BAn + Èj? aA pAF n Prx) 


and aà? y; is the covariant derivative with respect to the I’s, and if we denote 
by *y%g, the corresponding functions determined by the I’s it follows that + 
(9.5) FY Bry = yy + N'e AG Br! At, 


‘Since *y%g, can be regarded as the invariants ot an ennuple in a space 
whose coefficients of linear connection are 


i 
noa a), 


it follows that with respect to transformations (2.1) *y%g, transforms in 
accordance with (2.2). Moreover since Nt; is an intrinsic eee +F py 


Tiiz -+H biiy + iy; where l Yr = = 


does likewise. We shall normalize tyton by so selecting Ni that *y%gy is 


symmetric in 8 and y for a particular ennuple. Although in the main the 
results of the preceding sections are valid here, one important exception occurs 


in § 8, for in the consideration of the equivalence problem one must here take 


into consideration a change in the value of the invariants me to the arbi- 
trariness of N*jz. 


UNIVERSITY OF ILLINOIS. ` 


-* Of. N-R. G., p. 81. 
7 Cf. Levy, loc. cit., p. 310 
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HEAT CONDUCTION IN A SEMI-INFINITE RADIOACTIVE SOLID. 


By Arnoro N. Loway. 


‘The boundary «= 0 of a semi-infinite radioactive solid is assumed to be 
kept at, or to radiate into, a medium at variable temperature (t). If the 
temperature at time == 0 is f(z) what is the subsequent temperature dis- 
tribution in the solid? 

The above problem is the generalization of a problem nedi in an earlier 
paper.* To solve it we shall first derive the solution for the case of a finite 
slab extending from v= 0 to v == q, and shall obtain the limit of the solution 
T (g, t) for a— œ. For the finite slab, the temperature T (s, t) must satisfy 
the following differential equation iritial and boundary conditions: 


cm (2/0) T (a, t) —k(#/da) T(2,t) = $(2, t) 
(2) Lim T(z, t) =f (2) 

(3) T (0, +) = $(t) 

(4) T(a,t) =Ù 


where k = Ratio between the thermal conductivity K and the product of the 
density d and the specific heat c; (z, t) = (1/ed) X heat generated per unit 
time per unit volume, and we have assumed that the boundary s = 0 is kept at 
temperature ¢(¢). The function fs, t) will be referred to as the “ radio- 
activity function.” It is clear from physical considerations that f(s) may be 
assumed to be bounded, piecewise continuous and twice differentiable. It is 
also-clear that (a, t) and (t) are bounded, and that ¢(¢) is differentiable. 
To solve the system (1) to (5) we make the substitution . 


(5) T(z, t) —[(a—z)/a] $(t) + u(z, t). 


The function u(z, t) must then G the system 


(6) t ula, t) ah oe (2, , sa t) +E p(t) = y(a,t) (say) 





(7) timata, t) =f(2) F(z) (say) 
(8) u(0,t) =0 
(9) u(a,t) =0. 


* Arnold N. Lowan, “ On the cooling of a radioactive sphere,” Physical Review, 
November 1, 1933. 
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The system (6Y to (9) is formally similar to the system (1) to (4), and 
may be said to characterize the thermal history of a finite slab initially at 
temperature P(x), the boundaries of which are permanently at 0°, and for 
which the radioactivity function is y(z, t). 

The solution of the latter system may be obtained by the method presented 
in the paper above mentioned, and may be written down at once in the form 


k 


(10) ult = f POr ENa fae f WENTE Eind 


where 


(11) D(a, $, N= 2 ee yn) Ya (E) 


the summation extending over the characteristic values, and og corresponding 
normalized characteristic functions of the system 


| "oo (æ) + My (az) = 0 
R  y(0) =y (a) = 0. 
Clearly 
(183) An = nefa; Yn(t) = (2/a)% sin (mr/a)z. 


In view of the EE of the ao F(z) and y (2, t), our solu- 
tion (5) becomes 





g r(z, é, t) dé 





| + f Hors Hae —a(0) 5s 


PEH EATE t— n)an | ae 
+f x J Enr E t— ndh: 


If the second integral in the third term is integrated by parts, and if we 
make use of the identity 
== >» Yn (T) Sos 


(16) Td = f Oriat [ae f HEDTlz E t— ndd 
+f $(9) Ga(a, t — 4) dy 


(15) 





Yn (É) dé 





our solution (14) becomes 


~ 
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> ; i 
where we have put 


S 2k ; — 
G, (2, t) => z% sin Anv * exp(— kànt) 
n=0 


— -— 


k 9 pi. Baas k ô 
P 2 exp [ (naa) — ke (n?x?/a?) t] = — on t(s, t) 
the subscript a being a reminder that the functions Go(a,t) and Ta (2, é, t) 
depend on a. , 

The problem has now reduced to finding the limits of the functions 
Ga( x, t) and T(z, é, t), as a —> œ. 

Consider the identity * 


(18) Š Regs (2nrvi — War) = i S A, 


Replacing v by %/2a and r by kt/a> we get 
© exp{— [ (2 + 2an)*/4kt]} 


(19) Va (T, t) = 4 a (akt)% 
whence evidently . 
(20) Lim { 4 gele, t) } = cara exp [= (7/4) 
and ‘. | 
21 ndi EN, t \ 2 a */4kt) | 
ey ma To ane TA 


In view of (21) it is clear that 
(22) G(x, t) = Lim Gala, t) = [2/2t (mkt) £] exp = (2? /4ket) }. 


For the function -Ta (z, é, t) we may write successively 


(23) Ta(a, é, t) = (2/a) X sin (nwa/a) sin (naé/a) exp [—k(n*a?/a?) t] 
= (1/a) > cos (2nm/a) (z — é) exp [— k (n?n? /a?)t] 
— (1/a) È cos (2na/a) (s -+ £) exp [>k (n*x*/a?) t] E 
— (1/2a) È exp p [(2nm/a) (2—£)i— b(a 2/a?) t] 
= (1/20) È exp [2nr/a) (x + Ji — k (n?r*/a?)t]. 
-Tn view of (2G), the ike alles yields 


* G. Doetsch, Mathematische Zeitschrift, vol, 22 (1925), p. 290. l 
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(24) T(z, é, t) = Lim T(x, &, t) 
_ == [1/2 (wkt)*] [exp{—[ (z — ¿)*/4kt]} — exp{— [ (x + £)7/4kt]}]. 
In view of (22) and (24) our solution (16) finally becomes 


(25) T(z, t) = [1/2(wkt)*] f FE 
X [exp{— [(# — &)?/4kt]} — exp{— [(# + €)*/4kt] }] dë 
+ [2/2 (wk)] p(n) (L—9)-9 exp(— [2/4 (¢—n)] Ja 


+ [1/2(nk)*] f “de f En) 


. X [exp{— [(# — £)°/4k (t — 9) ]} — exp{— [ (2 + €)?/4k(¢— 9) 3] 
X (t— 4)? dy. , 

For (z, t) = 0 (non-radioactive solid), (25) yields a well-known result.* 

It is evident that the third term of (25), say T(x, t) satisfies the- 


condition 
(26) T(0, t) = 0. 


In view of the boundedness of ¢ (x, t), it may be shown, without difficulty, 
that T(x, t) may be differentiated termwise, once with respect to ¢ and twice 
with respect to x, that it satisfies the differential equation (1) and the initial 
condition . 

(27) Lim T(z, t) = 0. 
0 


Thus (25) satisfies all the conditions (1) to (4), and, therefore, repre- - 
sents the complete solution of our problem for the case where the boundary 
x = 0 is kept at temperature (t). 


Case where radiation takes place at the boundary æ == 0 into a medium 
at temperature p(t). 


The temperature 1 (x, t) must then satisfy the system : 


(28) I-T (a, ) — k (T /dx?) (x, t) — $(2, t) 0O<r<cw,t>0 
(29) Lim P(a, t) = f(2) 
(30) —Ż r(e, t) + AT (a2, t) = he (t) | | gz == 0. 


* See Carslaw, Art. 81., 
7 
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‘Let us make the substitution 


/ 


(31) Ea v(x, t) =T (2; i) —} T (e,t). 


The function v(x, t) must then ‘satisfy the system . 


(32) (a, t) bk, 0(0, t) = 4l, aie (2; t) 
(33) Lim o(2, t) = f(x) — 1 Lia ) 
(34) a 


It is clear that the solution of (32) to (84) may K obtained at once from 
(25) > replacing (s, t) and f(x) by (zx, t) = L £ (g, t) and f(z) 
7 a f (x), respectively.. Furthermore (31) yields 

(35) T(z,t) =h { © v(a +p; #) exp(—hp) dp 

The complete pa the system (28) to (30) is, therefore - 
(36) T) sae f, CO — iroa 

xI a a [(z +p —€) ay = exp(— [(@ + p + £)?/4hE] } dp 

ta a, la) (=g) ” 
Xx f (£ + p)exp{— [ (2 toai oe" P 


ATi x a f (t — n) = {a(&9) — z dE ? (én) 


X f ewexp{— [(2 + p—8)*/4e(t 2) }} 


— exp{— [(a + p + £)?/4E (t — 9) ]} dp. 
For $(x,t) =.0, (36) yields, after some simple transformations, the 
result obtained by Carslaw in Article 83. 


INSTITUTE FOR ADVANGED. STUDY, 
PRINCETON, N. J. 


ON THE ASYMPTOTIC DIFFERENTIAL DISTRIBUTION OF 
ALMOST-PERIODIC AND RELATED FUNCTIONS. 


By AUREL WINTNER. 


Let H denote the class of those real-valued continuous bounded functions 
s(t), — œo <t < + œ, for Paien the time-averages 


(1) Mar) — lim T [a (t) J” dt/2T mei aei 


exist. The most important particular cases of these H-functions are the almost- 
periodic functions of Bohr on the one hand and the functions representable as 
Fourter-Stieltjes transforms of continuous functions of bounded variation on 
the other hand. For a given H-function x(#), let [T ; £] denote the set of 
those values ¢ in the interval — T St T for-which v(t) < é where £ is a 
real number so that 


or(é) = meas [T; E] : meas [T ; + œ] (meas [T ; + œ] = IT) 


is for every T a monotone function of é — œ < £ < + œ, and represents the 
probability of the inequality a(¢#) < é when ¢ is restricted to the range 
—T StS T. It has been proven + that there exists a monotone function 
ol), — o < E< + ©, such that or(£) >o(é), T -> + œ, at every con- 
tinuity point é of «(€), and that this o is a solution of the momentum problem 


(2) n(o) = M (2”) (n = 0,1,2,- + -), 
where . i 
(3) ml) = f EIO. ` 


It is clear from oy — o that o(£) may be termed the asymptotic distribution 
function of the H-function s(t), describing the aioe of the values é 
attained by é= a(t) when t—> + œ. 

In the present note there will be proven the existence of another kind of 
distribution function, which also will be associated with every time-function 
x(t) of class H. Whereas o(&), — œ < é< -+ œ, describes the asymptotic 
distribution of the possible values of x(t), — œ < t < -+ œ, the distribution 
function to be considered, which will be denoted by p(é), — œ < é< + œ, 
describes the asymptotic distribution of the fluctuations of s(t). In some 


t VII, VIII. The Roman numbers refer to the list of papers at the end of the 
article. 
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' applications, for instance from the point of view of the Einstein theory of the 
Brownian movement, not o but p is oz interest. There is, however, an essential 
difference between our problem and tke Wiener theory of “ differential space,” + 
inasmuch as in the theory of the Brownian movement the Gaussian distribution 
is a priori the distribution function of the differentials or rather fluctuations, 
whereas we shall associate with every given x(t) of class H a distribution 
function p(£) describing the actual asymptotic distribution cf the fluctuations 
of s(t). Thus if z(t) == cos?, the function p(£) is built up by a direct con- 
sideration of 7 = arc cos é and has zherefore nothing to do with a priori or 
Gaussian probabilities in the functicn space. The proof for the existence of 
p(é) yields also a-rather simple relation between the asymptotic distribution 
function p(&) of the differentials of z(t} and the asymptotic distribution func- 
tion o(&) of the values of x(t) as defined by (2). It turns out that o(€) is 
of a more fundamental character than p(é) in that p may be expressed ex- 
plicitly in terms of o whereas on starting with p the determination of o would 
depend upon the treatment of a quadratic integral equation of the Runge- 
Pólya type. 

The boundedness of s(t) implied by the H-condition. is not a necessary 
restriction and is introduced only for sake of simplicity. In fact, due to the 
Chebyshev appraisal of the contribution of the vicinity of = + « to the 
momenta (3), our method is valid in the case of a non-bounded x(t), provided 
that the Hamburger momentum proslem (2) is a determined one, as it is in 
the Gaussian case.t Also, there sees to be no essential difficulty in extending 
the following considerations to multidimensional cases.§ — 

Without reference to a given time-function (t), a function ¢(é), 
epee ee -+ oo, is called a distribution function if it is monotone and such 
that ¢(—'o) = 0, (+ ©) 1. Two distribution functions are not con- 
sidered as distinct if they are ident:cal save at the set of their discontinuity 
points, which is at most denumerable. For every pair ¢;, $ of distribution 
functions there exists exactly one d:stribution function represented at all its 
continuity points by the integral 


(4) D ġ$ı (£ — n) deala), 
usually denoted by $1 * $2 = 1 * $2 (£), and one has f 


(5) (u5 pı" 2) = L(u; $i) Llu; $a), where D(u;4) = È “exp (iué) dy (8), 


+ Cf. V where further references also are given. : 
t Cf. VI, I. § Cf. IT. q Cf. ITI. 
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so that 4, * he = de * h, ID virtue of the Lévy uniqueness theorem of Fourier- . 
Stieltjes transforms. It is easy to see that if @, and ¢2 are such that their 
momenta defined by (3) exist, then the momenta of ¢, * dz also exist and 


(6) Pn (x p2) -=$ (m) Bam (1) pm (p2) | (n == 0, 1, 2, > Ja 


The formula (6) follows by the Leibniz rule if one differentiates the product 
(5) with respect to u at u == 0, the differentiation behind the integral sign 
being readily legalized. ¢ will be termed a damped distribution function if 
the integrals (3) are, in reality, not improper integrals but there exists an 
R > 0 such that o(€)— 0 if— œ <§é<—Handg(E)—=1itk<Ec+to. 
A set of damped distribution functions will be termed uniformly damped if 
there exists a common È for all elements of the set. We shall need (6) only 
in the case where both ¢,, ¢2 are damped. Then ¢:* de also is‘damped in 
virtue of (4), and (6) follows from (5) still more easily than in the gen- 
eral case. l 

We shall need the following theorem +: If ġr(é), 0 < T < + œ, is a set 
of uniformly damped distribution functions depending upon a parameter T 
and if 


(7) Tim pm (pr) (m= 01,27 + +) 
T=+09 
exists, then f there exists a distribution function ¢(é) such that 
(Ya) - lim ¢r(é) = $ (£) 
: f T400 
holds at all continuity points é of the limit function ¢; furthermore, 
(7b) lim yn (or) = an ($) (n=0,1,2, +°). 


In what follows, we have to consider together with a distribution function 
$-a “ transposed ” function ¢ defined by 


(8) 6) =i) 


so that ġ also is a distribution function. ¢ is obtained from ¢ by a reflection 
at == 0 sa that y = ġ implies 6==y and ¢—¢ holds if and only if the 
distribution of the probabilities represented by ¢ depends only upon | é|. Our 
considerations regarding the connection between the two distribution functions 
o and p of a time-function x(t) will lead to the expression * œ, which is, in 
virtue of the theorem mentioned.in connection with (4), a distribution func- 


-  ¢ OF, VI 
t And only in this case. 
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tion. Furthermore, if y= ¢*, where ¢ is arbitrary, then y in virtue 
of hı * de = ġe * dy, 80 that any distribution function representable in the form 
o* is symmetric with respect to the origin é= 0. -An equivalent definition 
‘of the distribution function $+ ¢ is L(uj;o* $) = | E(w; ) |, a relation im- 
plied by (5) and (8), the numbers L(u; p), L(u;) being conjugated com- 
plex for all values cf u (— œ < u < +œ). 

Let now z(t), — œ < t< + œ, denote an H-function, T a positive 
number and Qr the square | i | = T, | t| ST of area 47? in a real (tı t2)- 
plane. For a given real number é, let {T ; é} denote the set of those points 
(ti #2) In Qr for which 
(9a) s(t) —2(tr) < £ 
Put l 
(9b)  pr(£) = meas {T; é} : meas “T; -+ 0} (meas {T; + œ} = 4T?) 


where meas { } is a two-dimensional Lebesgue measure. Thus 
pr(é), — © <é<+ ag 


is for every T a distribution function representing the repartition of the fluc- 
tuation states of s(t) when ¢ is restricted to the finite range | t| =S T. In 
cases where the use of differentials is permissible, dpr (é) represents the proba- 
bility that a given fluctuation state £ = z (t1) — (t2) of e(t) changes between 
the dates ¿= — T and t = T by the amount dé. It may be mentioned that ' 
pr = pr inasmuch as (9a) does not discriminate between “ past ” and “ future,” 
_ le, between t < tand ¢, > tz, as is required by the ee of independent 
fi as for instance. 

Such probability interpretations have, however, an interest only if there 
exists an asymptotic distribution of the fluctuations, i.e., if pr approaches a 
limit' function when T —> -+ œ., In order to prove the existence of a limit 
distribution, we notice first that on placing ¢7 = pr our criterion (7) for the 
= existence of (Va) is applicable. In fact, the set pr(€), 0< T < -+ œ, of 
distribution functions is uniformly damped. For it is clear from (9a) and 
(9b) that forthe number F occurring in the definition of uniform dampedness 
one may choose any number R satisfying the inequality | x(t)| < R/2, 
—— 0 < t< + œ, and there do exist numbers # satisfying this i 
inasmuch as x(t) is an H -function. Hence if we prove that 


(10). tim pn (pr) | (n= 0,1,2,°°-) 


exists, it will be proven that there exists a distribution function (€) such that 


~ 


t 
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(10a) Tim pe() =p (É) 
; _ Pz+00 ù 3 
at all continuity points é of p(é) and that 
(10b) | lim ‘un (pr) = pn(p) (n==0,1,2;---). 


Now from (3), (9a) and (9b) 


(11) mler) = ff (24s) — alt) )” dtadt/ (22)? (n= 01,27), 


the approximating sums of the latter Lebesgue double integral being precisely 
the approximating sums of the simple Stieltjes integral ya(pr). Moreover, the 
double integral may be evaluated as an iterated integral. Hence it approaches 

a limit when T — +- œ, viz. 


aay in LF AE) menm), 


' inasmuch as z(t) is an H-function so that the time-averages (1) exist. It 
follows therefore from (11) that the limits (10) also exist. This completes 
the proof of the existence of the asymptotic distribution function (10a) of the 
fluctuations of z(t). , 

Moreover, from (10b), (11) and (12), — 


malp) = È (2) M(ar™) M((—z)"), 


where W(a2™™) =— pn-mlo) and ` F 


(6a) M((—2)™) = um (5) (m=0,1,2,: > -) 
- In virtue of (2), (3) and (8). Hence from (6). | 
un (p) = yn (0 * &) | (n=0,1,2,° ++). 


Since p and o* ¢ are damped distribution functions, the so-called Lerch theorem 
regarding momentum determinateness is applicable. Consequently, 


pata, 


This is the integral relation between p and o mentioned in the introduction... 
3 The asymptotic distribution function o of æ(t) has been investigated in | 
detail in the case where x(t) is almost-periodic with linearly independent 
frequencies { and also in the case where x is the Fourier-Stieltjes transtorm 
‘of a continuous function of bounded variation. . The relation p = o * g permits 
` of obtaining the same sharp results regarding p. Besides, ¢ == æ in both cases.§ 


7 IX. 4 IV. § Ibid. 
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In particular,ł on considering the non-differentiable function of Weier- 
strass as an almcst-periodic function s(t) with linearly independent fre- 
quencies, it follows that its p(é), — œ'< < + œ, everywhere possesses 
derivatives of arbitrarily high order and that in a more precise manner 


L(u; p) = (Ü (u) = a: 


This product of Bessel functions has nothing to do with the Fourier-Stieltjes 
transform « exp(— fu"), a —«(8), of a Gaussian distribution function so 
that the infinitesimal fluctuations of s(t) can hardly be considered as hap- 
hazard or as independent of each other. Thus a remark of Perrin f as to the 
analogy between the Brownian movement and the Weierstrass function is not 
a very fortunate one. Correspondingly, our p does not concern a “ general ” 
z(t), chosen in the function space at random, but it concerns, in the present 
case, precisely the Weierstrass z(t). | 


THE JOHNS HOPKINS UNIVERSITY. 
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ON THE DISTRIBUTION OF SUCCESSIVE IMAGES IN THE — 
POINCARE TRANSFORMATION PROBLEM OF A 
CIRCLE INTO ITSELF. 


By D. ©. Lewis, JR.* AND AUREL WINTNER. 


We consider the points on a circle C of radius 1/ (2r) and denote by a 
the distance, measured in a certain sense along the circumference, from a fixed 
point O on C to a variable point P. Since the circumference is of unit length, 
we agree that two values of « which differ by an integer shall correspond to the 
same point P on O. l 

An equation of the form # = f(s), where f(z) is continuous, monctonic 
and nowhere constant and satisfies the functional relation f (x + 1)==f(#)+ 1, 
obviously defines a one-to-one order preserving transformation T of the points 
of O into themselves. Let us take a arbitrarily and let a, = f (2-1), 
(n=1,2,- +--+). Then it is well known that £n = an 4- 0(1) as n-> o, 
where « is a number independent of n or a. It is also well known that a 
necessary and sufficient condition that « be irrational is that neither 7* nor 
any of its iterates have a fixed point on C. We shall assume that such is the 
case. The set S of the cluster points of the sequence {xn} is then independent 
of zo and is either the whole circumference ( or a nowhere dense perfect subset 
of C. If S ==, the transformation # == f(z) may be transformed by a one- 
to-one order preserving transformation <== G(s) [= G(a@—1)-+1] of C 
into a rotation of C through the irrational angle 2ra, so that G{f[G“4(#)]} 
== g + «a, where G denotes the inverse of G. A similar result holds in the 
case S =< C by introducing a proper convention regarding the asymptotically 
empty set S — C.t+ 

Let ¢(x) be an arbitrary continuous periodic function with the period 1. 


* National Research Fellow. 

7 Cf. H. Poincaré, Oeuvres complètes, t. 1, pp. 137-158; H. Kneser, “ Regulirer 
Kurvenscharen auf den Ringflichen,”’ Mathematische Annalen, Bd, 91 (1924), pp. 135- 
154; and J. Nielsen, “Om topologiske Afbildninger af en Jordankurve paa sig selv.,” 
Matematisk Tidsskrift, B (1928), pp. 39-46. Also G. D. Birkhoff implicitly treated 
the case S ~ O in his construction of an example of a discontinuously recurrent motion. 
“ Quelques théorèmes sur le mouvement des systèmes dynamiques,” Bulletin de la 
Société Mathématique de France, t. 40 (1912), pp. 305-323. 

` 4T. Carleman, “Sur les caractéristiques du tore,” C. R. Acad, Seit., Paris, t. 195 
(1932), pp. 478-481. His proof is based on the F. Riesz theory of linear functional 
transformations. . 
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Then paren showed that. iim (1/n) > (au) p Since we may take 


gla) = gt rmis where i a 1 end m==0,1,2,-- +, it follows that the 
sequence of points, P,, Pz, P3,: + +, corresponding to £i, La, Za, * < possesses a 
distribution function g(x). What we mean by this is clarified i in the following 
definition : 


Let v(n,&) represent the number of the n points Pı, Po, + >, Pa which 
lie on the open interval O< a <& (Sij; then the sequence of points 
P, Po, Pa: + © possesses the distribution function g(Z) = lim [v(n,#)/n], 

Raw 


uf this limit exists for all z, except possibly for a denumerable set. 


Concerning this definition we remark that, if g(s +0) = g(#— 0), then 
v does not belong to the above menticned exceptional denumerable set.* 

It should also be noted that, conversely, the validity of Carleman’s theorem 
can be deduced from the existence of a distribution function. This is obvious, 
since one can approximate to ¢ (x) uniformly by means of step functions chosen 
in such a way that the values of x corresponding to the end points of the steps 
do not coincide with the discontinuity points of g(s). 

In this‘note we give a direct proof of the existence ofa distribution fune- 
tion with the help of the Kronecker-VWeyl theorem.+ Besides being more ele- 
mentary than Carleman’s method, the present proof gives a new interpretation 
of the function G which turns out to be simply the distribution function and 
hence shows automatically that the latter is continuous throughout so that the 
limit of y(n, @) /n exists everywhere. Moreover we obtain an additional result, 
expressing the fact that the Pws are clustering very strongly at each of their 
limit points. We enunciate the precise theorem as follows:. 


g(x) exists and is everywhere continuous on 0 < eS < 1, is independent 
of To and is not a constant on any open interval containing a point of 8. 
Furthermore, on placing g(x +-1) = g (£) +1, — œ '< a'< + œ, the func- 
tion g is identical with the function a ace above by Q. | 


For the sake of E take first £o == 0. 
Consider another circle C’ of unit circumference and denote by y the” 
distance measured in a certain sense along the circumference from a fixed 


*g(a-+0) and g(æ—0) must both exist since g(a) is obviously monotonic. 
Cf. also E. K. Haviland and A, Wintner, “A note on the Kronecker-Weyl theorem,” 
American Journal of Mathematics, vol. 56 (1934), pp. 17-24. 

+H. Weyl, Ueber die Gleichverteilung von Zahlen mod. Hins. Math. Ann., Bd. 77, 
pp. 313-352. ! 
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point on Ç’ to a variable point Q. ‘Here, again, two values of y differing by 
an integer correspond: to the same Q. Consider the sequence of points 
Qo, Qus Qo, © © corresponding respectively to y = 0, a, Ra, >. We now 
define a point function G(P) on the denumerable set Po, Pa, Po,’ > > as iol- 
lows: G(Pn) = Qn (n= 0, 1, 2,° +). 

Now O and an arbitrary point P of C divide the, points PaP nk ni 
into two sets, in such a manner that every point of one set precedes all the 
points of the other set as, starting from O, we traverse C in the positive sense. 
But it is known that the geometrical order of the Q1, Q2 Qs,- > © on C” is the 
same as that of the P,, Po, Pa © © on C.* Hence the Q,’s are also divided 
into two sets such that every point of one set precedes all the points of the 
other and such that a particular Qu = G (Ph) belongs to the first or second ~ 
set of the Q’s according as the corresponding Pa belongs to the first or second 
set of the P’s. This division into sets gives us a Dedekind cut of the de- 
numerable everywhere dense set of the Qn’s. This cut defines a point Q which 
we make to correspond with the point P by writing Q = G(P), thus defining 
the function G(P) for all points of ©. Or, upon writing x and y instead of 
P and Q, we have a mapping of C upon C” by means of the equation, y = G(x), 
where G(x) is continuous, monotonic, and such that G (2 +1)= G(s) +1, 
G(0) == 0, 

If y= G(2), it is obvious, since geometrical order is preserved in 
this mapping, that the number of points Qı, Qat © *, Qn in the interval 
0 < y'< $= 1 is equal to the number of points P,, P2,- * -, Pn in the interval 
0< g< 5 1, namely y(n, 7). Hence, by Weyl’s theorem of equidistribution, 
lim y(n, )/n exists and is equal to the length of the interval 0 < y < Ü, 


REQ 
which is simply y or G(Z). Thus we see that the distribution function exists 
and is none other than G(x) as just defined: g(x) =G(x), 0 << eS. 

Let I be an open interval containing a point P of 8. Since P is a limit 
point of the denumerable set P,,P.,- © -, there must be at least two of these 
points in I, say P; and P;. But Qi —G(P;) and Qj; = G(P;) are distinct . 
points since @ is irrational. Hence G, or g, can not be a constant in any open 
interval containing a point of S. On the other hand, G(s) is a constant on 
any interval not containing a point of S, as it is easy to prove directly but is 
obvious a priori since G(s) is the distribution function. 


: I ad f l l 

* Cf. Arnaud Denjoy, “Sur les courbes définies par les équations différentielles 
à la surface du tore,” Journal de Mathématiques, 9¢ série, vol. 11 (1932), pp. 333-375. 
Also Poincaré, Kneser, and Nielsen, loc. cit. 
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From the definition and properties of @(a). above given it follows that 
G[f(v)] = G(x) +a. Thus the distribution function and the set 9 is the 
same for all sequences of points represented by Zo, 21, Y2,- © © for £o not neces- 
sarily zero as supposed above. : 

If C= S, a single valued inverse G> of G exists so that z == G-*(y). 
Hence the above functional relation may be written in the form, 


GLE) 1} =y + 9, 


thus showing that the transformation == f(a) can in this case be transformed 
into a pure rotation through the angle 2ra. According to a fundamental result ` 
of Denjoy this is always the case if f(z) possesses a continuous derivative 
of bounded variation which nowher2 vanishes. | 
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FORMAL SOLUTIONS OF IRREGULAR LINEAR DIFFERENTIAL 
l EQUATIONS. PART I. 


By Frances THORNDIKE COPE. 


1. Introduction. A complete formal solution’ of the general hemo- 
geneous linear differential equation with rational coefficients was first obtained 
by Fabry * in 1885. He-found that for an arbitrary point 2 there exist 
always n distinct, that is, linearly independent, formal solutions of the general 


type . 
y (x) = 6% fs,(2)log *(a— a) + si(w)log**(e— a) “++ -+ s(2)], 


where Q(x) is a polynomial in (z — 2)“, and the si(z) (¢=0,1,: + -,k) 
are formal series in ascending powers of (s — £o), m being a positive 
integer, and k a positive integer or zero. This result is of importance in the 
theory of equations with irregular singular points, for it serves as a basis for 
the study of the character of the actual, that is, analytic, solutions in the 
neighborhood of such a singular point. A new and simpler method of estab- 
lishing it, analogous to that developed by Birkhoff + for the study of linear 
difference equations, is given below. _ 

For the sake of simplicity in the expressions involved we shall consider 
solutions relative to the point oo. This is no real restriction, for any singular 
point a can be taken into the point 'œ by a transformation which does not 
alter the rational character of the coefficients. It is then convenient to let the 
coefficients be expanded as series in descending powers of æ. In’ fact, instead 
of requiring that the coefficients be rational functions, we shall require only 
that they be expressible as formal series, convergent or divergent, in descending 
powers of x'/?, where p is a positive integer. 

The choice of the basic integer p in any particular case is arbitrary to a 
certain extent, for a series in powers of w/? can equally well be regarded as a 
series in powers of "P, where m is any positive integer. This possibility 
of replacing the original basic integer by an integral multiple of it is essential 
to our proof, which depends upon the fact (to be proved later) that any equa- 


wn 


* ©, E. Fabry, Thèse (Faculté des Sciences, Paris, 1885). 
+ G. D. Birkhoff, “ Formal theory of irregular linear difference equations,” Acta 
Mathematica, vol. 54 (18930), pp. 205-246. 
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ticn of this type is reducible * if the basic integer is properly chosen. For 
the present, however, we suppose one of the admissible values of the basic 
integer. .to have been arbitrarily chosen, and also a, pence determination 
of g”, 3 

Then our principal l is the following theorem 


THEOREM I A linear boiarencous differ ential equation of the n-th 
order, 1. e., an équation of the form 


(1) do(x)y™ (a) + a,(x)y" (2) +++ ++ an(e)y(z) =0 (ao(2) $= 0) 

in which the coefficients a;(%) are formal series in descending powers of sP, 
p being å positive integer, has always n linearly independent formal solutions 
_ of the general. type | 


(2) y(@) = (2) log * 2 + #,(x)log** s +: -+ (2), . 


where k is a positive integer or zero, and the s;(xz) have the form 
(3) l si (a) pes glo? (bi, grimp + biir gir) fang + -> Jy 


in which m is a positive integer Sn and Q(x) is a polynomial in x/™? which 
is not expressible as a polynomial in z?/®?, z°/™?, or any higher integral power 
of </™», The complete set of n solutions consists of one or more subsets of 
the form 


(4) Yaa) = si(w)logt+2 =. (j= 0, 1, +, k). 


3 
ai = =) i 
It is understood that the same determination of log z is taken in all the 
solutions of any subset. Which determination is chosen is immaterial, for 
replacing log x by log x + ha(—-1)* (h an integer) in the subset (4) replaces 
the original solutions by a new set §i(@) (t= 1,:--,%-+1) of the same 
character, and such that the’ #i(@) are linear combinations of ys), ¥2(2), 

` > Yks (x ). 

‘A resumé of the principal definitions and theorems of the algebra and 
differential calculus of these formal solutions is given in §2. The proof of 
Theorem I is given in § 3, and further properties of the complete set of formal 
solutions, analogous to those of a complete set of analytic solutions, are given 
in § 4. ` 

, The second part of the paper will include the proof:of the converse of 


*A linear homogeneous differential equation L(y) ==0 is said to be reducible- 
if there exist linear differential operators M and N, of lower order than that of L, 
and with coefficients subject to the same conditions as those of L, such that 
M(Niy)) =L(y) identically in y. 
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"Theorem I atid of the equivalence of a single equation of the. form (1) 
to the most general system of simultaneous linear differential equations 
with rational coefficients, as well as some applications of Theorem I. 


2. Formal solutions and A dependence. We shall be concerned — 
with certain formal operations on quantities of one of the following types: 
(a) formal series in descending powers of 2'/?, that. is, series, either 


convergent or divergent, of the form a_-a"/? + q,.,2°-)/» +--+, where the 
‘ coefficients dur, dir," * © are constants and x is.a complex variable; 
(b) expressions of the more general non-logarithmic form 
(5) a () 0H $ da (2) +» - f-aq(z) 60, 
in which the a(x) (t= 1,2,---+,m) are formal series (we shall hence- 
forth mean “formal series in’ descending powers of g” by the term 
“formal series”), and the Q; ) (t=1,2,--+,m) are of the form 


Qi (£) = Cits F cimde o -F cist? and are all different; 
(c) expressions of the still more general form 


(6) 8o()log * e + S (2)log™t s+- -+S:(2), 


in which , the coefficients S;() are of the non-logarithmic form (5). 
Throughout this section we shall use the notation a(x), b(a), e(z} to 
represent formal series, R(x), S(x), T(x) to represent expressions of the 
general non-logarithmic type (5), and: U(x), V(x), W(x), and Z(z) to 
represent expressions of the general type (6). 

The fundamental formal properties which we assume for these expres- 
sions are given by the following definitions: ° 


DEFINITION 1. The two formal series 


a(x), = art" + q, ny +--+ and b(2) = bi H birop +>: 
are said to be formally equal if and only if a; = b_; (j = 1, r — 1, r— 2,- a, 
In particular, a(x) is said to be formally equal to zero T and only if a_j; = 
G =r, r.—1,r—2,-:--). 


The two expressions of non-logarithmic form, 


S(x) EA a (2) eQ) + Sie jn -+ Gm (x) oQm (a) 
and ` 
T(x) = bı (2) ela) pee + bm (x) elmo), 


are said to be formally equal if and only if ai(£) = bi(£) (i= 1,2, > -,m). 


414 hee TP FRANCES THORNDIKE COPE. 

In particular, S(x) is said to be formally equal to zero if and only if a;(x) = 
‘(t= 1,2,---, my. , 

The two expressions of general form, 

. U(£)= So(x)log* a + +--+ S(x) and V(x)=T,(x)log* a +- + Tilt), 


are said to be formally equal if and cnly if Si(x) = Ti(e) (t= 0,1,---,k), 
and, m particular, ae is said to be formally equal to zero if and ‘aly af 
S;(z) = 0 (¢=<0,1,:--,%). i 


DEFINITION 2. The sum a(x) + b(«) and the difference a(s) — b(a) 
of the sertes a(x) and b(x) are defined as the formal series 


= -00 
à (a; + b.;)2I/" and 2 a a 
respectwwely. 
The sum S(s) + T(z) and the difference S(T) —T(2) of the non- 
logarithmic expressions S(x) and T(x) are defined as the non-logarithmic 
CLPTESStONS 


5 (a;(v} + bi(s)je® and > (ai(x) — bi (£) ee 
i=l i i=l 


respectwely. 
The sum U(x) + Y (£) ai the difference U (s) — V (x) are defined as 
the expressions 


È (3:(2) + Li(a) log**2 and Š ($s(2) —Ts(a) )log* a 
i=0 G&S | 


- respectiwely. 


DEFINITION 8. The product a(w)b(x) of the formal series a(x) and 
b(x) ts defined as the formal series 


-00 
> (d.207-3 + Qyrbrj-1 Se a Qy_jb_r) tP, 
j=2r 


where it is understood that a; = ba =Q for i>r; the product S(2)T (x) 
of the non-logarithmic expressions S(x) and T(x) is defined as the non- 
logarithmic expression 


m 
> > Qi (x) 6G Dj (x) eQ] (a) 


$=1 j=l 


and the aia U(x) ¥ (a) of the two expressions a) and V(x), of the 
- general form (6), is defined as the expression 


-r 


f 


: : 
SOLUTIONS OF IRREGULAR LINEAR DIFFERENTIAL EQUATION S. PART I. 415 
kK k a 
2, 2 Si(x) Tj (x) log’ t? a. 
4=0 j=0 


THEOREM A. If a(x) and b(x) are formal series, and b(x) ~0, then 
there is a unique formal series c(x), of the same type, such that 
b(@)c(2) =a(2).* 


DEFINITION 4. The series c(x) of the preceding theorem is called the 
quotient of a(x) by b(x), and is denoted by a(x)/b(z). 
If T(x) is of the form 
(7) : f (aw) e&@ (b (s) AG), 


then the quotient S(x£)/T (x) is defined as the non-logartthmic expression 
> (a, (x) /b (x) ) elta- lw) 
4=1 

and the quotient U(x)/T (x) is defined as 


> (Si (2) /T (<x) Jog X. 


(For our purposes a definition of division by an expression of the general form 


” 


(6) is not necessary.) 


DEFINITION 5. The derwatwe of the formal series a(x) is defined as 
the serves 


” -00 
> (ja-;/p) LiP; 
35r 


the derwative of the non-logariihmic expression K(x) is defined as 
È [r (2) + as (2) Qs(w)] oO 5 
i=l $ 


and the derwatwe of the expression U (x) ts defined as 


k f l 
È [S’%n-4(@) log s + is S,4(x) Jlog + a. 


From these definitions it is easy to verify that the ordinary formal 
algebraic laws and formal rules of differentiation apply to these expres- 
sions, and if we generalize the ordinary definitions of determinant and of 
matrix by letting the elements be expressions of the form (6) then the ele- 


* Proved directly by substituting ¢(v) =c_,«s/p +c, ,w(3s-/p+..- (0 #0) 
and evaluating s,¢ - successively. 
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mentary theorems on determinants and the theory of linear equations are still 
valid, since their proof depends only on the algebraic operations defined above. 
Only when division is involved will slight modifications be necessary, as in the 
case of the following theorems: | 


THrorem B. (Cramers Rule). If in the equations 


\ 


(8) 


UY le Ga G = V, 


Tui +: > Uant om V} f 
the coefficients Uy; (1,7==1,2,---,n) and the right-hand terms Vi 
(¢==1,2,---,n) are expressions of the form (6), and the determinant of the 
coefficients, U =| Ui; |, is of the non-logarithmic form (Y) and is different 


from zero, then the system of equations has one and only one solution (of the 
form (6)), namely y; = Ui/U (t==1,2,:--,), where Ur is the n-rowed 
determinant obtained from U by replacing the elements of the i-th column 
by the elements Vi, Vo, © +, Va. 


THEOREM C. A sufficient condition that the equations 


Uy dee > + Uinyn = 0 


U mta + os Sa + U nutna == 0 


in which the Ui; (4,7 = 1,2,; --,n) are expressions of the form (6), have 
a sélution other than Yı = Ya =` ` ` = Yn = 0, is that the rank r of the 
matriz (Uiz) (i,j =1,2,;--,n) be less than n, and that at least one of 
the non-vanishing r-rowed determinants of the matris be of the non-logarithmic 
form (3). 

The condition that the deter man U be zero is also. necessary for the 
existence of a solution other than y, = Yz =: * ` = Yn =Q. 


The theory of linear dependence of expressions of this form is based on 


DEFINITION 6. If gyel, y!#},- - -, yl are expressions of the general type 
(6), they are said to be linearly dependent if they satisfy formally some linear 
homogeneous relation, 


(9) By P Fay! ++ + + H Fny'™ = 0, 
in which Fy, Fo, © +, Em are constan ts, not all zero. Otherwise the expres- 


sions are said to be linearly independent, or distinct. 
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Likewise the m sets of n expressions each, y, Ya, >>, Yah 
(4=1,2,:-+-,m), are said to be linearly dependent if and only if m con- 
stants, not all zero, exist such that - 


Py + Fayl”, = ae + Fnys'™ == 0 (J= 1, 2, ' o s”). 


The elementary theorems on linear dependence of sets of constants then 
apply also to expressions of the form (6), as can readily be verified. | 

The formal solutions of Theorem I, and those formal expressions which 
` we shall be especially interested in, may be regarded as expressions of the form 
(6) in which m == 1. When it is necessary to consider solutions of the more 
_ general form (6) as well as those of this simpler type, we shall distinguish 
between them by calling the latter elementary, the former composite, formal 
solutions. In the remainder of this section, and elsewhere when no auaeyes 
- adjective is used, we shall mean elementary formal solutions. 

For these formal solutions y:H (x) certain additional theorems on linear 
dependence are true which have no analogues i in the case in which the y;/) (a) 
are constants. Two of these may be stated as follows: ; 


TuHoREM D. A necessary and sufficient condition ‘for the linear de- 
pendence of the set y (s), - -,y'™ (x), where 


yi (x)= soll (x) log* t + s: (s)log @ f+ + + selll(e) (j= 1,2,-+-, m) 


and the s;'(a) (¢==-0,1,---,&4; 7=1,2,: ++, m) are non-logarithmic, is 
that there exist constants F,- - -, Fm, not all zero, such that 


Fsi 4. Pogi +4: - + Fnsi ™ =~ 0 (4 =0,1,---,4). 


THEOREM E. A necessary and aam condition that the set 


Yi (x) i AGT (x) | (i = 1,2,° °°, Mi), 
yıls) = 694; (2) oo | (i = Mn++ 1,° + +,mn) 
where the Yi(e) (= 1, 2," ` °, Mma) are of the form (2) but contain no ez- 


ponential factors, be linearly independent is that each of the sets Ym,mı(T), 
` Ym (2) (J = 1,2, +, h) be linearly independent. 


From the definitions of- the algebraic operations and differentiation for 
expressions of the form (6) it is clear that the following theorems regarding 
the solutions of linear differential equations are true of such formal solutions 
as well as of analytic solutions: 


418 FRANCES THORNDIKE COPE. 


THEOREM F. If yi(@),yo(%),-* +, yn(az) are solutions of a linear homo- 
geneous diferential equation, then any linear combination of these solutions 
with constant coeficients is also a sclution. 


THEOREM G. If Y¥ (a) is a particular solution of a non-homogeneous 
linear differential equation L(y) =r (x), and y(x) is the general solution of 
the corresponding homogeneous equation, then y(x) +Y (x) is the general 
solution of the non-homogeneous equation. 


Additional theorems on the linear dependence of formal solutions of the 
equation (1) will be given in § 4. 

In the remainder of this paper only formal series and ‘formal solutions 
will be dealt with, and the unqualified terms series and solution are to be.taken 
in this sense. Thus equations involving the independent variable x are to be 
interpreted as formal equations, i.e., identities in x, and the symbol = will 
in general be reserved for those cases in which we have an‘ identity in the 
dependent variable. 

When no ambiguity is caused by doing so, the term sertes will occasionally 
be applied to the whole expression (2) or (8). It will be convenient to use 
the term non-logarithmic solution for a solution of the form (3), and we shall 
also use a generalization of the terms normai, and anormal, series. A solution 
(2) will be said to be of normal forra, or a normal series, with respect to the 
basic integer p, if it is expressible in terms of integral powers of «1/?, that is, 
if we have m = 1 in the expression (2). On the other hand, a solution which 
is expressible in the form (2) only if m is greater than unity, will be said 
to be of anormal form, or an anormal series, with respect to the basic integer p. 
The terms normal and anormal will be used in this sense, referring, unless 
otherwise specified, to the basic integ2r which has been used in expressing the 
coefficients of the differential equation in question. If the basic integer is 
unity this definition reduces to the usual one. 


3. Proof of the fundamental theorem. In proving Theorem I, it is 
convenient to take equation (1) in the form 


(r) y (a) +a (2) y" (aw) +- -+ an(@)y (2) = 0. 


This can always be done, for, since a)(@) s£0, we may divide the original 
equation through by a(a) and obtain new coefficients &: (s) = ai (1) /ao(£) 
(i = 1,2,--+,) which are subjecs to all the conditions imposed on the 
original coefficients. 

The method of proof is to redtce the original question to that of the 
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reducibility of the general saa (1‘) of order n'>.1 by establishing the 
following facts: 


(1) that in the case n = 1 the equation (1°) has a non-logarithmic solu- 
tion of normal form; 

(2) that if there is a non-logarithmic solution for every equation ( ’) ; 
then there.is a complete set of n linearly independent solutions of type. (2), 
consisting of subsets of type (4), for every such equation; | 

(3) that there is at least one non-logarithmic solution (3) if only every 
such equation of order n> 1 is reducible; 


and then prove 


(4). that every equation (1°) of order n > 1 is reducible when the basic 
integer p is properly chosen. 


3.1. Proof of Part 1. The proof of Part 1 is by direct computation 
as follows: - 
We have enpi the equation 


(10) y (s) + a(2)y(2) = 0. 

where 

a(z) = 2° (do -+ lot + ago? t: > o- (o, an integer; ao 50). 
Let 


(11) s(2) = e ar/o (br + birt + bori? +), 
where 6.,-540, and | 
(12) QO (a) == ag +. coe't-D/p 4- + + + cag? o (s an integer ), 


that is, let s(x) be of type (3) with m =1. Then assume that s(x) is a 
solution of the equation (10) and obtain conditions on the constants $, ¢1, C2, . 
s C3, T, br, Diary’ 
The equation (10) becomes, after aon y{z) =s(x) and dividing 
through by e@@?, 


[Q (2) ao a(x) | [bror + bygg D/D Joea ] 
+ (rb /p)atle? +- [(r— 1)bir/p]e m ee 0. 


Since b_,54 0, this equation can be satisfied only if the leading term of the 
factor Q(x) + a(aw) is of degree — 1, or less, in æ. This requirement can - 
be met when o a — p by taking i 


s =o + pÆ 0, ty mA Ca = p/(s— ieee -= t, Cs = — Ppa. 


In the case when o is <— p we let-Q (s) = 0. 
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Then in either case the equation to be satisfied takes the form 


(13) [apr +- apat +) [brar + biorg + eia] 


rb -r (r m | ) by r 
+ —— gp lir/p Fs ene SE A 
p a p 


DaDo $ eae 0. 
By multiplying out, collecting terms, and equating to zero the coefficient of 
each power of z, we find that b_..may be chosen arbitrarily and the remaining 
- constants r, bı-r, De-r,' * * are then uniquely determined by the equations 


r= — Pap, bi-r ai (p/i) [@p10i-ra a + apnib-r], (i = 1,2,3,: ++). 
Thus we have proved 


THEOREM IT. very differential equation of the first order of type (1’) 
has a non-logartthmic solution of normal form. 


3.2. Proof of Part 2. Part 2 is proved. indirectly as follows: 

If we assume the statement (2) to be false, then there must exist equa- 
` tions of form (1’) which have at least one non-logarithmic solution but do not 
` have a complete set of n linearly independent solutions of the general type (2), 


made up of subsets of type (4), and there must be a least order for which such 
equations exist. | 
Let 


(14) L(y) =0 


be such an equation of this least orJer n, where L(y) denotes the left-hand 
member of an equation (1’). Ther we must have n > 1, since in the case 
. of an equation of the first order tke one non-logarithmic solution assumed 
constitutes the required complete set of solutions. 

Now if we let s(x) be one of the non-logarithmic solutions of equation 
(14) and substitute y(x) —s(x)Y(a), the equation (14) is transformed into 
a new equation of the same type in ğ(s). Also the new equation must be 
satisfied by y (s) == 1, since y (s) = s(x) is a solution of Hi original equation. 
But a linear homogeneous equation, 


(14’) : gm 4- ago? + Sas A “|. ini — 0, 


` can have the solution 7 == a constant only if d(x) = 0, in which case the 
equation may be regarded as one of (n — 1)-st order in jy’. 

This equation of (n — 1)-st ordsr in g’ will have a complete set of n — 1 
distinct solutions S(s); 5o(@),°- +.5n41(%) of the type (2), which can be 
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divided into sets ‘of type (4), for this has been eae the case for all equa- 
tions (1’) of order less than n. 
At this point we need the following 


Lemma. An equation of the form 
(15) | (yf (z) =8(2), 


where s(x). is a formal series of type (2), has ues a formal solution of type 
(2), of normal form.* 


The proof of this lemma is simple in the case when s(x) is non-logarithmic. 
In this case we have s(x) = e@@ (b_,at/P + birot- +. - -), where br 40, 
r is an integer, p is a positive integer, and Q(x) == ug > - ++ cst, 
s being a positive integer. If, in particular, Q(x) 0, then the solution 


y(z) = [pb-r/ (r z3 p) jee “pt ae pbpsa/? + bp log t + bpa > 


can be obtained directly by term by term integration. Otherwise the equation 
(15) can be transformed by the substitution y(2) = e®@g(a) into 


I (2) + Q(x) Ga) = dra"? 4 brt Vl fs - 


Then, on assuming a solution of the form y(2) = y_na™/? ue Yı- moD Ae. 


(m an integer; Y-m5£ 0) for this co and substituting, we find that the 
left-hand member becomes : 


: ic 4+ ; 
i hae tj Yp- + 2 Y-a | eilP, 


"where it is understood that jy = 0 if k < — m: In particular, the leading . 
term on the left is (sci/p) ymz™?*®/?, where s and c, are known and are 
different from zero, and. ym is to be different from zero. In order that this 
term shall be equal to the leading term on the right we must have m — p + s 
= r and (s¢,/p)y-m =b. Hence m = r + p—s, ym = pb-+/sc,, and the first 
term of y(x) is completely determined. The remaining coefficients Y1-m, 


j=m~pre 





Yom,’ ° * can now be found successively from the equations, 
ptr] 3 UCg—i41 
Y-p-r+j = > Y-p-r+j+i == bir, 
Po i1 P i 
where j is taken equal to 1, 2,3,- - - successively. Thus a series (x) can 


* It is to be noted ‘hat the basic integer ieie is not necessarily the same as in the 
original equation (14). 
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be found such that y(7) = e®4y(x) is a solution of the original equation 
y (x) = s(x). 

It remains to consider the case in which s(x) involves log v. In this case 
the highest power of log z which occurs in the equation to be solved can be 
reduced step by step until we reach an equation of the simpler form just con- 
sidered, in which s(z) is non-logarithmic. In fact when s(x) has the general 
form (2) it may be written as s(x) =s,(rjlog*x+ s.1(z), where s(x) is 
free from logarithms and s,,(xz) involves at most the (4 —1)-st Rowe of 
logsz. Now consider the transformation l 


(16) y(s) = S (z)log* s + g(s), 


where 5,(z) is a solution of type (2) for the equation y’ (s) —s (xv). Since 
So(@) is non-logarithmic, such a solution is known to exist. Also it is clear 
from the actual computation of the preceding paragraph that this solution is 
non-logarithmic except when s)(z) contains a term in s. By this trans- 
formation equation (15) becomes 


(17) F (2) = Ss (2) — ka*5,(x) log * a, 


in which log x appears to the (k—1)-st power at most when o(s) is non- .’ 
logarithmic. In the case when s(x) contains a term Ast, so that 5){x) 
contains a term in log v, we may let so(z) = Aa" + So(x) and use instead 
of (16) the transformation 


(18) y(£) = {[4/ (k + 1)] log £ + So (2) } log £ + ğ (2), 


where S(t) is a solution (of type (2)) of the equation y (z) = So(z) 
and is therefore non-logarithmic. This transforms equation (15) into 


(19) Y (@) = Sra (2) — katso (x) log ®t a, 


and, since 5o)() is non-logarithmic, this equation involves at most the 
(k —1)-st power of log xz. Consequently we can always, by a transformation 
of the form (16) or (18), reduce by at least one the highest power of log x 
which oceurs, and by repeating the process at most k times we can obtain an 
equation which has a non-logarithmic right-hand term and hente a solution 
of the desired type. From the form of (16) and (18) it is clear that this leads 
to a solution of the desired type for the ee equation (15). This com- 
pletes the proof of the lemma. 

By following through the details of the feet cots used in proving 
the lemma above it can be seen that each subset (of the type (4)) of solutions 
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of the equation of order n — 1 ing (2) leads to a similar subset for the ecua- 
tion of order n in y(z). In some cases the solution (s) == O must be in- 
cluded in one of these subsets; in some cases it will constitute a distinct 
‘additional subset. Jn any case the solutions of the equation in ¥(a) are of 
the desired type and the complete set of solutions is made up of subsets of the 
type (4). The solutions of the original equation in y(x) are obtained from — 
these by multiplying them by the non-logarithmic factor s(x), and hence are 
also of the required type and can be grouped in subsets of the type (4). Con- 
sequently the assumption made at the beginning of this section is untenable, 
and the second part of our proof is complete. 


8.3. Proof of Part 3. Part 3 is also proved indirectly. If this state- 
ment is not true, then we may assume that every equation (1’) of order greater 
than 1 is reducible, and also that there exist equations of this form which have 
no non-logarithmic solutions. In this case there is a least order n for which 
such equations exist and, as a consequence of part (1) of this proof, n is at 
least 2. Then let L(y) 0 be such an equation, of order n. Since n is 
greater than 1, it follows from the first of our two assumptions that this 
equation is reducible, that is, that L(y) = Mn-r(Lr(y)), where the equations, 
Mn-r(y) = 0 and L(y) = 0 are also of form (1°) and of order less than n. 
Any solution of Z,(y) = 0 is then a solution of L(y) —0 also. But the 
equation Lr(y) == 0 has at least one non-logarithmic solution, since r is less — 
=- than n and n was taken as the least order for which an equation of this form - 
could fail to have a non-logarithmic solution. This contradicts the assumption 
that L(y) =0 has no non-logarithmic solution, and hence proves the state- 
ment (3). 


3.4. .Proof of Part 4. It remains now to show that every equation 
of the form (1’) and of order greater than 1 is reducible if the basic integer p 
_is properly chosen. ‘This will be done by considering three special cases ‘and 
then showing that any equation (1’) can be brought under one or another 
of these cases by a suitable transformation. First, however, we observe that 
if an(z) = 0 a factorization L(y) == Mn (La (4)) with L,(y) = y is. always 
possible, and exclude this case from the discussion which follows. 

The equation: to be considered ‘then is 


L(y) Sy (2) + a(x) yO (E) + + an(@)y(@) = 0 (an(@) 9), 
where a; (2) = Ojo, P + Aygo, D/P - - - (i == 1,2; n), 


o; being an integer, and a;,0, 5£ 0. 
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The three special cases to be considered are characterized by the wiwa 
conditions : 


Case I. ` o/iS—p . (=1L2 +, 2), 
-~ Case II. For some positive integer r, less than n, 


<o,/r (¢=1,2,---,7), 


or/t > — P, and o;/t < r/r (i= r + i,r-+2,- ‘ h). 
Case IIT. n/n >—p, oi/tSon/n (t= 1, 2,- - -, 0), 


and the equation p” A Qion p +H: e o + an -o = 0 has at least two dis- 
tinct roots. 


(8.41. Proof of reducibility in Case I. In this case the equation has ` 
a regular singular point at «== œ, and a solution of the form 


g(x) = 2" (go -+ git? + goa? +: - J (go £0). 


can always be found. 
_ In fact the ecuation can be written in the form 


(20) ary (x) + ab, (xy (s) +: - -+ bn(z)y(a) =O, 


where bi(a) = dio + buar +--+ + + (== 1,2, > +,n). On substituting the 
series for g(x) in this equation we have ; 


jire -- + (r—n -+ 1) + Š tar (r—1) pee (r—n+4+1) + bno] 


as the coefficient of the leading term. This is a polynomial of degree n in r 
and may be denoted by F (r). Then the coefficient of 2t*/? can be written . 
in. the form 


gF (r — k/p) + Sg (= bix- (r —1/p) +> (r= l/p—n + i+ 1)+ bar]. 


If we choose for r the least root of the equation F'(r) = 0, then F(r— k/p) 
does not vanish for any positive value of k and the condition that the coefficient 
of x*-*/P shall be zero for k == 1, 2,3,- : - gives us equations which can be solved 
successively for the ratios 9:/9o, 92/9c,° °°. Thus it is always possible to find 
‘ a solution g(x) of the equation (20). or (1%). ii 

The differential. expression y'(s> — g’(r)y(x)/g(x) is of the same type 
as L(y), and if itis, denoted by L(y) then L(y) can be expressed as 


L(y(2)) = Mna(Ia(y(#)))-+ G(2)y() 
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where Mn is a differential expression of the required type, of order n — 1, 
and G(x) is’ a formal series. Then since the equations L(y) —0 and 
L(y) = 0 are both satisfied by y(x) = g(a), we must have G(s) = 0, and 
the equation L(y) = 0 is reducible. 


3.42. Proof of reducibility in Case II. In this case, for some positive 
integer r less than n, the following conditions are satisfied : 


(i) — P < or/T, 
(21) (ii) oi/tsSo,/r for i<r, 
(iti) o/t < or/r for i>r. ` : 
We let 
(22a) Lr(y) =y (2) + pi (e)y™™ (@) +`: + + pr(2)y (e) 
(22b) Mnr(y) Sey"? (8) +a (2)y (e) + H Ane (2) 9(2), 
where the coefficients pi(x) and à: (x) are required to be of the same form as 
the original a(s), but are otherwise arbitrary. Then we wish to show that 
these coefficients can be determined so as to make the symbolic Pracie, 
Mn-r(Lr(y)) identically equal to L(y). 
From equation (22a) we have, by s successive differentiation, 


LOGS p kpa + EEB py), 


where it is understood that po(z) = 1, eng pi(z) = 0 if 2 is negative or is 
greater than r. 


On substituting these values in the identity 
Mrnr(Lr(y)) = Le? (y) aL er? (y) eb Aner Lely), 


‘we reduce this to the form 


Mo-r(Lr(y)) =y™ p Ayd fee Any, 
where 


A; = pi + linear terms in p’i4, pio: °°, po” 


intr 


tenir 


i-t 
H X Atl Ppi: + linear terms in p’i-14,° °°, perd] -+ Ài 
I= 
(t= 1,2, >n), 


where it is understood that A,(x) == 1, and Ai(z) = 0 if i is negative or 
greater than n—r. Then, in order that L(y) = Ma-r(Lr(y)), it is necessary 
that Qi (z) = = A(x) (t1,2,---+,n). This gives us'n equations of the form 
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toner 


(23) ai(z) = p; + linear terms in pia, +, power 
= i-1 
= > A:[pi-r -+ linear terms in Pity > pOT] ta 


pentr 


(=La at) 


to be satisfied formally. This condition can always be satisfied by a proper 
choice of the coefficients py and Am, where we denote by pix the coefficient of 
a-*/e in the series p:i (z), and by Aix the coefficient of 2 */? in the series M (£). 
The determination of these coefficients is as follows: 

Denote by e; the greatest integer not greater than io,/r, and take 


0, if k< — cei 


Gin a oad ete pir be if k= — ei. 


- Then the leading terms in the right-hand member of the equation.are 


4-1 


Pi, notet? + 2 Àl, 1-e: Pi-1,-€¢-1 eae Eye + ise, glerl)/p, 


but from the definition of e; it is reacily seen that (ei-1 + e; —1) is less than 
6i, 80 that the highest power of x? which occurs on the right of equation (23) 
is the ¢;-th and its coefficient is p;,-., —4di,-2,. On the other hand the condi- 
tions (211i) and (21 iii) ensure that the leading term of a(x) is of at most 
the ¢;-th degree in st, and its coefficient is a;,.2,. Thus conditions (24) ensure 
that the leading terms in the right ard left members of equation (23) are the 
same. The requirement that the coefficient of x‘¢-”/? shall be the same on 
both sides of equation (23) gives us equations of the form 


4-1 


(25) Gime = Prier t 2 AteePi-vero + Aime, F Pin (= 1,2, °°, 0), 
i=1 : Š 


where Fiw is a known polynomial in the coefficients 


(26) { Ai,i-e4) At,2-e1) | | y At, k-61 (2 = 1, 2, 15% — r), 


Pi,1-ei Pi, 2-843` ` ` 3 Pi,k~2-e, (4 ns eae r). 


Since e; — e; is less than & —e;, the factor Pi-re,e, is one of the set' (26), 
so that for each value of k we have a set of n equations linear in the n quantities 


(27) P1,k-e P2,k~e29 me A Pre, > À1,k-613 ie 4 An-r, k-en- 


and by taking k = 1,2,- -.- successively we can solve the. corresponding sets 
of. equations R E for Pine, and’ M k-e; in terms of the previously de- 
termined coefficients (26). i! 


i 
to opw 
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To show that the set of equations (25) actually determines the n coeff- 
‘cients (27) uniquely in terms of the coefficients (26) we need only inspect 
this set of equations somewhat more closely. They may be written as follows: 


Pir = Pi k-61 


Prk ERN Pr, k-er + A1,b-e,Pr-1,¢1-¢, + as -+ Ar-i,k-6r-aP 1 erger a Àr, k-er? 
Prik == À, k-e Pr, 616r FH: eo E Ar k-e, Pi epep t+ Arer k-en 


Prk ü Àn-r, K-en- P ’,@n-1r-En? 


where the left-hand terms are known. From the definition of e; it follows that 
Ci — eri = — or (6 = 1, 2,- , n — r), 80 that Pr eren = Pro, = Or,-0, 9, 
and the last n — r equations can be solved successively, beginning with the last, 
for Anrep’ © > Anke Then Dixe,’ °°, Prx-e, Obviously can be deter- 
mined successively from the first 7 equations of the set. 

Thus the series p;(z) and A;(z) can always be determined so that 
a;(v) = A(x), and hence L(y) = Mn-r(Lr(y)), and the reducibility of equa- 


tion (1’) in Case II is established. 


) 
3.43. Proof of reducibility in Case III. In‘this case we have 


(i) mS own for, all. values of t, 
(28) (ii) — p < on/n, 
(iii) at least ae distinct roots of the equation 


, l i 
(29) p” Bg ti,- nyap" + om + Qi,-t0,jnp™* of ie T An, -0n = 0. 


Here it is assumed, as indicated by the notation ai, -iosa in the above equation, 
that the basic integer p in the equation (1’) has been so chosen that o,/n 
is an integer. This is always possible. 

We let p, be a root of equation (29), of multiplicity r. Then the equation 
can be put in the form 


(29) (p— pr)" (p + aap fee p aapt te bt Anr) = 0, 


where pT + aip +--+ F Enr 0, and, since a,c, 540, py and Anir 
are both different from zero. 

Then we define Lr(y) and Mn-r(y) by equations (22) as in Case II, 
except that r is now the multiplicity of the root p,. Then, as in Case II, 
.we have to satisfy equations (23). This time, however, we let the leading 
term of pi({x) (or Ai(z)) be of degree to,/n in x'/?, that is, let | . 
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-(30) = l Pik == Am = 0 for k < — tTn/N, 
and take 


- Ài, -i0,/n == Qi, ` 
(31) { Pi,-io,/n = the (4 + 1)-th coefficient in the expansion of (p— p,)*. 


This gives us, as the leading term ir. the right-Hand member of equation (23), | 
[pi -ig + G1 Di_1,cl~iyg + Qile, where g =on/n. The coefficient, enclosed 


in br sees is precisely the coefficient of p”* in the left-hand member of 
equation (29°), which is equal to @;,-i0,/n, Since (29°) is identical with (29). 
Hence the leading terms of the right and left members of equation (23) have 
been made the same by conditions (80) and (31). 

As in Case II, the remaining coefficients 


Pie-ig Cee rues k = 1, Pa Ai, k-ig (t= 1,2, n—r; k= 1,2, +) 


> can be determined for successive values of k from the equations obtained by | 
requiring that the coefficient of x‘#9~/? be the same in both members: of equa- 
tion (23). In this case these equations have the form 


\ 


i-l ` E 
(32) Qigig = Pix-ig + D (Àr,-tgPi-k-ci-Ds F A,k-tgpi-t,ad-i9) F Aix-ig + Gik 
; ļ=i i ` ; i 


l , (t= 1,2, n), 
where G4, is a known polynomial in the coefficients ; 
í 


Xi,-ig) Mijt-igs T T y Aik-aig i (t= 1,2, > -;n— r); 
Pi -ig Pir-igs” ` ` > Pi,k-1-i9 ' (i= 1,2, < -,r). 
These n equations, linear in the n quantities 
(33) Dinig (= 1,2, 3r), Aizig (1 = 1,2, n — r) 
are the same as the conditions imposed on these quantities by requiring that 


the identity in u, 


` puuri = Ar (u) Caralt) + Bur (0) Drs (0); 


exist, where Wix == 4i,n-ig — Oik and A,(w) and Bu+(u) are the known 
polynomials 


Ar(uyemeut bob paa Prom 
Br (u) = sunt te o p Aai tt + Aner cremyg, 


a Cyr1(u) and D,..(«) are the polynomials 
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© Onora (U) = Mgt te pb Mig i + e F Anr kenrg 
Dia (u) = Piw- + Piit F: + Pr,k-ros 


in which the coefficients are to be determined. The known polynomials A,(p) , 
-and Bn-r(p) are, as a consequence of the choice of Pi,-ig aNd Aj,-ag (equations . 
(31) ), the first and second factors respectively of. the left-hand term of equa- 
tion (29’), and hence Ar and Bn-n are relatively prime. Consequently we may 
“apply the theorem of algebra that if Pa, Ay, Bn-r are known polynomials of 
degrees indicated by the subscripts, and A, and By_, are relatively.prime, then 
there exists one, and only one, pair of polynomials Cyr. and Dr, of degrees 
n—r— 1 and r— 1 respectively, which satisfy the identity. 


wP n = ArÜn-r-s -+ Br- Dri 


~ 


_ This ensures the existence of a unique set of coefficients (33) which satisfy 
the equations (32). 

Thus by taking k = 1, 2, 3,- - - successively, it is always possible to de- 
termine the sets of coefficients, l 


Mais (I=L anr), Pais (i= er) 
Ni,2-ig (i = Í, 2, +, n— r), Pi,2-ig (îi =], Bpr r) 
successively, so that equations (23) .are satisfied, that is, so that 
L(y) = Ma+(Lr(y)), 
¡and the reducibility of equation (1°) is established in Case III. 


. 8.44. Conclusion of proof of Part 4. Now any equation (1’) which 
does not belong to Case I, II, or III must satisfy the following conditions : 


(1) oi 5 n/N | l ; (4 =1, age ‘ n), 
(34) (ii) — p< on/n, a l 
(iii) p” + @y-oynp™™* F: © © F an, -0p = (p Sa (pi 0). 
This requires that i -ion/n a = 1,2,° on) be different tron zero, that is, 
that o;/t = on/n (t= 1,2,- --,n— 5: and, in particular o, = n/n, and 
also that np; = — Q1,-.0,/n = — 44,-0,. 


In this case we substitute 


(35) > y= eog, 


t 


where Q(z) = poredio) (p+ pi). The equation (1°) will then be trans- 


430 FRANCES , THORNDIKE COPE. 


formed into an equation of the same type in the-new variable 4, which we may 
denote by 


(36) L(G) =9 + GO +: -+ å = 0, 


where @; (£) = dj,¢,07/? 4+- -> , and, in particular, @ (2) = nQ (x) + a(z). 
Moreover a sufficient ER for the reducibility of the original equation (1’) 
is the reducibility of the transformed equation (36). 

_ Consequently if equation (86) zormes under Case I, II, or III the equation 
(1’) is reducible.. Otherwise equation (86) must satisfy conditions of the 
form (34) and another transformation, 7 = elai, leads to another equation 
of the same type, which is reducible only if equation (36) -1s reducible. The 
transformation (85) however, makes ¢, S o, — 1, since from the equations 


äi (x) =n (£) + a(s), Q(t) =p,  npı =— t,o, 
we have 
a, (£) = npt? — (Qa, -0,8% + ayo COP Le) SH Oyo tr... 


Hence if the equation (1°) does not belong to Case I, II, or III, we must have 
On/N = (on —1)/n, and after a sezond transformation, if the new equation 
in § does not belong to Case I, II, or III, we must have n/n = (on —2)/n. 
Thus as long as the equation does not fall under Case I, II, or III, it may be 
transformed in.this way, so that the value of the ratio o,/n is each time 
decreased by at least 1/n. This can occur only a finite number of times before 
we have an equation in which on/n < — p, which necessarily belongs to Case I, 
and is therefore reducible. Consequently we can always transform the original 
equation into one which is reducibie by a finite number of transformations 
of type (35), and the reducibility of the original equation follows from the 
reducibility of the new one. This ccmpletes the proof of ` | 
THEOREM IlI. ‘Every equation of the form (1°) is reducible if the basic ` 
integer ts properly chosen. 


This is the last step of the proof of Theorem I, for we have shown that 
the reducibility of all equations of ths type (1°) insures the existence of a non- 
logarithmic solution, and hence of 2 complete set-of solutions, for each such 
equation. 


-4, Properties of the complete set of solutions. In the first place we 
observe that, although the formal sclutions (6) may be multiple-valued and 
each one may go over into another ons when the point x in the complex 2-plane 


f 
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describes a doi curve encircling the origin 'p times, nevertheless the linear 
dependence or independence of any set of solutions remains unaltered. This 
follows from the fact that the equation (9), by means of which linear de- 
pendence is defined, is an identity in 2. 

Next we shall verify, for the case of. formal solutions of the type. (6), 
the two following theorems: ` 


TuroreM IV. A necessary and sufficient condition. for the linear de- 
pendence of the set of formal solutions yi(2),°**5Yn(v) of a linear homo- 
geneous differential equation of the form (1) is that their Wronskian, the 
determinant A (Yr °°, Yn) = | Yy” Yn) | be formally equal to zero. 


THEOREM V.. Any formal solution of a linear. diferential equation of 
the form (1) can be expressed as a linear combination, with constant coeffi- 
cients, of any set of n linearly independent format solutions. 


We first prove the condition, A(4:, y2,° © * Yn) = 0, to be necessary for 
the linear dependence of the set 9:,Y2,° °°, 4. Jf there exist” constants 
F, Po,--- +, Fn, not all zero, such that Fiyi + Faya +--+ + + Fayn == 0, then 
we have: 


Py? ae Pays dis sh Fryn” s (i +0,1,---,n—1). 


This set of equations can be satisfied by a set of constants not all zero only 
if the determinant of the coefficients of Fa, Fe,’ > *, Fn 18 zero, and this 
determinant is precisely A(Ys; Yay" °°) Yn). 

If the set yj, Yor 5 Yn- is of the type TOENE in Theorem I that ï is, 
if 41, Y2" ` `, Yna ave elementary formal solutions and the set is ites up 
entirely of subsets of the form (4), the sufficiency of the condition can be 
proved by much the same method as is used for analytic solutions, In this 
case we denote by Ai; the cofactor of the element in the i-th row and j-th 
column of A. Then it can be shown * that Am is of the non-logarithmic form 


(7%) for which division has been defined, e ONESIMERNT, if A = =0 and Ann s£ 0, 


we have 

(37) Yp MD E [ (Ani/Ann) yO”? + ~ oe -}- (Ba na/ Ban) y] 

from the expanded form Amey An fee eb yD Anna + Yn Ann Of. | 
the determinant. Then if Fy, Fa, --, Fr. are required to be a of 


the general form (6) and subject to the conditions , . 3 


.“ By the method used in Part II, § 5, to prove dation (40) free from opar eume 
and exponential factors. 


9 
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(88) -PÈ == — [Py +--+ Pray 


n-i 


(1 = 0, 1,: > -,n—?), 


we have, solving the set of simultaneous equations (38) by Cramers ‘rule, 
Fi = Ani/Ann ((=1,2,° +-+,2—1), so that equation (37) becomes 


(3%) Yn I) ee aaea [Fiy m” 4- eee -+ Pyay 9]. 


On differentiating each equation of the set (38) and subtracting the result 
for the i-th equation from the (t—1)-st equation (considering equation (37) 
as the last of the set) we have 


0 = Fay aps eee Pag h (t= 0, 1,: : -,n— 2). 


Then this set of simultaneous linear equations in the variables F, Fatt, F’n-1 
has the unique solution F’; = 0 (i= 1,2,- - -,n—1), since the determinant 
of the coefficients is Ann. 

We now need the 


LEMMA. ` If y(x) is of the form (6), and y' (£) = 0, then y(x) is a 
constant. 


The proof for the special case in which y(z) is an elementary non- 
logarithmic solution is obtained from the computation of § 3.1 by taking 
a(x) = 0 in the equation (10)., If y(x) is of the general form y (s) = 8, (£) 
+:--+-+ Sq(x), where S,(x),- - -,S¢(x) are of type (2) and each involve 
a different exponential factor, then 7(z) =8’,(2) -+--+ Fe(s), and 


y (x) can be zero only if a(s) =; - -== F(s) =0. But if 
8i(x) = s(2)log* s + s,(2)log** 2 +--+ + s(x) 
where S)(t),° * *,8%(2) are of elementary non-logarithmic form, then 


8'(x) =s (a)log*a +> + ++ [Sa (2) + (k —j)a%s; (2) logt a 
feeb fs'e(@) aan (2)]. 


Then 8’,;(#) can be zero only if s‘)(@) ==0, that is, since s)(z) is non- 


“w 


logarithmic, only if so(#) is a constant Co. In this. case s’;(2) = — coka™, 
but this equation can be satisfied by a formal series of type (3) only if co == 0, 
in which case we have s,(s) equal to a constant. Thus s(%),- °°, %1 (T) 


successively can be proved equal to zero, so that S: (x) must be non-logarithmic 
and a constant, and the lemma is proved for the general case. 

By applying this lemma we find that the coefficients F(s) are constants, ° 
so that the first of the equations (38) establishes the linear dependence of the 
set of solutions is Uns 


a 


SOLUTIONS OF IRREGULAR LINEAR DIFFERENTIAL EQUATIONS. PART I. 433 


If the cofactor Ann is zero, we observe that it is precisely the Wronskian 
of Ya’ © -Yn and hence, by the above argument, this set of solutions is 
linearly dependent unless the first principal minor of Ay, is zero. By repeating 
this argument we work back until we reach a set of k (< n) solutions which 


is linearly dependent. Then, since this subset y1,- - +, Yx 1s linearly dependent, 
so 1s the original set yi,° °°, Yn. | 
In ‘order to establish the sufficiency of the condition when Y1,’ © *, Yn is 


any set of solutions of the form (6), we need to use Theorem V for the special 
case in which the given set of distinct solutions consists (with the possible 
exception of one solution) of subsets, of type (4), of elementary solutions. 
We therefore proceed to prove Theorem V for this special case. 
Let Ün be any solution of the differential equation (1) and let Yı, Üz 
` +, Ün be a set of linearly independent solutions made up of subsets, of the 
form (4), of elementary solutions. Then the n + 1 equations ay, + ays? 
+++ -+an9i=—0 (i= 1,2,:--,2+1) must be satisfied simultaneously. 
Since these equations are linear in @,@,° * *, dn, they can have a set of solu- 
tions other than 0,0,- - -,0 only if the determinant of the coefficients is equal 
to zero. This determinant is simply the Wronskian of the set Ya, Ye, + - , Uns Yma, 
and this set is of the special type for which Theorem IV: has already been 
proved. Hence this set is linearly dependent, that is, there exists a relation 
EY tb Badin + Fna = 0, in which the Fi, - +, Faa are constants; 
not all zero, and Fn, is certainly not zero, since Yı, -,Ẹn are linearly 
independent. Consequently we have an == (1/Pau) [Prt +--+ + Pata]. 
Then any set of solutions Y1, y2,° * *, Yn of equation (1) can be expressed 


n 
as Y: = È CY; (t= 1,2, >- n), the coefficients ci; being constants and 
. jal 


91,2," © +, Ün being a linearly independent set of elementary solutions which 
can be grouped in subsets of type (4). Then 


A (Yas Ya) = | YP] = | E cing? | = | oss | | GaP | = | ci | Aa: Dn), 
so that if A(y:,° ++, Yn) =0 we must have | ci; |= 0, and hence, from the 


5 
equations y: == X cY; (t= 1,2,---+,n), the set Yı, Y2* '*,Yn must be 
j=l 


| linearly dependent. 
Now that the proof of Theorem IV has been completed, the proof given 
for ‘Theorem V in the special case applies in the general case also. 
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APPENDIX. 


‘Note on Formal Solutions of Linear Difference Equations. 


The results of $2 apply, with only slight modifications, to the formal 
solutions of the linear homogeneous difference equation discussed by Birkhoff,* 
and have been implicitly assumed by him. ` The formal solutions of such an | 
equation are of the form (6), except that the exponential factor eQ% is re- 
placed by x#*e2@, u being a constant. We therefore replace the non-logarithmic 
expressions of type (5). by expressions of the form 


(5). > | a(t)e (2) +: + Om(2)em(e), 
im eich the factors e(z), > +, em(T) are of the form e¢;(z) om phogQiio)_ 
Qi ==1,2,--*,m) and are all different, and the factors a,(®),* * -,am(2) 


are formal series. The most general formal expressions to be considered then 
are of the type . | 


(6) By(z)log*2 + 8,(a)log**2 +--+ Sele), j 


‘where So (s), -'+,S,(2) are of the form (5’). The definition of linear 
dependence (Definition 6) is modified by allowing the coefficients Fi, ty Fm 
in equation (9) to be of the form 

(a) : F; = Cj onkii 2, 


where ¢,,° * °,Gm are constants, not all zero, and kı, +,km are integers. 
Definition 5 is replaced by 


DEFINITION 5’. If a(x) is the formal series 
. aot! -+ ay ei ++: 


then a(x + n), n being any integer, 13 the formal series Bad by expanding 
each term of the series 


Or (2 + n)" +. ar (3 4. n) (r-1) fp m4. 


as a formal series by the binomial ii and combining terms in like 
powers of ove 


. * Loc. ett. 
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If, S(a) ts an expression of the O E form (5°), then S(T 4 n), 
_ n being.an ) integer, is the se ae of the form ( a , obtained from 


| . Bas a + njee +n) 


by expanding the factors e;(a@-+ n) im the form (5 ) by the rules which apply 
when these factors are regarded ds analytic functions, and expanding the fac- 
tors ai(@-+ n) as formal series according to the preceding paragraph. | 

-= If U(x) is an expression of the general form (6° k then U(a-+ n) is the 
expression, of the form (6°), ne from 


> 8 (a n)log** (x + n) 


by rdo the coefficients Sı(æ i n) in the form (5°) RRE to the 
preceding paragraph and taking 
| log (z + n) ~log e+ n/s — $ (0/2)? +- 
With these generalizations of the definitions, the ordinary formal algebraic 


laws are still valid, and formal equations in expressions of the form (6’) are | 


to be regarded as identities in a. Theorems B-E of § 2 remain unchanged and 
Theorems F, G, IV, and V are replaced by the following: 


Tuporem F. If yil), ya(z), `- ,Ya(T) are solutions of a linear homo- ` 


geneous difference equation, then any linear combination of them with coefi- 
cients of the form (a), t. e., any expression of the form (6’) which ts linearly 
dependent on the set y1,° ` +, Ym, 8 also a solution of the equation. 


Turorem G. If V(x) is a particular solution of a non-homogeneous 
linear difference equation L(y) =r(x), and y(x) is the general solution ‘of 
the corresponding homogeneous equation L(y) = 0, then y (2) + Y 2) is the 
general solution of ate non-homogeneous equation. 


THEOREM Iv’. . A necessary and sufficient condition for the linear de- 


pendence’ of the n formal solutions Yı,“ `, Yn of a homogeneous linear 
difference equation of the n-th order is that the determinant of Casorati, 


D (yx, * +5 Yn) = | ys(@), yele + 1), °°, Yne + n—1)j, be formally squal 


to zero. 


THEOREM V”. Any'formal solution of a@ linear homogeneous difference , 


equation of n-th order is linearly dependent c on any set o n linearly independent 
formal ‘solutions of the equation. — 


. The proof of Theorem IV’ follows ‘the: same lines as the proof of the 
corresponding theorem for analytic solutions. To prove the condition neces- 
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sary we assume that the solutions satisfy an equation Fiyi +: © © -+ Fryn = 0, 
where f,,: - +, Fa are of the form (a). From this, since Fi(z + 1) == Fi(a), 
we have Fiy,(@ HiH: > -+ Fayn(o +i) = 0 (i= 0,1, ©- ,n— 1). This 
system of n simultaneous equations in the n variables F,,---, Fn can have 
a solution other than F, =: > - = Fa = 0 only if the determinant of the coeffi- 
cients is zero, and this determinant is precisely the determinant of Casorati. 
In proving the condition sufficient we restrict ourselves at first to the case 
in which the set 41,' °°, Yn+ is of the type described’ in the fundamental 
existence theorem.* In this case, if we denote by D;; the cofactor of the ele- 
ment in i-th row and j-th column of D, the determinant Dan is of elementary 
non-logarithmic form. Then if we assume D = 0 and Dans 0 we have 


(b) -ple Hai) —P# ye n—4) + + BAY, (e+ n—1), 





We let Fa,“ © <, Fn- be expressions of the form (6’) determined by the 
conditions | 


(E) Jale +4) = — [Pi (e)y (e Hi) be H Fea (2) gna lE +4) 
(i=0,1,: 2 a), 


Then F; = Dni/Dan (t=1,- > +, n— 1), and the equation (b) becomes 
(d) yn(t + n—1)=— [F (2)y (e + m—1) ++ + Paa(t) yna(e F n—1)]. 


On substituting v -+ 1 for v in the 7-ta equation of the set (c) and subtracting 
' from the result the (i -+ 1)-st equation of the set (considering PERNO (d) 
as the n-th of the set) we obtain the equations ' 


0— SR (e+1)—Fy(z)Jy(@+i) O Gint), 


which can be satisfied only by Fi(a — 1) — F(z) =0 (¢—=1,---,n—1), 
since the determinant of the coefficients is Din. 
The next step depends on the 


LemMaA. If yix) is a formal solution af the equation y(a + 1) — y(r) 
== 0, then y(x) is of the form (a). | 


This can be proved by considering first the case in which y(z) is of the 
elementary non-logarithmic type, establishing the fact for this case by direct 
substitution and evaluation of constants, and then reducing the general case 
to this one, step by step. 

Applying the lemma, we find that Fy == cye?"'*V2 2 (j= 1,---,n—1), 

*I.e., consists of elementary formal solutions which can be arranged in sets of 
the form (4). 
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so that the first equation of the set (c) establishes the linear dependence of 
the set of solutions y4,° °°, Yn. 

If Dan = 0, then, since Dan is the determinant of Casorati for the ‘first 
n — 1 solutions, these solutions are, by the preceding argument, linearly de- 
pendent unless the first principal minor of Dan is zero. Thus we can work 
back step by step until a set of solutions 4,,---,y, (k <n) is obtained 
which is linearly dependent. Then the whole set 4;,- - -, Yn must be linearly 
dependent. 

In order to prove the condition sufficient in the general case we require 
Theorem V” for the case in which the given set of linearly independent solu- 
tions is of the special type just considered. To prove Theorem V’ for this 
special case, let #1, © -, Ym be such a set of linearly independent elementary 
solutions, consisting of subsets of type (4), for the equation 


dy (x)y(at+ nm) +++ ++ On(e)y(t)=0 (a(x) == 0, an (a) == 0) 
and let y; be any solution of this equation. Then, by substituting Yı, °° , Ya, Yi 
successively for y in this equation, we obtain a system of n + 1 equations, 
linear-in the n+ 1 coefficients a(x). Since these must be satisfied simul- 
taneously by a set of values of the a;(x) not all zero, the determinant of the 
coefficients must vanish. Hence, since it is the determinant of Casorati for the 
n -+ 1 solutions, they are linearly dependent, and, since the solutions #1,°-*, Gn 
are linearly independent, y; must be expressible as a linear combination of 
Ya °° Yn. 

The proof of Theorem IV’ for the general case can now be completed. 


Any set of solutions ¥1,- - +, Yn canbe expressed as 

(e) y: = È Puti (= 1," n), 
f= 

where 91,° © *, Ùn 18 a set of solutions of the special form already considered 


and the coefficients Fij are of the form (a). Then 


n 
D (yp: sYa) = | H2 Hj —1)| = Z Pade(@ + j—1)| 
= | Fy |- | gile +i —1)| = | Fu | DCG + + Gn). 


Hence D(y1,° * `, Ya) can be zero only if | Fi; | = 0, and in this case we have 
from the equations (e) a linear homogeneous equation of the form (9°), which 
establishes the linear dependence of the set of solutions y,,° * `, Ym | 

Thus Theorem IV’ has been proved for the most general case. The proof 
of Theorem V’ given for the special case is therefore valid in the general 
case also. | 


i 


ON THE INVARIANCE OF A GENERALIZED GRAMIAN IN A 
RIEMANNIAN FUNCTION SPACE.* 


By Henry P. THIELMAN. 


In this paper we consider a special Riemannian function space manifold t+ 
in which the length of a vector y(s) is defined by means of a symmetric, 
properly positive, definite, integral, quadratic form of the following type: 


(1) (yy)o = Japy YE + ga(y*)? >O (Gap—=9pa, Ja 0 in (a,b)) 


for all real continuous functions y(<) which do not vanish identically in the 
interval (a,b). 
, (1) stands for the expression 


fS P)yla)y(B)dad + f 'g(a)y?(a)da > 0. 


These conventions | 

1) of representing the arguments of functions as continuous subscripts 
and superscripts, and 

2) of letting the repetition of a continuous index in the same oe once 
GS a subscript and once as a superscript, sigmify Riemannian integration with 
respect to that index over the interval (a,b) will be used throughout this 
paper. Parentheses around any continuous index denote that the integration ° 
convention 2) does not apply to that index. All functions occurring in this 
paper are assumec to be real, and continuous in their closed regions of 
definition. 

It is easily shown that the Fredholm determinant D[gap/(gage)*] of (1) 
does not vanish (i. e., unity is not a characteristic value of D[gap/( gage)”. 
In fact suppose 


Dl gas/ (gage) #] === 0. 


Then the homogeneous Fredholm integral equation 


j Pr esented to the American Mathematical Society, April 13, 1933. 
+A. D. Michal, “ Affinely connected function space manifolds,” American J ournal 
of ‘Mathematics, vol. 50 (1928), pp. 473-517. 
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2* + [gap/(gaga)*]2° = 0 


will possess a continuous solution z* which does not, vanish identically. - Hence 
if we let y* == 2*/(g(a))%.it follows from.(4) that. i 


£ 


Jaty® + (gap/ga*) y® = 0. 
_ Multiplying this by g.%#y@ and integrating with respect to @ we get 


gal y*)? + gopy*y® = 
which contradicts (1). 
` If we défine the inner product, ihe TEA between vectors, and the giir 
product of.n vectors in a way analagous to the one used in n-dimensional 
vector analysis, and in Euclidean function space geometry,* we are led to a’ 
geometrical initerpretation of the following pepere seen ers 


(y.9s)o (ys92)0 © © © (Yx¥n)s 
SE on | (yeYyr)o (Ye¥2)9 ` © © (YYn Yo. 
(2) | (il =] ‘ať G; 


=  F(YnYs)o-(Yn¥2)o © © (Yn¥n) a 
` where so g a; 
(YY) o = Japy iYi? + gays?ys? 
(47 == 1, es? "* 523 Jap = YBa; Ja 0, in (a, b)). 


It can be interpreted as the square of the volume of the parallelepiped. gen- 
- erated by the vectors 91%, y: °°, y" having the same origin. If (yy)y 
is of type (1) and the y (¢—1,2,---,n) are linearly independent’ then 
the Gramian in .(2)-is always greater than zero. For gap==0, ga == 1, n= 2, 
the statement that (2) is positive becomes Schwarz’s inequality. t 

Since we thus see that the generalized Gramian (2) plays an important 
part in Riemennian function space geometry, the question naturally arises, 
“What are the most general transformations: of a nme type that leave this 
Gramian invariant?” — : i i 

In order to answer this saben we consider the consta lineag, canal 
transformation of the third kind i 


*G. Kowalewski, “ther Functionenriume,”. Sitzungsberichte der Kaiserlichen 
Akademie der Wissenschaften, Naturwissenschaftliche Klaase, 120 Band, Abteilung ITs, - 
I Mitteilung, pp. 77-109, II. Mitteilung, pp. 1435-1472 (1911). 

} E. H. Moore gives a broader generalization of Schwarz’s inequality i in “On the 
fundamental functional operation of a general theory of linear integral equations,” 
Proceedings -of the Fifth International Congress of M ECU Cambridge Uni- 
versity Press (1913), pp. 230-255.. 
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(3) - y* = Kegs + Kpty? 


where K*540 in (a,b) and the Fredholm determinant D[K,*/K*] 4 0. 
It is a well known fact that under these conditions the transformations (3) 
form a group.* An answer to the pr oposed question is given by the following 


' theorem: 


THnorem I. The subgroups of the group of linear functional trans-. 
formations of the third kind which leave the integral quadratic form (yy)y, 
and hence (yiyj)9, invariant are identical with the subgroups of the group 
of transformations of the third kind that leave the generalized Gramian 
| (yiys)g | invariant. 


It is obvious that every transformation which leaves (y:y;) 9 invariant 
will leave the Gramian | (yiy;) ail invariant. We shall now prove the converse 
of this statement. 

Let us consider a Gramian which is invariant under the Ganson oi 
(3). That is to say 


(G:Y1)o (YsY2)0 ` ` © (DYa)o (YY1)o (YrY2)o ` * (Yr¥ndo 
foo pro ep o I7 
(Ünbi)o (Ynt2)o © ` © (Ynn)c (YnYr)o (YnYz)g ` ` * (YnYn)g 


Let us expand (4) to have it in the form 


(Foie) 9 ae (Yon) 9 
(Gid)o | l F Qg «p [Ja Yatt, Ün] GP 
(niin) cue (YnYn)g 


(Yo¥2)o °° © (YYn)g 





ae (y:41) 9 + QgaB [yz Yar 3; Yn lY YË, 


(YnYa)g °° - (Yate) 





where QgaB[ Ye, Ja: °°, Yn], ind Jih: Jat a yn| are the coefficients 


* A. D. Michal and T. 5. Peterson, “The invariant theory of functional forms 
under the group of linear functional transformations of the third kind,” Annals of 
Mathematics, vol. 32 (1931), pp. 431-450. i 
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of a quadratic form in ğı and y, respectively. Next keep Ya Yst; 
Uns Y2 Ya," ` `, Yn constant and calculate the first variation of (5). Doing 
this we obtain 


(YoYo) g ar (Yon) g 
2989.2 |" | Egale De > + Gn] 70A 
(YniYeo) 9 ee (Yutn) 9 7 
(6) 
(YoY2)o © ` © (YYn)g 
= gay By O | Rg eB ye, Ya © <, Yn lyy, 
(Ynyz)o © ` © (YnYn)o 


where RgaB[ Ye, Ys © ©, Yn] stands for 


(Y2Y2)g a (Yo, Yn) g 
agp) ft RGB [Gas Fes > $, Fa] + QIP LY Yas > >s yn, 
(YnY2) g me (YnYn) g 


and FegaB[ yz, ¥s,° * -, Ym] for the identical expression with J; replaced by 
Yi (4 = 2, 3," ; n). 
Remembering that 


ye = Kaye + Kpry8, K*~0 in (a, b) 
and hence 
byt — Kay + Kpy, 


“we can rewrite (6) in the form 


~ 


? b l 
(7) J {Q[Go, Ys,° t, Yn, Yrs Ya * * 5 Yny? 
F Aag [Y2, Ys," ` `s Yns Ya, Y3” ` `> Yny KK] yr? yòy: da = 0, 


where i 
(Yo2)g ` © © (Goin) a (Y2Y2)g °° * (Y2¥n)o 
(8) Q=2ga — 29 ca) ( K")? l l ; 
(Ine)a ` © (Gun) (Ynyz)o ` ° © (Ynn)o 


and 


-3.t 
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Aap = RgaB [Geo Jas. `s Yn] — hgaBl ye; Yass oy KLOKA L 
. — Rgoa[ yz, Ys,` © ©, Ya] KEKO — Rgbo[Yz ya >, eK OK á + 
— Bgop[ y2, Ys," © >> Yn| Kp Ka" ' 
(uaa) © (Yan) 0 


2p | oe 4 (gia Kp°K* + yep KaP KS + goK Kp"). 
(YnY2)o ` * © (YnYn)g 
By the fundamental theorem, of the calculus of variations it follows from 
(7) that ' i 
Y O| Yo, Ys, Po es Yn; Y2 Ys, z l *y Yn] , 
= GP Aap Ya Yar’ *> Yn; Yo, Y3,° ` `s Yn K”, Kya) == 0). 
In order that this relation may be true it is necessary * that 
OQ] Yo, Ys * "a Uns Yar Yas "s Yn] == 0, | 
and Aaal Ye Üss: °° Üns Yas Yay’ `’ Yn K”, K`] = 0. 


From (8) it now follows that if the generalized Gramian. of order n is an | 
absolute invariant then, since ga5& 0, ` 


(Go¥2)9 °° © (Yoln)s (YoY2)o °° © (Y2Yn)o | 
3 e; . ete? (K+)? + ® a ° . . R 5 . 
(UnYe) 9 IRS (YnYn) 9 (YnYfo) 9 ee (Yntin) 9 


Applying the same method of reasoning to this equation as we did to (4), and 
repeating this process (n —2) times we finally arrive at the equations 


(Yn-1Yn-1) I (Yn-r4)n ) g ( Yn-1Yn-1) g Ynya) g 








9 gas ee =— (Jt) 260-2) 
( ) (Ynn ig (Unia) ( ) (YnYn-i)g ( YnYn) g 
and aoe 
(10) (Grin) 9 = (KEE (Yorn) o- 
Since the y:%, y2%,: ` `, Yn? are cogredient variables under the transformations 
(3) it can be easily verified that as a consequence of (10) we have 
(11) (G91) 9 = (EPO (Yas) 9 (J= 1,2,---,0). 
Making use of (11) in (9) we obtain by an obvious calculation that __ 
: S x | (Ee)? == 1, l 


and hence that 


*G. Kowalewski,’ loc. cit., pp. 1455, 1456. 
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(12) . i (do ai (Yi¥s)o (ij = Ip a » 1). 


Equations eas to (12) now ataie that if the meneraliaed Gramian of order i 
is an absolute invariant under a certain transformation of the third kind, 
then each element of the Gramian is an absolute invariant under the same 
transformation, as was to be proven. 

The necessary and sufficient conditions that (yy)y and hence. (yiy;)¢, 
be an absolute invariant under a subgroup of the group of linear functional 
transformations of the third kind are, however, known. We state here a 
theorem which is a direct consequence of a result proven elsewhere.” | 


- THEOREM IJ. A necessary and sufficient condition that (yy) , and hence 
(yiy;)9 be an absolute invariant under a subgroup of the group of linear 
functional transformations of the third kind (3) with non-vanishing Fredholm 
determinant D[ Kg*/K*) 1s that the coefficient K* and Kg satisfy the 
equations 

(1%)? = 1 
(13) gopK PKS + gaokK Kp? + giska Kp 
+ JaK Ke + gig) KP Ka? + goK aK 5° = 0. 


lt can be easily verified that the transformations of the third kind (3) whose 
coefficients K* and Kg" satisfy (13) form a group. In analogy with the 
situation in Euclidean function space,t (i. e., one for which gag == 0, ga == 1) 
we will call this group the group of orthogonal transformations, and also 
speak of it as the orthogonal group in our function space. The orthogonal 
transformations for which K*==1 constitute a subgroup of this orthogonal 
group. — aa 

Since the Fredholm determinant D[gag/(gags)”]| is a relative scalar 
invariant of weight two under the group of linear functional transformations 
of the third kind,t -it follows that the Fredholm determinant D|Kg*/K*| of 
on orthogonal transformation has the value of 1 or —1. . 

Making use of the definition of an orthogonal group we can restate our 
Theorem I as follows: 


THEOREM Ia. A necessary and sufficient condition that the generalized 
Gramian | (yiy;)¢ | be an absolute invariant under a subgroup of the group 
of linear functional rane Tolmanons af the third kind whose Fredholm deter-. 


* A. D. Michal and T, 8. Peterson, los.. cit., P- 442, 
+ G. Kowalewski, loc. cit., p. 101. 
t A. D. Michal and T. 8. Delorean, lac, cit., p. 443. 
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minant D[Kg*/K*] does not vanish, is that the subgroup be the orthogonal 
group of transformations of the third kina, or a subgroup of it. 


If our special Riemannian function space is Euclidean we obtain as a 
corollary to Theorem Ia, a known esult.* 


COROLLARY. A necessary and sufficient condition that the Gramian 
| (yiys) | be an absolute invariant under the Fredholm group of transforma- 
tions is that the group of transformations be orthogonal. 


Geometrically interpreted Theorem I states that every group of linear 
functional transformations of the third. kind which leaves the volume of every 
parallelepiped unaltered in our function space, leaves also the distances and 
angles unaltered. By analogy with the situation in n-space and in Euclidean 
function space + such a group might be called a group of motions in our 
special Riemannian function space. 


OHIO STATE UNIVERSITY. 


* T. S. Peterson, “A class of invariant functionals of quadratic functional forms,” 
American Journal of Mathematics, vol. 51 (1929), pp. 417-430. 

7 I. A. Barnett, “On a class of transformations in function space,” Annals of 
Mathematics, vol. 25 (1924), pp. 205-220. 


ON CONVERGENCE AND OSCILLATION OF TRANSFORMS OF 
SEQUENCES OF VECTORS. 


By H. EARL SPENCER. . 


1. Introduction. A set of real functions of a real variable, || a(t) ||, 
defines a transformation that transforms a sequence of numbers, {gn}, into a 


function y(t), if y(t) = 5 Oy, (t) Tr .The variable ¢ is restricted to range over 


- a point set having a limit oai bo not belonging to the set; the limit point to 
may be either an ordinary point or one of the symbolic limits, + œ.: Let 
D(t) = | t— to | if to is an ordinary point, but let D(t) = | 1/t| if tẹ is one 
of the symbolic limits, + æ. 

The transformation || a,(+)|| is called regular if it has the property that 


lim y(t) = lim Ty for every convergent sequence {£p}. 
t to 


The aselaton of a sequence of numbers, {£n}, is defined to be 
lim sup | 2m — £n |, and will be represented by Q(z). The oscillation of the 


“Msn CO 


function y(t) is defined to. be Hm Bip | y(t) —y(u)|. The transformation 


| a (4) || is said to bs represswe if Oy) = Q(x) for every bounded sequence 
{Pn}. 

It is the purpose of this paper to consider transformations, whose elements 
are square matrices of functions, acting upon sequences whose terms are vectors 
to produce a vector whose components are functions; and set forth conditions 
under which such transformations are regular and aes under which 
such transformations are repressive. 


2. Regular and null coercwe transformations. It has been shown * that 


for || a(t) || to be regular it is necessary and sufficient that 


(a) for some ô > 0, >| a (¢)| converges for each ¢ and is bounded for 
k=1 
all ¢ for which D(t) < 8; 


(b) for each k, lim a(t) aie 


(ce) lim 5 as (t) =]. 


>to k=1 


* I. Schur, Journal für Mathematik, vol. 151°(1920), p. 82. 
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The transformation || a(t)|| is called null if lim y(t) = 0 for every 


convergent sequence {zn}. For || a(t) to be null ti is’ necessary and suff- 
cient that * 
(2) (a) same as (1a); (b) same as (1b); (c) lim X a(t) =0.. 

t—>ty K=1 


4 


The transformation. || a(t) || is called coercive if lim Y ( é) exists for every 


bounded sequence {%}. For | ax (t) | to be simultaneously null and coercive : 
it 1s necessary and sufficient that t 


(8) “tim 3 | æ(t)] = 0. 


tty k=l 


We shall be concerned with a set of g-rowed square matrices, || Az(?) |, 
for each of which the element in the i-th row and j-th column (i, f = 1,2,°--,@), 
is a real function of a real variable designated by a,‘(t). Henceforth {an} 
instead of representing a sequence of numbers will represent a sequence of 
vectors of g real components each; 2,‘ will be the i-th component of the. 
vector za. The sum A, + Ag is ae to be the matiz with elements 
mD + aP: and the sum a, -+- z is defined’ to be the vector with com- 
ponents a, + a2., The product Az, of matrix by vector will mean as 


usual that (Az) Gres z atgo, 


It is necessary "i define the modulus |< |, of a vector z, and the 
modulus | A |, of a matrix A. We consider only definitions of | «| which 
satisfy 


Bita [S |2 | + |e | 


(4) (b) [el Sle] G=1,2%---,9, (9 |e]/SBl2 |, 
rol 
(d) if Ais any scalar, |as =/Aj]-| 2]; 





(a) for any two vectors £i, Ta, 


and definitions of | A | which satisfy E 
(a) for any two matrices ‘Ax, As, | 4 + 4| S]A] + | Ax I 


(5) (b) AJZ] |, (j= g) (0) HES > | ae |, 
(d) ee aE ry 

The further demand will be made upon the definitions of | A| and | |, for 

any matrix A and vector z, that together they satisfy 


* I. Schur, loe. cit. 
"FI. Schur, lec. cit. 
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(6) | 4o|=|4|-|o 


Three different definitions of |s | that satisfy (4) are: 


i q 
(a) |s| =2 |29 |; 





P}? (p> 1); 


¢ 


(7) 


(c) EEE pem |, (P= Breg a 


Both (7a) aid (7c) can be regarded as limiting cases of (ry, as di 1 and 
, AS p—> œ respectively. 


‘Some definitions of | A | which ee (5) are: 


a [4|= {$ $m pe (Ens 


(8) q.a 
W jaga leny E: 
Here also the limiting cases as p —> œ may be included. 


Condition (6) is not necessarily satisfied if we select | «|, | A | at random 
from (7) and (8) respectively.- For example (7c) and the miea case of 
(8a) as p—> œ, where | A | = maximum | as |, (i,7 = 1,2,- - +, q), do not 
necessarily satisfy (6). On the other hand, (7e) and (8b) do satisfy (6) 
whether we use a limiting case of (8b) or not. 


~The meanings of bao Tna =g end ries A(t) == A will be nici 


lim Tn — T | == 0 and tim | A(t) — Á | = 6, From (4b) and (4c) it-follows. 


n> OX) 


that lim £ = z if and aa if lim ¢, = g® for each +; and from (5b) and 
n00 RP OO 


(šc) it follows that na HAD == A if and only if m a? (t) = a toi paon 
i and 7. l 
Henceforth y(t) will represent a vector of g components, its t-th com- 
— ponent y“ (t), being a real function of the real variable ¢. If y(t) = S Ar(t) Tk, 
then the sequence of vectors {sn} is transformed into a vector y(t) oe \ Ax(#) |. 

The transformation | A(t) || will be called oe if lim y(t) = lim À Tn 


for every convergent soguenge {Zn}. 


ee 1. For || Ax(¢)|| to be regular it is necessary. and sufficient 
that 
10 
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: OS 
(a) for some 8 > 0, X | Ax(#)| converges for each t and is bounded for 
K= 
(9) all t for which D(t} <8; 
(b) for each k, lim Ax(t) = 0; (c) lim Š A(t) = J. 
tto fa t->to k=l A 


The symbols 0 and J are used to represent respectively the null matrix having 
all its elements zero, and the identity matrix having each principal RERE 
element 1, each other element 0. 

. Yo prove that (9c) is necessary, let i, j be an arbitrary but fixed pair of 
integers, and consider the sequence {gn}, such that for al n, a6? == [1, if 
r== j; 0, if rs4j]. Then lima,” = ([1, if rj; 0, if r54j]. Since 

M- OO 


. co 
| Ax(¢) || is regu.ar, y(t) = lim ND Ea, and since ye) = 2 wD (t), 


it must be that lim 5 ap P(t) = lim (4) = [1 if i= j; 0if4547], from 


t—to KL 


which (9c) follows. 

To prove that (9b) is necessary consider the sequence {Tn} of vectors 
defined by an —1, if r=}, n==k, but x, —0 otherwise. Then 
lim a, = 0, (r==1,2,:-°,q). For this sequence, y(t) =a“) (t). 


Then? OX) 


Since || A(t) || is regular, lim a, (t) = lim y® (t) = 0, and (9b) follows. 
tto ' tato 


To prove (9a) necessary, fix 7, let {m} be an arbitrary convergent 
sequence one to 2, and let a ==0 for all k if rs47. Here 


y(t) = > Pe), and lim n ay = [Oifrsé 7; 2 if r= j], so that since 


| An (t) || is regular, lim X ay? (t) = [0 if i547; 2 if i— j]. Since 
t-te k=l 


this holds for an arbitrary convergent sequence {spP}, the transformation 
|| a‘? (t) || must be regular if i = j or null ifts54j7. Then by either (1a) or 


(2a) as the case may be, 5 | xP (t)| is bounded for all ¢ for which 
k=1 

D(t) < 8, for some è > 0. Let an upper bound be K“. Then on account 

of (50), > | Ax(#)| > > KOP for all ¢ for which D(t) is sufficiently near 


ZeTO, me ere of (92) is established. 
To prove (9) sufficient, let lim £a == 2; we show that pa y(t) =z also. 
n00 


On account of (9) and (5b), || a,‘ (t) || satisfies (1) if s =r, oi (2) ifs Ær. 


je e : 
Consequently we have lim X ay ‘t® (t)a, == [e ifs—7r; 0 if sr]; hence 
i t—->ig k1 : Ge 


we may write for r = 1,2,° 7+; q» 


4 
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k=1 g=1 8=1 tto k= 
and = y(t) = z follows. 
The transformation || A;(¢) || will be called null if lim y(t) = 0 for every 


‘tty 


convergent sequence {tn}, and coercive if lim y(t) exists for every bounded 
sequence {Ln}. D 


THEOREM 2. For | A}(t)|| to be simultaneously null and coercive it is 
necessary and sufficient that 
o0 
(10) -> lim © | Ax(t)| = 0. 
‘ t~ot_ K=1 


To prove sufficiency let {a} be any bounded sequence of vectors. Let - 
| % | SK for all k. Then by (4a) and (6), 


OISE 4) la| SES | 4(t)], 


and sufficiency follows. 
To prove necessity fix a pair of eee t,7 and select a sequence {2x} 
in which g} = 0 for all k if +54 j, but {z4} forms an arbitrary bounded 


: $ OO 
sequence of numbers. Then y® (t) = 2 OP (Eya P, from which it follows 


that || ar? (4) || is also null and coercive. Consequently (3) holds and, (10) 
follows from (5c). | 

In Theorems 1 and 2, | «| and | A | may have any definitions satisfying 
(4), (5) and (6). 


8. Represswe transformations. It has. been shown that for a regular 
|| a(t) || to be repressive it is necessary and sufficient that * 


ano Oo lmla) 
For ‘a sequence of vectors an}, a we » define the oscillation, O(a), to be 


lim sup | #m— £n |. The oscillation of the function y(t) we define to be 
mn ar : : 


lim sup | y(t) — y(u) |. The transformation || A;(¢) || will be called repressive 
i tuto aan =- ‘; ; : ; 5 PA 


* W, A. Hurwitz, American Journal of Mathematics, vol. 52, no. 3, July 1930. 


~ 
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~ 


if Q(y) S Q(z). We shall develop conditions for repressiveness.for three 
different definitions of | x |. 
The following is a list of conditions with which we shall be concerned: 


rf ©) 
(12) lm S| ay (4) | = on eee 
t>tg k=l l i 
À 
. 0 i 
(18) lim $ | “P (¢)| = 0 (1,7 = 1,2, ' ; "q but 1479); 
t-ato kzl i 
i d. ' i PA 
(14) lim Ð | a, (t) — a? (t) | = 0 (ij = 1,2, +59); 
t-rto k=1 , 
OO ù 
(15) lim $ | a6 (t) — aP (4) | = 0 ; (4,7 = 1,2 but 1547); 
f—->io Ā=1 
‘00 f 
(16) lim S| ag? (t) + P (t)|=1 - (4,7 = 1,2 but +547). 
t>o A=1 


THEOREM 3. If the definition of |s| is given by (Yb), for a regular 
| A(t) || to be repressive, (12), (18) and (14) are necessary and sufficient. 


We prove (12) necessary for repressiveness whenever | z| and | A | satisfy 
(4), (5) and (6). Select a sequence {zy} in which 2%‘ == 0 for all k if r i, 
i o 
while {z,‘#} is an arbitrary bounded sequence. Then y(t) = X a, (¢) ay. 
k=1 i 


For the sequence selected we have, from (4), Q(z) =Q9(s®) and 
Q(y) SO(y). Hence when || Az(+) || is repressive, O(y) S Q(z) from 
which it follows that || a,‘*#(¢) || is repressive. But || a.“ (¢) || is regular by 
Theorem 1; therefore (11) holds and. (12) is proved necessary. 

To prove that (13).is necessazy we ‘shall suppose that (13) fails to 
hold and exhibit a sequence {zn} for which Q(y) > Q(z). When (13) 
fails there is at least one fixed pair of integers i,j, eae j, for which | 


l lim sup Š | aP (t) | > e > 0 for some constant e < 1. Choose & such that 
(9a) holds, and let no = 0. Choose t; D (i) < 8, e that > | ax (t,)| > «, 
and then choose m, such that > Ax, (ty) |< 1. Next choose tz, D(t2) < 8/2, 
such that > | tx (t.)| <4 and E | ox (ta) >; and then choose ne such 


[e9] 
that E. | Ax(t2)| < 4. .We continue this process to obtain sequences {na} 
kangtl ` E 
and {ta} such that ta — tọ and 
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(17a) È | Ax(te)| < Ves = | Ant) < 1/a; A | m? (ta) > e—'2/a. 


Using these inequalities and (4) and (6) , we see that for any bounded 
sequence {Ty}, . 


I 


(17b) l y (ta) = Oa ea p> Ax (ta) Tx 


na 


where the vector:-Og — 0 as %—> œ. 
We use the sequence {zy} defined by: 
ty == [0 if r 544, j; (—1)¢ if r= i; (—1)*2/"* - sgn P (te) if r= j] ` 


for ta1<k2Smq. For this sequence; || 5 a -+ D)o and Q(x) 
< 2(1-+ 2)?” where p’ is as usual defined by the equation 1/p + 1/p’ = 1. 
The i-th component of the transform of this sequence is given by 


; n ne f 
(17e) (SIY (ta) = 0a H.D D (ta) Hemi S| ae! (ta). 
` kena~ytl , kenga-rti 


Here oa is a number which —> 0 as a-—> œ, Using (9) and. (17a) we find, 
 (—1)4y (ta) > 0a + 1+ e, from which it follows that 


[YP (tan) —y© (ta) | > 0a + 2 + 26". 
- This enables us to write - 
O (y) = lim sup | y“ (tari) —y (ta) | Z2 + 2 > 2(1 + P) Sa(c), 
a>% ' - i 


and necessity of (13) is established. 


We next prove (14) necessary. When (14) does not hold there is at least 
one fixed pair of integers i and j and an « > 0 such that 


Oo ' 
lim sup © | apt (t) — ap IP (t) | > e. 
tta k=l ; ; 
' Choose sequences {na} and {ta} such that tg —> to and 


=! An (ta) | < 1/4, > ER D LETA 
(18a). kan 


S | ae (ta) — ae? (ta) | > a cs 


k=ng-yth 
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Since ( 13) has already been proved necessary, we can use (13) and nee) to 
obtain for any bounded sequence {zx}, 


(18b) y (tq a Oo =e > a (ta) te? = 0a + 5 WTP (ty) ty. 


k=nNq-)t1 


Let Oka = sgn (WP (ta) — ax‘ (ta`) and consider the sequence {xy} defined 
by a? = [0 if r 41,795 (—1)*: (1— ora: è) ifr = 1; (—1)*(1 + ona: &) 
if r = ] | for a1 < k Sm. For this sequence 


| |E (1—2) (1 + e) end (e) HA (1— e) (1+ e)re., 
We obtain after substitution in (18b) : 


(— 1\2 y% (ta) = 0a + j 5 "PASII (ta) ` Oka, 


k=nq-1+1 


(—1)2yP (te) 0a b1 +4 San? (te) oha 


k=nq-yt1 


Adding the last two equations and using the definition of ck,a and the last of 
relations (18a) we obtain, 


(—1)*{y'(t) HIP (ta) } > 0a +240. 
It follows that 
| y (tas) —y (ta) | + | YE (tat) — YP (ta) | > 0a + 4 + 2e*. 


Using the fact that if | a | + | b | > 2c, then | a |? +| b |? > 20”, we conclude 
that 
{| y (tas) — YP (ba) |? + | YP (tarr) — YP (ta) PFP > 0a + 2¥P(2 + è), 


and hence that Q(y) = 22(2 -+ ê). If now e be chosen so small that 
212P (2 + è) > 2{(1—e?)? + (1 + &?)?}*”, then we shall have Q(y) > Q(x) 
and necessity of (14) is established. 

We adapt the sufficiency proof given by Hurwitz * to prove that (12), 
- (18), (14) are sufficient. To do so choose any value of 7, use am‘ (t) as & 
scalar and set Az(t) = (a? (t)): I+ O: Due to (18) and (14) the 
vector 0: >0 as t— tọ For any chosen e > 0 an integer « must exist such 
that | te — zı | < O(s) + e when k >a, l>a. We have 


y(t) = > Aa (t): = È (ax (t) < I)ar + Or = > (ax (t)) 2e + Or, 


* W, A. Hurwitz, loc. cit. 
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: ~a 5. 8 ‘ n fe 8) l 
or since g is fixed (9b) makes it possible to write, y( age 2 an (H> Tr T Or. 
Hence y(t) — y(u) = = E > (a (u)) 21 +02. But. 


> (ax (1) n—E (a (w))- Ly 
. oc. TEE- . re ae “oO E 00 
(19) =(01— È mou) È w (A) (1S a4 ()) Baa (u) 
l=a+1 i k=a+i k=a+1 t=a+1 f ; 


as 3 3 ax (£) 0,4 (u) ` (2y — £1). 


_ asl keatk 
Let an upper bound of J op | be X. The modulus of the first vector on the 
right of (19) S| 1 — = ar? (u)| X: > | ae (2) | and has the limit 0 


as u — to t> ty by (1a) aa (1c), since ‘| “anf (4) | is regular. Likewise — 
for the modulus of the second vector on the right of (19). Hence ` 


y(t) — y(u) = È È a(t) «a0 (u): (ee — a) + O: 
so that 
-Q (y) = lim sup | y(t) —y(u)| TETA S 


<limsup SS |0 (t)| + | at? (u)| -| 2 — 2: | S O(a) te. 
tuto katl Įza+l 
Therefore Q(y) Q(z) which proves that (12), (13); (14) are sufficient. 
This same proof of sufficiency, unaltered, shows that (12), (18), (14) are 
sufficient to make Q(y) = Q(x) if | æ | is given by either (Ya), (7b) or (7e). 
The next theorem to be stated contains. the result that necessary and ' 
sufficient conditions that || A,(¢)]} be repressive, are different according as 
g==2 org >2. The theorem is therefore stated in two parts.- 


' Turnorem 4a, If the definition of |x| is given by (Ya) and q = 2, for 
a regular || Ax(t)|| to be repressive, oat (15) and oy are ad and 
suficient. 


THEOREM 4b. If the definition of | x| is given by (Ya) and q'> 2, for 
a-regular || Ax(t)|| to be repressive, (12), (18) and (14) are necessary and . 
sufficient. oa p é 


` 
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For any q = 2 represent axt? (t) + ay? (t) = ag (t) — aD (t) by 
gu? (t) and hgt (t) respectively. As an aid to proving that (14) is neces- 
` o0 
sary we prove that i z | gu? (t)| = 0 and nn > | hst’ (t)| == 0. Tf the 
first of these fails A kold. ‘hard exist ĝ, so small that (9a) holds, and sequences 
{ta}, {Na} such that 


D(ta) <8/a; S| Ax(te)| <1/a; J | Ax(ta)| < 1/2; 
SF | ge? (ta) | > e—2/a. 
k=ng-pt1 


Proceeding as in the a that (13) is necessary in Theorem 3, we obtain 


kS 


det: + > S An (ta). 


kno ctl 


Let oka denote sgn gP (ta), and consider the sequence {s} for which 
oy == Oif rk i, r£ j, for all k, but [ax 5 ay? J==[2 + on,.(—1)*+-(— 1); 
2 + o%,a(—1)*— (—1)*] for na < k S na. For this sequence, | a, |S 6 
and Q(z) = 4. The i-th and j-th components of the transform of this sequence 
are given by: ' 
‘Na : * os 

(—1)*y (ta) = E [oxafan' (ta) + ax? (ta) } 

k=nha-1t1 7 ; 

H tO (ta) — ae (ta) H (—1)H{20 t (ta) + Bae? (ta)}] + 005 
(— 1) y” (ta) = a _Lowmatan'?® (ta) + ai? (ta) } 

+ ag (te) alt? (ta) + (—1)*{2an% (ta) + 2m? (ta) }] F Oa 
Subtracting the last two equations and using the definition of oz, and the last 
of relations (20) we obtain 

(—1)*(y (ta) =YP (fa) } De +R Hoa 
It follows that ly? (toss) — y (ta) | # | y” (tavs—y (te) | > 4+ e+ oa. 
Hence Q(y) >4+% >42 2 Q(z), which proves that lim z GP (t) | = 0 
is necessary. : 
If we define a sequence {æ+} such that’ rea =0, r1, T4, bul 
[an 5 aP] = [2 + ona(—1)% + (—1)*; 2 — o%6(— i T (—1)*] for 
Nar L k E na it can be proved in a similar manner that lim > | Aa? (£) s == 0, 


We now note that- 


ot 
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Bock ek — 
2 D | an (t) — wP (t) S D | ge (2) H E | ha? (6) | 
k=1 _ kzl kzl 
n l 
so that by taking superior limits as t —> to, lim sup >; | agt? (t) — tP (t)| = 0 
f->tọo k=l 


which proves that (14) is necessary for any q = 2. Also since 
oO | ae co 
2D | wP (t) — wP (A)| S E | ge? (4) | HÈ | h? t), 
k=1 k=1. ‘k=l ao ae e 


‘it follows that (15) is necessary when g = 2. No mention of (15) is required 
in Theorem 4b since it is a consequence of (13) which is to be proved necessary. 

For any q = 2 it has already been shown in the proof of Theorem 3 that 
(12) is a necessary condition for both Theorems 4a and 4b. In the statement 
of Theorem 4a, (12) is omitted since it can | be obtained as a consequence 
of (16). 

To mes that (16). is necessary when g = 2 define a sequence {x} such 
that a = 0, r54i, but {a,,“?} is an arbitrary bounded sequence of numbers. 
Since || 4;(¢)|| is repressive 


2 
O(y) = lim sup {| $; (ag? (t) — an” (u) day | 
tu >to kzl 


; % 
HIE (a9? (t) — a? (u) Jax |} S A(z) = O(a), 
WL a 
Then certainly, 


. lim sup | È (art (Ey =o at” (t) ay, 


t,u to 


= > (a, (u) + a, (u)) ax |S a(x), 
k=1 . 


Due to the fact that the transformations | a,“ (t) + a@G®(t)| are both 
regular, (11) can be used to obtain, lim | axt tP (t). + ay, 9 (4) | = 1. 
tty k=l 


To prove that (18) is nECOSOTY when T > 2 suppose (13) fails. Then 


for some pair of integers i, j, 4 = jy lim oP > | ap tP (¢)| > e for some e > 0. 


Choose sequences {na}, {ta} such that. te = t a > na- and 


l , Ram co - na 
(21) E at) <a; S| Alte)! < 1/05 S | ae (ta)| > e—2/a. 


Use oka to represent sgn a“? (ta) and define a sequence {zx} such that 


fos 
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[ay ; T; a]= z £8 F ra F Fa (— 1)* — (—1)*; 2 
2 + 2(—1)*: 1 + ona + ona (— 1)? 4 (—1)9] 


for Ne. L k's E Nna but a, == 0 for 7 > 3 and all k. By (Fa), | £r = = 12: and’ 
O(s) = 8. Since (14) and (15) have been proved. necessary we can use them 
together with’ (21): to obtain bee? 


(+ PAY (ta), HYP (te) Y® (ta) } > 4+ 2e + oa. 
It follows that 


E g™ (tasi) —y™ (ta) | + i a tai) — y¥ (ta) | 
+ | yg (an) = —~ y™ (ta) | ae 8 + de + Oa. 





Hence-2(y) > Q(«) and this contradiction that ||’A;(t)|| is sick al 
proves that (13) is ‘necessary when q > 2. 

As remarked in the proof of Theorem 3, (12), (13), (14) are sufficient 
to make Q(y) = Q(z) for any.one of the definitions (7) of |s| for any 
qÈ 2. The sufficiency of (14), (15), (16) when g = 2 remains to be proved. 
To do so note that because of (14) end (15), 


get ea A , l i f 
y(t) = [y (t); y (t) ] = CE Cao? (t) + a? (than) 5 
5 {ax (t) F pP (t) 2. }] + Oi. 
k=l , 


We have taken t = 1, j == 2, which is no restriction. Since for any two real 
numbers @,8, |«|-+ || is either |a+ | or |a—f| and [«+ | 
<= | «| + |8 |, we have for either upper or lower signs, 


(22) | y()—y(u)| E | È { (ae (E aif (6) )— (ae? (u) E a (u) ) Je | 


te > (Came (2) + mi )) — (pP (u) ay (u) ) Aa AR 


for any pair of values t, u which satisfy (9a). On account of (16) we see that | 
the two transformations, | ‘Ax (t) |, in which Ay? (t) = tP (t) + a@@Y (t), 

Ay) (t) = 0, ‘Ap? (t) Zo 0, A”? (t) tees ant?) (t) -+ a ®™ (t), satisfy (12), 
(18); (14) -which have been proved sufficient for repressiveness. Therefore 
the superior limit as ¢,u—> 7%, of the right member of (22) = O(s). Using 
(22), Q(y) SS Q(x), which proves that (14), (15), (16), are sufficient:* 
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- THEOREM 5. If the. definition of ||. is given by (to), oe a regular 
||. Ag (¢) || to be- repressive, (12) and (13) are necessary we sufficient. — 


The proof ‘that (12) is necessary has already béen given in proving 
‘Theorem 3. 

To prove (13) necessary we assume (13) fails to hold and obtain (17a) 
and (17b) as in proving (13) necessary for Theorem 3. In this case use 
the sequence {a} defined by, sr = 0, r 5&4, T Æ j, for all k, but [ay ; ay] 
== [(— 1); (—1)*sgn ay (ta)] when ma. < ES na, so that |r| =1 
and Q(z) = 2. „For this sequence we obtain, . : 


(—1)*y (ta) = 1 +> | ee? (ta)| + 04 >1 Eo ey ee 
from which it follows that | y‘? (tan) —y@(ta)| > 2+ 2e+ 04. But 
O(y) = lim sup | y (ta) — y (ta) | Z 2 + % > 2 = (ez), and this proves 
a7 00 i CA 


that (13) is necessary. 
To prove (12) and (18) sufficient we note that 


g oo oo 
val \ k=l k=1 
or because of (13) | 
y (t) —y (u) = (a, (t) — ay, (w)) - ae + on. 
k=l 


Since (12) is to hold, the regular transformation || ax“? (t) || satisfies (11) 
- and is therefore a repressive transformation. For this reason 


lim sup | > (t? (t) — a, (u) Jax | S A(s) 
t;u-> 


and consequently 
Uan ap | y(t) —y (u)| SO(e). 


For the definition of | z | ‘being considered this implies Q(y) S Q(z) and 
sufficiency is established. 


4. Ten An examination of our criteria which determine whether 
a transformation || Ax(t)|| is regular, or regular and repressive, shows the 
following remarks to be true. Although the matrix-vector product is non- 
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commutative the same criteria d2termine a transformation to be regular, or 
regular and repressive, if the pzoduct is taken in the other order, namely 


y(t) = > v,Ax(t). Otherwise stazed, if the transformation || A;(t) || is regular, 
k=1 ; 
or regular and repressive, the tcansformation || A%,(¢)|| is also regular, or 
regular and repressive, if A%,(¢) is the conjugate matrix of A(t). | 
If (7) be replaced by the ccrresponding definitions of the modulus of a 


matrix our theorems are true wi-hout change for the type of transformation 
in which a sequence of square matrices {X+} is transformed into a matrix 


Y(t) either by ¥(t)'=S Ap(t)Xe or by Y(t) = Ñ Xedx(t). Only minor 
kal kzi 


changes in the proofs are needed to establish this. The same remarks apply 
here as in the case of transformirg a sequence of vectors. i 
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By ARTHUR B. COBLE. 


Introduction. The purpose of this article is to present somè rather 
specific results, as well as some general points of view, with respect to the 
solutions in' terms of integers, positive, negative, or zero, of the two dio- 
- phantine equations connected with the determination of a complete and regular 
linear system, 3p,a, of plane curves of dimension d, the generic curve of the 
system having the genus p. The literature is covered in the N. R. C. Report,’ 
Chaps. III, IV. Let 


Gy = 7 E eee 


be the characteristic of %, where 2 is the order, 2%,‘ * +, p the multiplicities 
of the generic curve of X at the prescribed base points. The diophantine equa- 
tions are then | 


(2) 


? 


wy + ap? 2° -+1—d—p, 
Tı L ‘++ Tp Ea — 1 — d- p. 


These equations were given i Geneis for the case, Soo of ‘ennai nets. 
However, in connection with such nets the cases Xo and %o,-1, of respectively 
P-curves and D-conditions, are important. 

A particular linear system has infinitely many conjugate linear systems 
under Cremona transformation of the plane. Thus the effect of a quadratic 
transformation with F-points at the first three base points of the system Zp, 
with characteristic’z is to transform it into a system 3/,¢ with characteristic 2’ 
where | 

To == ZLo — Vy — Bo -— Ty, 


Ta == Lp —- To — Tz, 
(3) - Årg: Dg == To — T: `— Tz, 
La ==" Bo — Ti -— Le, 
Tn = Tae) ae * ‘,p— 2). 


In order to allow for the various ways in which the Q. T. may be applied to the 
base points and for the various orders in which the base points themselves may 
be arranged, we add to the transformation A23 in (3) the permutation group 


(4) .. I(T, Ep) E ae g 
459 


460 re ee ARTHUR B. COBLE. 


of £, *', 2p. Then Az; and II generates a group of linear vapeormnadne 
of determinant + 1 whose generic element, 


2 Lo = NTo — 1B," * * — tpp. 


at 
l Dy = SEa — Aati °° he 
(5) CT ; ie 
Lp == Spt -= Apiti m R A iame XppTp, 


gives the effect upon a characteristic x of a C. T. whose F-points (p or less in 

number) are found at the basis points of 3,4. If some of the F-points of O. T. 

are not included in the set of base points of X, the set must be enlarged by the 

inclusion of points of zero multiplicity. 

In this generic element, (5), the first row and column furnish the 

characteristics, 
(5 Ty"? tse) 
(1; S° + 8p), 


of homaloidal nets, the inverse and direct nets of the Cremona transformation 


C.T. The simplest net of this character is the net of straight lines with 


characteristic {1; 00-- -} == {1; œ}, the exponent p indicating repetition 
p times. The other rows and columns furnish the characteristics; 


{ri; Ga * + Spa}, 
{8j3 Gir > + &yp},. 


of P-curves of the direct and inverse transformation. The simplest P-curve 


' has the characteristic {0; —-100-- -} == {0; —1 07-1}, this indicating the 


set of directions about the first basis point, which passes by the ©. T. into the 
P-eurve with characteristic {r1; 411° * *%pi}. The conditions on the coeff- 
cients n, Ti, Sj, Qiz Of (5) are all comprised by the statement that the linear 
group has the absolute invariants, | 


re Q =n? +: š +b tp? — Lo? 
( ) L == t -H e Bp ——~- 32. 


The linear group generated by II and Ass contains a conjugate set of . 
generating involutions. In this set there are found the transpositions contained 
in IL as well as Ais, itself. If the base points are subject to a D-condition, 
the effect of the corresponding’ gensrating involution can be realized by a 
collineation rather than a C. T. Thus if the first two base points coincide in 
some direction, there is a. collineation—the identity—which interchanges these 


, two and leaves the other.base points fixed. If the three F-points of the 
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3 quadratic transformation A24 are on a line, the transformation becomes a 
i collineation. The characteristic of this D-condition is, l 


(1; 11100- as. 18 J 


the characteristic of the anadene E is s (0; i — 1, 07-27, Thus. the 
aggregate of D-conditions on the p base points is isomorphic with the aggregate 
of generating involutions of the linear group [cf.*, pp. 15-17]. 

The general range of problems with which we are concerned ‘may be 
formulated as follows: Given integer values of d, p, and p, to obtain all the 
solutions of the two diophantine’ ‘equations (2), to divide these solutions into 
sets conjugate under the linear group generated by If and Azs, to seek for 
each conjugate set its simplest representative, and finally to ‘determine arith- 
metical criteria that a particular solution may belong to a given conjugate set. 
Since the linear group is infinite when p= 9, the number of solutions in a 
conjugate:set is in general infinite. The given integer p is necessarily ‘positive; 
but d and p may be positive, negative, or zero. For example, d is — 1 in the 
case of a D-condition. 2 | | 

_In the case of homaloidal nets, or linear systems 3,2, de J onquiéres has 
classified the solutions of (2) into geometric, ar ithmetic, or algebraic according 
as the integers {2793 tu © *,@p} are (a) all positive or zero, defining a geo- 
metrically existent homaloidal net; (b) all positive or zero, but defining no 
existent net; dr (c) partly or altogether negative. This classification is not in 
accord with our present purpose. For example the algebraic characteristic, 
{0; — 1 0°}, the set of directions about a point, is in-the same conjugate set 
as'{1; 1? 07-2}, a line on two points. Each has a geometric existence. We shall 
rather find three classes of solutions, which we shall distinguish as proper, 
degenerate, or virtual, according as the generic curve of the system is 
(a) existent and irreducible; (b) existent but reducible; or (c) non-existent. 


1. A canonical form of the characteristic of a linear system. We 
shall take the characteristic represented in (1) in the following form, pre- 
. pared for the case of a set of 8 -+ j = points, say the set P?s,; in the plane: 


(7) {8 (y T S= y + 8o — 4, y + 4 tty yb Bo — 8s, ki, Ray “+ yxy}. 


For the case j.= 1 this canonical form has appeared in theses of Dr. . Taylor? 3 
and Dr. Barber.’ We apply it here more extensively. es 

_It is now easy to verify that -the diophantine equations (2) 8 are satisfied 
if the integer parameters introduced in (7) satisfy the following conditions: 
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S 8 ++ +83 = By (v =— 1,0,1), Say =y — 1 4p d, 


(8) E 82 E + 852 =v? + 2, Sag) eee hee oe eg, 


The restriction of the value of v to Q; + 1 is not material, since the canonical 
form (7) is not affected when each â is increased by k and when v is increased - 
by 3k. We observe also that e is an integer equal to or greater than 0. 
The equations in the second column (8) may be replaced by the following: 


\=1—p +4, 
(8.1) Y =T (Ky t KA), > 
€ = ga ky ° "5 sA) + (P2) d(p—1) + (8 ) 


where o, o are the first and second elementary symmetric polynomials in the — 
indicated arguments. 

~. To apply these equations to the determination of a characteristic for a 
given system Soa: and thus for given A, we first select av == 0, 1, — 1, select 
&,° t.t 83 at random, and then determine 7 and e from the equations (8). 
For this e it is then necessary to select xı > <, xj subject to the last of equa- 
tions (8.1). Finally y is obtained from the second of equations (8.1), and 
the characteristic (7) °is fixed. As an alternative one might select xı, © *, Kj 
at random and thus determine «. It would then be necessary to determine the 
sets $o’ ° -, ôs, which fit this e. The tentative character of this process of 
fitting the e, either on the side of the x’s, or on the side of the &s, may be 
removed in great measure by a new procedure. Let 


p=:— (3) +a ($ je )+e—1, 
(9) c= anf K3 5° l s Kf, à) 
te = hy hg == E? + p oa (ks,* n KA). 


Then the last equation (8.1) reads: 
` (Kı -+ ¢) (ke + t) man dye = hy $ ħa. 


Thus 
` (10) Kı = hı — E, Ka == hg — Å. 
Hence 
(11) Every ordered character istic of a system Foa is gen by the canonical 
form (Y) for arbitrary integral choice of 8,,- * >, 8s, Ka,* © *, kj, and selection 


of v. from 1, 0,1, and for an ney factorization of the integer 
he es he. 


Indeed, for given 8,,° *.' , 4s, the ree (8) define 8) and e For given 
Ka’ © *, kj, the equations (9) define A, m, é and ie = hy' he. Then xj, .«2 are 
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determined by equations (10), and finally y is obtained from (8.1). Thus 
every ordered solution of the diophantine equations (2) is determined explicitly 
except to within an arbitrary factorization of a determinate integer.. . 

The procedure just outlined applies specifically to cases 72 but it 
specializes readily to sets of base points P? and P,?. We give two examples, 
the first being the determination of homaloidal nets with 8 or fewer F-points. 
Then p = 0, d = 2, A = 3. Since in (10) kı = xa == 0, hı = ha =é. Then, 
due to the last equation (9), a= 0; and, due to the first equation (9), e = 4. 
From (8.1) we find y == 3. For e==4, the sets of #s which satisfy (8) are 


[ef. (19)]: 


y= Q y == l y = — 1 ` 
—2 —1 0% 18 —2 0 T 38 0 
(—2 072) (— P 15) —2? g J 
—1* Of © PE 132 —2 —P 0° 2 
—i® Of1 2 —i 0 2 (—1° 1) 
05 3 =e OF 8, 


In each of these. sets {v; 8} we select one of the integers as 8) and, recalling 
that y = 8, write down as in (7) the resulting characteristic. If we apply 
this to the 11 sets 8 not enclosed above in parentheses, we obtain the 35 types 
of proper homaloidal nets with eight or fewer F-points as usually: tabulated 
fef. 1, p. 17]. If however we apply it to the three sets 6 in parentheses (these 
being characterized by ð; — 8; ==( mod. 2), we get the following sets of 
characteristics : 

fo; 1"—1}  {6; 81°}, {7; 3° 1°}, 
(13) {9; 53°}, {11; 5? 35}, {13; 5° 37}, 

{15; 757). 


It is easy to verify that these characteristics form a complete conjugate set 
under the Q. T?s (3). We see also that they are degenerate, but still geo- 
metrically constructible. Thus they can be exhibited as 


l {35170} (07 07 == 1}; q4; 271°) {13 170) {5; 2 19} {25-75 0°}, 
(14) {6; 8291} {8; 2190}, {75 5°25} {4; 2°15}, (8; 8927} (5; 2°17}, 
:{9; 437} {6; 327}. 


Each of these Cremona nets is composed of an elliptic net taken with a fixed 
P-curve which is the common canonical adjoint of the elliptic curves. The 
P-curve has no variable points in common with the generic elliptic curve of the 
net. The net {3; 17—1} has the same constitution, being composed of the 
elliptic net {3; 170} and the P-curve {0; 0? — 1}, the directions about the 
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point ps. .Thus this type of net, characterized by de Jonquières as algebraic, 
is in the same conjugate set as the other types which he calls arithmetic. We 
prefer to say that - i 


(15) For p= 8, the equations (2) have, when p, d = 0, 2, 85 solutions which 
yield proper homaloidal nets and % solutions which yield degenerate homa- 
loidal nets. 


_ As a second example, we consider the D-conditions for P., i.e., 
Ko = Kg ==" ' : = 0, p = 0, d=—1,A=0. Then in (9) €—0, in (10) 
ho =Q, in (9) h: = 0, whence »—0 and e= 1. In (8) y=«;. When 
e=], : | | 

(»; 8) =( 0; 1071), (4; 081%), (—1; — 1°08). 


Selecting a dy in each of these, we get three distinct solutions 


(16) {8m3e— Tear}, (8 —15,(1—1)4, a), 
{Bey + 15 «1°, (xı + 1)%}. 


the various s in a (v; è) giving only one solution due to the various 
multiplicities which can be chosen as y==«,. That these constitute a single 
conjugate set has already been proved (cf. 1, pp. 16-17]. We observe that 
these are all geometrically existent in the sense that only a single condition 
(d = — 1) on the base points of So. must be satisfied in order to ensure’ 
the existence of the rational curve indicated. In the case of a D-condition 
the linear diophantine equation (2) is homogeneous, and the characteristics 
z and —« are paired. Either member of the pair indicates the same con- 
dition, since the original D-condition, {0;1—1 0°}, which indicates the 
coincidence of pı, ps is identical with {@;— 1.1 0°-?}. | 


2. Lemmas concerning the canonical form in 1. We shall say that 
a characteristic s = ‘{%; %1%2° * * fp} is in the natur al order when, for x > 0, ` 
tı = T; if ¢ <j; or when, for To < 0, m= z; if i<j. Thus any char- 
acteristic with 2) 4 0 which is in the natural order determines, in (7), (8.1), 
and (9), unique values of v, ĝo’ - *, 5s, € Ys K1,° °°, Kje We determine first 
some properties of the solutions (v; è) of the T 38 == By (v = 0, 1, — 1) 
38? = y? +- 2e for given «. 


£20 


(17) Lemma. If the solutions 8 of i 
iz8 £ S 
(a) > 8: = 8v .  (v=0,1,—1) 
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are so arranged that p 
(b) 8:8; if i<j, 


then either 2 
(c) ~.  e€=0 and (v;8) = (0; 0°) 
or i ` 


by + 82 -H a — r <L 0, 
(d) do + 8, -+ 8s —r < 0, 
o + 8: + 82 — y < 0. 


The last two inequalities are immediate consequences of the first and of (b). 
If 8) > 0, every ô > 0, and (a) is not satisfied. If 8, = 0, and y se 0, every. 8 
must be zero due to (a) and (b). This is the alternative case (c). If 6, = 0, 
‘and y==— 1, (a) cannot be satisfied. If & = 0, and y = 1, (a) can be satis- 
fied only by (v;8) = (1;0°1°), (130712), (1; 0° 3), all of which satisfy (d). | 
We may therefore assume that è < 0, ape will divide ne proof into 

four cases: 

(A) &=0; (B) > 0, (0) #2, D) &>0. 

2< ` 1< i 

In case (A) also & = 0. If either of $, and 3; is < 0, then (d) is satisfied 
since 8 <0 and —vr = 1. If &=—6,—0 and »—0,1, (d) satisfied; if 
however y == — 1, TE < 0,8, = 0, and o +8, + 8 +: e ++; —=—8. 
But, since.d, = 0, ôi, > +, 83 are zero or positive, and do + å, = — 3. Hence 
8) = — 2, and (d) is satisfied. 


In case (B) we write (a) in the form 
iat fai oo eeu, (pee), 
Then — ð = k/3 — ry, EE AEN — = 0 
and E A E E T 
Hence do + 8 + òs — v = — k/6, or 6 +i: +r <0. 


The cases (C) and (D) are- treated i in the same way as mg case (B) to 
`- complete the proof of the lemma. , 


(18) Lemma. For given ev the maximum value of | 8 — 8; | is 2(«)*. 
This maximum is attained only in thé cases e = 7", (v; 8) = (0; —7 07). 


=. Proof. Case I: v = 0. Unless the maximal: case mentioned occurs, 
8,2 +- 82 < 2e. When ai, 8; are of opposite sign, ð: + 8,7? S — 28,8;, since 
(8; + 8;)? 0. Hence 8,? + = — 2848; < 4e, or | 8; —8; | < 2(c)*. 
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Case II: v= 1. Since 36? = y? + 2e, then 3;? + 8;? < 2e, except in the 
two cases (v38) = (137+ 3,0%,—~7), (137+ 2,1, 0°, — 7), and the con- 
- clusion follows as before. In these two cases e is n° + 3) + 4, n? + 2+ 2 
respectively, and the maximum value of | 8; — ê; | is 27 + 3, 2y + 2 respec- 
tively. The squares of these are respectively less than 4e. 


Case ILL: y——1. The proof of this is the same as tor Case IT, since 
— (v;8) = (—v;— ô). 


We shall indicate the canorical form (7) of the characteristic 
{%3%1° * Zp} by the notation {v, (&)8,- © - 8x}, the y which determines the 
order of the characteristic, and the : which with y determines the ẹ’s, being 
obtained from the formulae (8.1). The isolation of a particular 8, say êo, 
in the canonical form is indicated by the parenthesis (8). 

It will be convenient to have a table of values (v; 8) for early values of e. 
This, for e = 0, +, 7 is: 


-y = Í è E y = 0 y=] 


€ y = Î l 
0 0° 6 —30°13 —2—1021*2 
1 —101 06 13 *__ 220314 — 20512? 
3 —120°12 — 1041‘ — 2—1? ]ë — 1? 02 122? 
= 0712 — 21203122 — 1204+128 
3 —20°1? — 120215 re 
— 1? 0? 13 —10122 7 —8—10914  —3021° 
eee oes X — 30°12 2247 
(19) 4. 8-107 -<=2091" ~~ ~-27=101% —9-—171'2 
“2072 — 1315 — 22 04172 — 2-—1 08 12 22 
—1*014 — 1709132 —2—120182 —20°173 
ee eee — 108 2? calpieuatyiasumet a o 
08 3 | — 13 0 28 
5 + 2— 1091 —2—1018 — 12 02133 
—2—10512 —204182 | — 120523 
aed tiveiow == 150142 
— 1? 04 1 2? 
—10°13 


In this table the values 6 for y = — 1 are to be obtained by changing the signs 
of the 6’s for y = 1; furthermore the values ò for y = 0 are tc be supplemented 
by changing the signs of those values given. 

Since there are only a finite number of types of C. Ts with 8 or fewer 
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F-points, one would naturally inquire as to the effect upon the canonical char- 
acteristic {v; 6,x} of a C. T. with F-points at the first 8 base points isolated 
by the s. Since the xs are not changed, the y and e are unaltered by such a 
C.T. The Bertini transformation, By.,,., defined by the first eight points, 
has the description, 


4=8 
o = 1%) — & bax, 
4=1 
izg 
Tr = 629 — > 2x4 — Te (k = 1,---,8). 
i=l 


If we apply this to (7), we find that the (v; è) is changed in sign. The Geiser 
transformation, Gz...s, defined by the base points pə,'' ', ps has the de- 
scription, 


\ 458 
Xo = 8To meee > Bay 
452 


T = T 
í i=8 
L'y = 829 — $, Ti — By (k = 2, + -,8). 
i=2 


If this is applied to (7), it appears that the (v; 6) is changed in sign, and in 
addition 8 and 8, are interchanged. Hence 


—_ 


(20) The characteristic {v; (8))882° - » 83x} is transformed by the Bertini 
transformation Bız. ..s into {— v3 —(ôo)— ê `- — ôa x}; by the Geiser trans- 
formation Ges,..3 into {— v; — (8) — bo — êz: - “— êk}; and by the 
product Bı... s G2... inio {v; (81) Bode" + * 83 x}- i 


The product BG which occurs in (20) is noteworthy as being the fourth 
type of C. T. which is included among the generating involutions mentioned 
in the introduction [alsa cf. +, p. 258 (6)], the first three types being the 
transposition (aia,;), the Q. T., Ais, and the quintic transformation with six 
double #’-points. These four types of involutions are connected respectively 
with the D-conditions: {0; 1—1 07-2}, {1; 1307}, {2; 1808}, and 
{8;217 07-8}. They are the only generating involutions with less than 9 
F-points. 

We examine the effect upon the characteristic {v; 8x} of the other two 
types of generating involutions, the quintic transformation Q3,..s with double 
F-points at the last six of the first eight points of the characteristic, and the 
quadratic transformation A,., with simple F-points at the first three points of 
the characteristic. The results are as follows: 


t 
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(21) The characteristic' {v; 8x} is transformed by Qs ... e into the char- 
acteristic {v ; 8 x} where 


` 1 


i = 8; + Sore (4 = 0, i 2); l i = 8; + 8012 Hp | (70, 1, 2); 


and where 812 and v” are so adjusted in 


By we B(By 3, + 8g — 7) vom” — Boia 
that Y =v" takes values 0, 1, — 1. 


(22) The characteristic {v; 3 3 1s transformed by Azz, into the characteristic 
{v ; V x} where: - 


ipia ALR eE a ELS, 


and ahe 8:23 and v” are so adjusted in p = ð; 4 8, Te 83 — y = 88125 — y” 
that v =v E ’ takes values 0,1, — 1. 


The adei of the group generated by the transpositions in a characteristic, 

and by the quadratic transformations, when applied to the first eight points 

‘ alone, is finite, and has the value 10! 96 [ef. $, p. 373]. When e is given, the 

number of solutions (v;8) increases wizh increasing e and must eventually 

exceed the order of this group. Hence in general the solutions .(v;8) for 

given e must divide into a number of conjugate sets under the operations (22), 

as well as under the operations. (21) and (20), which can be expressed’ as 

products of operations (22). Some numerical properties which separate con- 
jugate sets of (v; 3) are as follows: 


(23) For gwen e the sets (x; 5) for which 8; — v = 0 mod 2 constitute one 
or more conjugate sets. | | 


\ 


(24) For given e the sets (0;8) for which 8 — 8; == 0 mod 3 constitute one 
or more conjugate sets. 


tda it is clear that each cne of these two properties is invariant 
under (22). An example of (23) is found in the table (19) for e= 4, 
(x38) == (0; —2 0 2), (1;— 1816), (—1;—1° 1°), these forming one con- 
jugate set under (22). An exemple of (24) occurs when 
e= 9, (v;8) = (0; — 3 0 3); (0;-— 2 1°), (0; == 18 2°),. 


, these also forming one conjugate set. 
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A criterion of a different sort is-the following: 


(28) For given e the sets (v;8) which reduce mod 8 to one of the beeen 
types (1, j j, k being any ouine advance of 0, 1, — 1), 


(038 j t), (čj), (— 15i k’) 
constitute one or more conjugate sets; while hasi which reduce to 


0;ijt kt), (1318k), ej), 41,878), (+ 138) 
, Asay j 


also constitute one or more conjugate sets. 


This may be verified by applying the operation (22) reduced mod 3. , An 
example of this is found in (19) for e == 7, all of the sets (v; ê) dividing into. 
two conjugate sets according to the criterion (25). 

The conjugate sets (v;6) may.be exhibited. from ‘another point of view. 
With the « given in the characteristic {v;8«}, y and e are known when 
p and d are known [cf. (8.1)]. Let (v;8) be a solution attached to this e . 
with o, 8:,: :~*,8s3 arranged in ascending order and therefore with the first | 
eight multiplicities z,,---,2, arranged in descending order. The order, 
To = 8 (y -+ ĉo) — v, of the characteristic for the given (y;8) will be a mini- 
mum if ê is taken to be the least 6. If 8) is any other ô, then the order zo 
(if positive) of the characteristic can-be reduced by Q. T. at the three first 
base points [cf. (17) ].- Even if 4) is the least 8, the ‘positive order can be 
reduced by Q. T. if 8, T 82 + 83 — y < 0. , Hence 


_ I f the ee To of a characteristic {v;8, x} is positive the order 

== 8 (y + 3)) —v can be reduced by Cremona transformation with F-points 
the first eight points unless 8 is the least è and also dr + 6,-+8,—3 S50 
(do = 8, = 8,- + + = 8s). 


Thus we can obtain the types of characteristics for given x, p, d (and 
thereby given y, e), which are irreducible under Q. T. or ©. T. at the first , 
eight points by tabulating only those sets (v3 jô) for which 8, + 3,-+ 8s — v = 0. 
This much restricted set of solutions (v;8) for e = 0 up to «= 15 follows: 
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€ y == 0 p= Í v= — ] 

0 0° 

1 — 101 

2 — 2 — 107 

3 — 2 0° 1° 

4, — 2 082 —- 3 0? 

5 , — 3—1 0°1 

6 — 8 0° 1° l 

(27) 7 — 8 0°12 —- 3 0? 1° 

8 / —— 3 m | 17 — 40T 1' 

9 — 83 0783 — 4 — 1 0% 1? 
10 — 4 0* 1* — 4 — 1 082 
11 —40° 172 — 4 0 17 
12 — 4 0° 2? — 4 07 152 
18- — 40831 —~4—- L LER — 5 0° I? 

14 —— 5 072 
i — 5 — 1 04 13, 
15 — 5 0? 1°. — 5 —— 1 0512 


The criterion (23) distinguishes between the iwo solutions for e == 4, 8, 12; 
the criterion (24) distinguishes between the two solutions for e= 9; and the 
criterion (25) distinguishes between the two solutions for «= 7, 10, and 
partially distinguishes among the three solutions for e=-13. None of them 
distinguishes between the two solutions for e == 11, though each of these solu- . 
tions gives rise to a conjugate set of solutions (v;8). As e increases the 
number of these restricted solutions (v;8) also increases. However the in- 
crease is much less rapid than that of all the solutions (v;9). 
By changing the sign of a characteristic we prove similarly that 


(28) If the order x, of a characteristic {v3 8, x} ts negatwe this order can be 
increased by C.T. with F-points at the first eight points unless 8) ts the 
greatest § and also 8, + 82+ ôa — r = 0 (8) SS 8, SS da + + S 8s). l 


Assuming that the given characteristic has a positive order, and positive 
or zero multiplicities, we would normally select «xı -xj to be the least 
multiplicities, so as to have a minimum e and a minimum y for the char- 
acteristic [cf. (8.1)]. Then v anc. & are determined from the order, and 
8,‘ * t, Òs from the first eight multiplicities. If we interchange the eighth 
and ninth points of multiplicities, y -+-8,—-8, and xı respectively, then 
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v, ataca 87, Koy’ “°K; are unaltered while y, 8, 5s, «xı are replaced by 
Y> Sos s, «1 where 


bj Ț 


== y F C s9, EEE ĉo) + C's9, Ss E 8, + C's, K 1 ™= Ky + Cs, 
OS eal ama (a So)— ôs — kı = (y +- So — 8s) — «1. 


This is the transformation (3) on the four arguments y, — 8, 8s, xı The 
additive constant Css is the difference of the orders of the two points inter- 
changed. We find that & = «+ (y—x)(y —y). , Thus if y is reduced, 
e is also reducedsince y — «K, is positive. 

We shall later carry out the reduction of characteristics to those of lower 
order by first reducing the order as far as possible by C. T. at the first eight 
points, and then, if possible, lower the e by the interchange just mentioned. 


(29) T 


3. The addition of characteristics. We readily oe from the equations 
(2) that the sum, 


(80) {@o"5 2”: + + ap} = {20; Ts ` ake + {25 aa"s * 2p} 


of the characteristics v and z’ of dimension d, d and genus p, p’ respectively 
. is a characteristic x” of dimension d” and genus p”, where 


ai” =a, + af, d = d+ a + D,p”—1 = (p—1) + (p'—1) 4+ D, 
(31) 7 


à=p 
D = Zoto — 5 Litil. 
{=1 
Thus D is the number of intersections of a member of the one system with a 


member of the other outside the p common base points of the two systems. 
Again, if the given characteristic has dimension d and genus p, the 


multiple kr == {kx);ka,: + -kap}: has dimension d’ and genus p’, where 
g = (my, k Ta 
e | (™)a+ (#)(p—1), 
pP — i= (;)i + (9) 1). 
In particular, the value k = — 1 yields for the characteristic — x the” 
values, ; ; 
(33) * Ë =p— l, p—-l=d | r 


An especially notable characteristic is Le= {8; 19} which is invariant 
under the quadratic transformation (8). If the characteristic æ with given 
p, d be.added to kL, a characteristic s + kL with p’, d’ is obtained such that 


= (k+ 1)d—k(p —1) — (*#) (e —9), 


(34) Ta nne )(e— 9). 
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Combining this with (33), we find that »’ and d’ for the characteristic 
— g -+ ae are 





i Ce) (e — 9), 
p —1=— (b—1)d + k(p—1)— (t) e9). 


It is evident from the derivation that the substitutions (34) on d, p— 1 
of determinant -+ 1 constitute for all integer values of k an infinite cyclic 
group which is amplified by the substitutions (35) of determinant —1 and 
-period two into an infinite dihedral group. 

An interesting application of (£5) arises from the question as to when a 
Cremona net p= 0, d = 2 is converted into a Cremona net p' = 0, d =2. 
After factoring out k + 1 and k — 1 respectively, which cannot ae simul- 
taneously, we are left with a single condition, 


(35) 


| a) 
This yields eight solutions 
p= 10; 11; 12; 15; 8; 7; 6; 3 
(38) =-—6; — 3; —2; — 1; 6; 3; 2; 1 


The cases in which -k is positive are those cases p < 9 for which a symmetric 
©. T. exists. Multiplication by this symmeiric transformation pairs the Cre- 
mona nets. This pairing is also effected by a change of sign of the char- 
acteristic and the addition of kL. But we shall also find all the Cremona 
characteristics, whose order is negative for p = 10, by changing the sign of the 
characteristics of positive order and subtracting 6L. A. similar procedure is 
evidently possible for p==11, 12, and 15.. We find in section 10 virtual 
Cremona transformations corresponding to these symmetric cases p = 10 and 
p= 11. 

It is clear that, with the notion of addition of characteristics in mind, 
any characteristic z with positive order 2, positive multiplicities z, * +, £r, 
and negative multiplicities Tr, °°, vp will give rise to; a.degenerate linear 
system, if there exists a linear system of curves with characteristic 
{@o;3%,° * +a}. In fact this latter system, taken with the sets of directions 
at the base points Pri’ °°, Pp taken Tyn times,- - >, Zp times respectively, 
represents the original system. The original characteristic can be transformed 
into purely positive characteristics which define linear systems which de- 
generate into precisely the transforms of these components. An example of 
this is found in the nets (13). On the other hand any characteristic with 
negative £o is necessarily, not constructible, and therefore is -virtual. | : 


l 
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We proceed to apply the ideas and results above to the determination of 
D-conditions, P-curves, and C-nets, for p =9 and p = 10, the D-conditions 
for P,? having already been obtained. For these cases we shall find only a 
small number of conjugate sets, whereas for P,,? we shall find that even the 
number of conjugate sets under C. T. 1s infinite. 


4, P-curves for P,*. In this case, p= d= 0,. and [cf. (8.1)] 
Ko = Kg == * = (), whence i 


`=], y= +1, =k + 1. 


If the P-characteristic has ordered multiplicities, then y + ĝo — ôs = «1, and 
ON <= oo aa dg. Thus 
(37 ) ; o — $8, = — 1. 


Subject to this limitation, we find for e = 0 and ex] the Bean types 
of P-curves: 


e=0: (v;8) = (050%): P{0;0®—1}; 
E . (v;8) = (0;— 1071): P{3;2 1602}, P{6;3 2702}; 
(38) a . ñN6 13). . 15 4 6120A. 
— (1; 0° 1°): P{2; 150$},  P(5;2°120}; 


= (—1;— 1? 0°): P{1; 1707}, P{4; 23 150}. 


We observe first that the. order of the characteristic is zero as in 
P{0; 0®—1}, or it is positive. This is true for y = e = 0,1, as in the above 
table. We examine therefore only thé cases y= 2. The generic order is 
3(y +8) —v. Since in (87) ôs is either the greatest è, or the greatest after 
8), then ôs == 0. Thus Šo = — 1]. Also — v = — 1. Hence 


3 (y + 8) — r = 6—83 — 1. 


We observe secondly that, unless e = 0, (v;.8) == (0; 0°), the order of the 
characteristic can be reduced by Q. T. This follows immediately from (26) 
and (17) if 8 is not the smallest 6. Let then 6, be the smallest ô, whence s 
is the largest. Then S, < 0 except for (v; 8) = (0; 0°), (1; 0°15), (1; 0712); 
and 8s > 0 except for (v; 8) = (0; 0°), (—1;—1° 08), (—1;—2—1 0°). 
Two of these cases are eliminated by (87). For two others 8, + 8 + ôs — v < 0 
and the corresponding P-characteristics are reducible. Hence the order of every — 
P-characteristic is reducible except that formed from e= 0, (v;8) = (0; 0°), 
which is P{0; “08 — 1}, the set of directions about the point Po. 

When the ordér is reduced, ‘the reduction can be carried out by Q.T. 
at the first eight points until one at least of the first eight multiplicities is 
less than ‘the ninth multiplicity Kı, unless Ki is already — 1 and e = 0. When 
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this reduced characteristic is rearranged into the natural order, x, is replaced 
by ax’ < xı, and therefore e is replaced by an € <e This reduction of e 
can be continued until «=-0. Hence every P-characteristic can be reduced 
by Q. T. to the type P{0;0®—-1}, and therefore it defines a P-curve which 
can be transformed by C. T. into the directions about a point. Hence 


(39) Every P-characteristic for Ps? has the form, ` 
P{3 (e 4- So) — rY; e-+ 59 — ĝi, € — 89 — 8a, ° “se +. So — dg, e— 1} 


where v is chosen from 0,1, —1; where eight of the &s-are arbitrary, and the 
ninth is determined from 38=—= Sv; and where e is determined from 
38° =v? -+ 2e. Every such P-characteristic defines a geometrically existent 
P-curve. The P-curves all are in a single conjugate set being reducible by 
C. T. to the unique type P{0;0°—1} of zero order. All other types have 
positive order'and positwe or zero multiplicities. ' v 

If the 3s are so arranged that i 


ôo — ôs 5 — 1, ù Zi Zoo e, 


then each ‘characteristic 1s arranged in the natural order, and has a unique 
representation, ba 


5. C-nets for P,?. For these naomaloidal nets p = 0, d = 2, and ' 
E ETTE E EE 2 


Since e = 0, the lowest multiplicity which can occur in the (-characteristic is 
x, = — 1 for which e = 1 and 


(v38),—= (05-1071), (150°2%), (~1;—1°0°), 
The corresponding nets are | | 


. ` O{9;4387— 1}, O{833°22—1}, Of{7;3°25—1}, C{6;32°1—1}, 
(40) ofs; 25191}, Of4;221°—1}, O(8;170—1). 
These are all equivalent to the last under C. T. at the first eight points. 

If the lowest multiplicity is xı = 0, then «= 4. These, being: (-char- 
acteristics for P,*, have been determined in (15). There are 35 proper (i.e. 
geometrically existent and non-degenerate) nets which are reducible by Q. T. 
-to the type C{1; 0°}, the net of lines; and 6 degenerate (i.e. also geometrically 
existent) nets which are reducible br Q. T. to the last type 40). 

The order of the C-characteristic is always positive. For, 3(y + 8) —v 
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is zero or nee only. if y+8 = 0, or if-y=«, +3 = | js But 
"By? < 20" - = y? p 2e Hence y= s only if (kı +3)? <v? + 2, or i 
(xı + 3)2 <i+ 2 (3x, + 4), or if x? <0, which is impossible. 

The order of -the @-characteristic is always reducible except in the two 
cases C{1; 0°}, C{3;170—1}. For, if the characteristic is arranged in the 
natural order, 0; = 82° - += òs; ‘and y + ds — òs Si, Le, db —8s S — 3. 
According to (26) and (17), the order and three of the multiplicities can be 
reduced unless both 8) is the smallest § and 8, a 8. + òs — r > 0. Solutions 
(v; 8) of this latter type (in which 83 is the largest è) are tabulated in (27), 
and 8) — 8s = — 3 is valid only when e = 4. But these values of e have been 
considered: above; and found to yield reducible types except in the two cases 
mentioned. Hence the order and three of the multiplicities can be reduced 
step by step until either a multiplicity 0 or — 1 is reached as, above, or until 
a multiplicity less than xi is obtained. Then a rearrangement of the char- 
‘acteristic yields an'e < e. Eventually then an e= t, & must be’ obtained. 
Hence k 


(41) All C-characteristics for P}? have a positive order and le in two sets 
conjugate under Q.T. The one conjugate set consists of PROPER homaloidal 
nets reducible by Q. T. to the net of lines C{1; 0°}. The other conjugate set 
‘consists of DEGENERATE nets, each made up of a proper elliptic net and the 
fiwed canonical adjoint of the net. These nets are reducible by Q.T. to the 
net C{3;17 0 —1}, consisting of an elliptic net on seven points and the set of 
directions about some eighth point. 


A criterion vid determines the cia ngn set to which a. given E 
acteristic belongs is the following: 


(42) A given C-characteristic for Pa, £ == {T0 ; t ° z 29}, defines a proper 
homaloidal net if the integers in x reduce modulo 3 to one of the following sets: 


(a) gkh Geh SLP (ELP (4 150} 

(1, 7, k being any cyclic advance of 0, 1, — 1); it defines a'degenerate net if 
a reduces mod 3 to one of . | 

(b) (“aje (589), (Ue ie}. 


For, it is eis verified that the, Q. L Aai in (3), ghee oii mod 3, 
transforms these two sets of reduced n each into itself.. Since 
-C{1; 0°} is in one set, and C{8; 17 0 — 1} is the other, their conjugates under 
Q. T. must reduce mod 3 to members of the one set, or of the other, respectively. 

2 


476 - ARTHUR B. COBLE. 


We now seek to determine the conditions on the (v; 8) which ensure that 
the @-characteristic derived from the 8’s may yield a proper homaloidal net. 
We reduce the 8’s, e and y mod 3. ‘ Then e==1, and y == x, + 3 =x, How- 
ever x, In e= 3x--+ 4 remains as a parameter. The conditions on the &s 
reduce to . 

380, I0 = 2 (v = 0), 3—O(v— +1). 


Then the canonical characteristic reduces to 


{— v; xı + 8 —&, Kı -F Ôo — ba, * tta Kı + 8) — 8s, Ky -F 8) — ôo}. 


This distribution of {z); 21: - £} arises from (v; è) by changing the sign 
of the {v; 8} and by adding the {0 3-(x- + 35)*}, where x, + 8) == 0, 1,-— 1 mod 3. 
If then from any one of the set of reduced characteristics in (42a) we 
subtract .{0; (xı -+ 6))°}, and change the sign, we get a reduced set of {v; 8}, 
which will determine the reduced characteristics. But this subtraction and ` 
change of sign leaves the list (42 a) as a whole unaltered. Hence 


(43) Given any partition of 3v (v==0,1,—1) into 8o: ` ', òs for which 
(v8) is congruent mod 3 to any cf the sets in (42 a , then this partition 
defines a proper homaloidal net 


{3 (y + 80) —v3 y+8e—4,° ° “57 + 80 — ôs; xr}, 
where «, xı, y are defined by 33% =v? + 2, e = 3x, ua 4, y =K + 8. 


To obtain such a characteristic once and only once it is sufficient to ensure 
that the multiplicities are given in the natural descending order. For selected 
o this requires that 6; = b: => --= ôs. Furthermore y -+ ðo — ôs = «, or 
39 — 5g = — 3.. Hence l i 


(44) If, in the partition (v;8) in (48), 8 is so selected that 8) — bs = — 3, 
dg being the laa ‘gest remaining 8, and tf 8:,:+-,83 are so selected that 
8, Sh =: + - = baj then each homeloidal net is obtained once and only once 
in the natural order. 


According to (42a) all proper C-nets for P,” are comprised under seven 
classes according as they reduce mod 3 to one or another of the seven types in 
(42a). These are the seven types found by Dr. Taylor. 2 In particular, the 
reduced types {157°}, {—1; 2°} yield Dr. Taylor’ 8 types I, II, respectively. 
Her remaining five types are given as products 


I Åi23, II Aras, I E H P sA AissAiss. 
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That this enumeration is complete follows almost immediately from the 
verification that the reduced types (+ 1;4°) yield, under multiplication by 
the Q. T.’s indicated, the five remaining reduced types in the set (42a). Some 
corrections: of the values given for the n, 7:, Sj, ai; of these seven types are 
given by Dr. Barber.’ 

| 6. D-conditions for P.. With p==0, d—=—1, the equations (2), 
when satisfied by {23a}, are also satisfied by {—2);—-a}, so that any 
D-characteristic can be expressed in positive or negative form. This indeed 
was a property of the original D-condition {0;1,—1,0**}, which expresses 
the coincidence of p, and pa The equations (8.1) and (9) yield 


À= 0, e— Í = ki ' Ko ymeki tee. | 


When e= 0, (v; 8) == (0; 0°), xı = 1, kı == — 1, we find only one D-char- 
acteristic, {0; 08 1—1}. When e= 1, and 


(x; 8) = (0;—1071), (1;0°13), (—1;— 1°06), 


we find that x: = 0, «x, == xı and obtain the D-characteristics given in (16). 
These are positive or zero throughout if x, = 1; negative or ZeTO throughout ` 
if k = — 1. 

(45) | Every positwe factorization of e— 1 == «1+ kz (€ > 1) yields a D-char- 
acteristié which is positwe or zero throughout; every negatwe factorization — 
one which is negative or zero throughout. 


For, if we examine first the positive factorizations, we see that the theorem 
is true if there is only one § which is different from 0. These two cases indsed 
are (v;8) = (1;083), (—1;— 8308), for each of which e—1—3—=—3.1 
and y==4. Thus the order 3(y-+5))-~v is positive in each case, and 
y + 8 — ê; is positive in each case. If however two or more of the 8’s. are 
not zero, then 


(aq) ŝo? <y TE TEE a, 
If now A + 8) —v = 0, then either et 


(6,)' y + ê < 0, pele ees ôo” > a F ra” + Bans 


or 
(b2) Y + 8) = 0, y = 0, | 85 | = Ki i Koy 5,2 — = n 4: Ke" oe — ; 


On comparing the values of 8,7 in (a) and (b), we have 
(b) P+ B—K2—K2 R; (bs) 2 —2432@ —~— wo? S 1. 


Since 0,1, and xı 5 1, 1, (bı) and (b2) cannot subsist, whence the 
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order. 3(y + ŝo) —v> 0... Furthermore a -negative factorization of e— 1 
yields a D-characteristic with a negative. order. For,-otherwise a.change of 
‘sign of the characteristic would give a new characteristic in which a negative 
order would arise from a positive factorization. ‘Finally we observe that, if the . 
order is positive, both positive and negative multiplicities cannot occur. For, 
we might take two such opposite multiplicities to be „Ku Key and then 
e—1l= KaKa <0; whence e< 1 or e= 0. But e = 0 contributes only the 
ease {0; 0° 1 — 1} of zero order. ` 

The  ređucibility under Q. T. of the positive characteristics is a con- 
sequence of the usual theory. If, in the ‘equations (2) with ` 


fy StS Se SO, 


the terms in 2, 2 are transposed, and if the second A multiplied by Ts 
be subtracted from the first, then — 


(1) 0 = To (To — 3Ta) + g(t -+ Ta) | 

—~ 2,2 — a2 — (1— gp) (1 + #3) — (1 — 2). 
This inequality is necessarily valid only for z; = 0. The characteristic is 
reducible only if zı + £z + Z, >'£o Suppose then 


(I>) l ri l l Lo = Ly ~- To -{- Tags 
Eliminating s, from (I), we get 
(i Qa? SS Lat, + (1— p + d)as + (1—p— d). 


If I, is not satisfied, the characteristic is reducible by Q. T. For D-, P-, and 
C- characteristics, (Is) reads : 


p = 0, PNE. Y ITa? ES Rlta + 2; 


(I4) ©oa P se 0, d. == 0.: Ay’ S202. -+- Ta 1. E 
| p = 0, d == 2: ITa SS Btt + 3t; + 1.. 


. We are here interested in positive characteristics for which a1) > 0 since those 


for which %1 = 0 have been obtained.. Thus z; >.0 and none of the in- 
equalities (Zs) are satisfied. Hence ' ` 


(46) All D-, B C-characteristics for Pi? a Ly = 2 = SS h19 > 0 
are reducible by Q. T. until io ts erther zero or negatwwe. 


If the canonical characteristic (7) for. positive Kı ka is arranged in de- 
scending order, then’ y oF ĝo — ðs 5 SS ky, OF Kg Se bg — 8p. Hence 


(47) If v=0,1,— 1 1s selected as well as eight of the s in 38 = 3v, if. 
e > 0 ts determined from 38 =v? + 2e, and if e— 1 == x, ` ko 18 any positive 
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factorization; if furthermore 8» is. selected from the s in such wise that 
Ky SE Ka SS 83 — bo when 8, S bys" * S 83, then each D-condition with posi- 
tive order, and positive or zéro: multiplicities is: obtained from (Y) once and 
only: once in the natural‘ order. The negative ‘factorizations (— x1) {— x2) 
yield these same D-conditions changed in sign. All these are equwalent under 
Q. T. to the one-reduced form D{0; 108 — t} which te the only D-condition 
with both positive and negative ‘multiplicities and which arises. from the 
factorization — 1 = (1) (-~1) for «= 0. 


_ % P-curves for Pi. With p= d = 0 the ai (8. 1) zad eae 
yield o | 
e= (+1) (e +1); yom te bl 
For e«==0, (¥38) = (030°), nc=—1, kn =¢é—1, yof—1. 
We have then an infinite number of reduced forms, 

(48) Peis) a. 


These are not. conjugate under Q. T., since each can be expressed in a particular 
way as (¢— 1) times the elliptic pe ee B{8; 1° 0} plus the P-char- 
actersitic P{0; 0° — 1}. 

‘Let then «> 0, and consider any positive factorization of e into 
(kı +1) (ee+1). For this, «SS 0, xa = 0, and y >0. If one of the x, xz 
is zero, we have a P-characteristic for P? with e >'0 which, according to (39), 
has a positive order and positive or zero multiplicities. If «x:,x2 are both 
positive, then y + ôo > 0 if y? > òp.. But &? < 2e if e> 0. And y? > Re 
if x? -+ x2 > 1, which is true. But, if y + 8 > 0, the order 3(y + êo) —y 
is positive. On the other hand, a negative factorization of «> 0 yields 
Ky = — 2, Ke =— 2, y= — 3.. The order now is negative if y + -< 0, 
which again is satisfied due to x? ++ x7 > 1. , 

Let any P-characteristic with positive order be armed with descending 
multiplicities, Then either it arises as in (48) from e= 0, —1 >09, or it 
_ arises from a positive factorization of e > 0, since the order is positive. Hence | 
the two smallest multiplicities are zero or positive, ‘and all of the multiplicities | 
are zero or positive. Hence, according to (46), it can be reduced by Q. T 
until an d < e is obtained for the ordered chàracteristic, and finally then be 
reduced to a type (48) for ć —1 5 = 0. 

~ Let any P-characteristic with negative order be arranged with ascending 
multiplicities. Then either it arises as in (48) from e= 0, —1< 0 or it 
arises from a, negative factorization of e > 0 since its. order is negative. Hence 
the two largest. multiplicities xı, xa are.= ——2, and all the multiplicities are 
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negative. We wish to prove that this characteristic is reducible by Q. T. to 
the form (48). Let the sign of the characteristic be changed, thus producing 
a characteristic {y} which is positive throughout and in descending order, for _ 
which p==1, d==-—1 [cf. (83)]. Then the inequality (Is) preceding (46) 
shows that {y} is reducible unless 243 = YY — Ya -+ 1. If y, or Yz is ` 
greater than ys, this cannot be satisfied. Let then yı = y: = ys. Reverting 
to. the argument preceding (Z;) we now ‘find that 


Ys(Ys— Ys) + °° + + Yio (Yio — Ys) = Yo(Yo — 84s) + 1— ys. 


The left member is zero or negative; the right is positive if yo > 8ys. If 
Yo < 3y3, {y} is reducible. Hence we have to consider only the possibility of 
an irreducible case Yı = Y == Ys, Yo = ys. Then the original equations 
become E 


Ya +H: + Yio = bys + 1, Ys es O E Yio = by? + 1, 


or 
Ya (Yz — Ya) a Gc U0 (Y3 — Yio) = Ys —— Í. 
If ys > Ya; then the left member of this last equation is at least equal to 


Yat + Yo = bys +1. 


Hence y, == y3, and similarly | 


Ys = Yes = Yr Ys = Ya, 


and the original equations become l 
Yo -}- Yio = Ys + I, Yo" + Yio = Ya? + 1, Or Yy == Y3 Yio == 4 


Thus {y} either is reducible by Q.T., or is {34s 343° 1}; whence the 
original negative P-characteristic {v} is either reducible by Q.T., or is 
{— 3y3;— y? — 1}. Hence 


(49) A P-characteristic for Pi? with negative order is negatwe throughout. 
Such a characteristic is VIRTUAL, and is reducible by Q. T. to one of the forms 
P{3(€—1); (£—1)®,—1} (<—1< 0). A P-characteristic with positive 
order, which is positive or zero throughout, evther iS DEGENERATE, and reducible . 
by Q. T. to one of the forms P{3(€— 1); (€—1)*,—1} (€—1> 0); oris 
PROPER and reducible by Q. T. to the form P{0;0®—1}. The characteristics 


(48) for £—1> 0 are the only ones which have both pose and negative 
Integers. ` 


There is a very simple criterion which determines to which of the infinite’ 
number of conjugate classes (48) a particular P-characteristic belongs. 


s 
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(50) Let {x} be a given P-characteristic and let € be the positive Q. C. D. 
of the integers £o + 8,0, +1,%2+1,:- +, +1. If x is positive or zero, 
and £=1, P is a proper characteristic which defines a P-curve. If a 18 
positive and ¢ > 1, P is a DEGENERATE characteristic which defines an elliptic 
curve taken £—1 times and a P-curve which is the canonical adjoini of the 
elliptic curve. If £, is negative and £> 1, P ts a VIRTUAL characteristic. 
P is reducible by Q.T. to the form {3(£—1)e; [(€—1)e]®, —1}, where 
eis + 1 or — 1 according as x, is positive or negative. 


For, this criterion is satisfied by the reduced forms and is invariant under 
the Q. T. as given in (3). 


8. C-nets for Pi. With p = 0, d = 2 the equations (8.1), (9) yield 


e-f- 5 mm (4+8) (i +8), yon, tee +38. 
We prove first that | 


(51) The negatwe factorizations of e + 5 = (x, + 8) (ke + 3) yield O-char- 
acteristics which are negative throughout. 


` For, if «e-+ 5 = (— jı) (— je), where h51, 251, jije 5 5, e 
Kı = — jı — 3 < 0 and r = — fa — 83 < 0. Also y = — jı — fz — 3, 
€ = jıja — 5. The order, 3(y F o) — v, of the net is negative if y + 3 < 0. 
Suppose that y + o = 0. -Then êo = fı + Ja + 3, and 8e = (h + 72+ 3)?. 
But 2e = 8? — 1, since 38° == y? + 2. Hence 2S (ji + fo +3)? — 1, or 
OSSh Hj tela + fo) +18, which is impossible. Hence y +8 < 0, 

and the order is negative. | 
To prove all the multiplicities negative, let 8, be the largest positive 3, 
5, the smallest negative ô, so that the multiplicity y + 8s — 8, has the largest 
possible value. To prove that y + ôs — so < 0 suppose that y + & —& = 0, 
or (ðs — êo)" = (Ja + fe-+3)?. Since (j1—je)? 0, fr? + Jo? S jaje 
Similarly ðs? + ĝo? == — 288s. Hence 


2 (8? + Bo”) SS jaja + S(j + Je) + EES EE -+ 29. 


_ But, from 36? == py? + 2e, Re SS 8o + 8—1, whence 0 = 6(j1-+ jo) + 27, 
which is impossible. ` Hence y + 8s — 6 <0, and the proof of (51) is 
complete. t & | 


(52) The positive facterizations of e + 5 = (x + 3) (xe + 3) yield C-char- 
_ acteristics which have a positive or ‘der. 
Let 


e+ õm jija ASl REL, hj 58. y= h t je— 8. 
The order is positive if either y + 8 > 0, or y + 8 = 0, y= — 1. Suppose 
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that y+ ê= 0. ‘Then &=—jı— j: +3, or 8? S (jt jet 3) As 
before 2e = 8? — 1, or- 2jija — 9-5 3o. Hence ' ewi 


Bjja— I S(j + je— 8) or OS (j — 8) + (a —8)*. 
This inequality cannot be satisfied, but ibi ae can be satisfied, long with 
. earlier equalities, by the values . ; . 


j=j, e54, mB B= 0, B= — 8, m J 
yielding the net of lines o {1; 0}, which itself has a positive order. _ | 


Any C-characieristic which is partially negative has precisely one re 
multiplicit y which is — 2 or — 1. ea ee a ? 


For, according to (51) and (52), the C- Teik has a positive order, 
and arises from a positive factorization of e-+. 5. Let the multiplicities be 
arranged in descending order. Then xı, x2 are the smallest multiplicities. 
They determine a- positive or zero e. - The factors of e + 5 = eck 3) (kz + 3) 
must be positive, whence, if xo < 0, kz == — 2, or xa = — 1. ‘ For each of these 
two. cases x; == 0, and each preceding multiplicity is zero or positive. 

_ We list these axceptional characceristics : 


(a) C{8(e-+ 3+ 8)—v; e+ 3-+ 86—4,,- PEED T ee gde S pai 
' (54) (8) Aa A e@+2+4+8)—8,° e HR bo — 8s, 6, — 1}, 
e= 0, e= Re yl. l 


For e == 0 E e= 0, they yield two reduced cases, C (9; oO 2—2) and 
C{3; 1" 0—1}. 


(55) All the C-characteristics, (54a), with one negative multiplicity =m 
can be reduced by Q.T. to the type C{9; 38° 2— 2}. 


Let the characteristic be arranged’ with decreasing multiplicities, Then 
kı == € + 2 determines e, and the order determines v and ðo. For the remaining 
Ss, å Sk Ss = ‘8s. The first three multiplicities are the greatest, and 
a Q. T. applied to these changes the order and the three highest multiplicities 
by the addition of p =, + & -H 8; — v. If'e= 0, u = 0, and the reduced 
type above appears. -If e > 0, p is negative provided that 8) is not the smallest 


è [cf. (17)]. From the ane) eH PuGuee and the value € T 2 of k, 
we have ' 


bo — 8: SS —1, 9 a E N T 
or ad 98, — 3r = — 8. 


Hence ŝa is zero or positive, unless vy == — 1 in which case 8. may be .— 1. 


CREMONA’S DIOPHANTINE EQUATIONS. | 483 | 


If 8 is positive, it cannot-be the smallest 8. If 8) is zero and is the smallest ô, 


then either:e= 0, or e—1:and (v;8) = (1318 0°), in which case u =— 1 
-If 8 —-—1 and is the lowest:8, then ôs must be zero else -e 4-3 -+ 89 — ôs 
<e 2. Thus the only possibility is e = 1, (v;8) = (— 1; 0° — 1°) -which 
for. bam — 1. yields w=—,1., Hence, the, order, and, three highest multi- 


plicities can be reduced.by Q. T. uncess e= 0.. We reduce them until one at 
least is less than e-+ 2. A. rearrangement of the characteristic leads to. one 
with € <e. This process can be continued until € = 0 and oe 38 2 — 2} 
appears. 

In an entirely similar fashion one may prove that 


(56) All the C- characteristics, (54 8), ‘with one negative  multiplicit y= 
can be reduced by Q: T. to the t type C{3; 17 0—1}. 


We have at once from (41) for C-characteristics for Py? that 


(57) All C-characteristics with positwe or ‘der and one or more zero multi- 
plicities can be reduced by Q. T. to the type Of8 ; 1? 0? — 1} or ‘to the type 
C{1; 0°}. 

| Finally y we prove Fae 


yee All O-characteristics with’ positwe order -canbe E ay = T. to one 
-of the three types: 


‘O9; 882 — 2}, O{3; 108 — 1); Oot; OF), 


of which only the last defines a homaloidal net. The other two character istics 
are DEGENERATE, the first being the sum of a system (p = 3, å = 3) and twice 
aP-curve which has no variable intersections with the first s ystem, and ic 
second being the sum of an elliptic net and a similarly situated P-c curve. 


For, with the. help of (53),:-., (57) we need consider only positive 
multiplicities. Then, according to (I a) preceding (46), the order and three 
of the multiplicities can be reduced by Q. T. ‘until zero or negative multi- 
plicities occur, and thus the theorem is proved.” 

We supplement this theorem by the following: 


(59) All C-characteristics wiih negative order are VIRTUAL ‘and are negative 
throughout. They can be-reduced' by Q. T. to one of three types: — 
O(—19;— 6}, Of{—21;—77— 67}, O{—27;— 9° 8 — 4}. 
For, we have observed in (36) that, in the case of P,,?, a C-characteristic 
is converted into'a C-characteristic by a change of sign of the characteristic 
and subtraction of 6£. This’ changes the' characteristics of positive’ order into 
‘ characteristics of negative order, and changes.the three irreducible types in 


484 l _ ARTHUR B. COBLE. 


(58) into the three irreducible types of (59). We observe that the first type 
in (59) is a symmetric virtual C-characteristic. It is utilized in 10 to obtain 
linear transformations of Q, L with integer coefficients which have hitherto 
escaped notice. © > — i : . se 


9. The infinite number of conjugate sets of C-characteristics for P,,?. 
For p = 0, d =2 and P,,”, the las: three multiplicities being xı, x2, xz, the 
-equations of condition on the canonical characteristic (7) cee 


te = hy: he = e + 5 + Bxg + K3’, 
(60) : Ky = hy — 3 — ka, yY = Kı -F K2 + kg + 8, 
Ko = he, — 8 — ks, y = ħa + he — kg — 8. 


Here tj is always positive, its minimum value being e-+- 3. 
We observe first that 


(61) A positive factorization of ha = hı- he yields a C-characteristie with 
æ positwe order. 

For, the order, 3(y + 8) — v, is positive if y +8 > 0, or if y > —8,, 
or if y > Ve. e If now hih: = k the minimum value of the sum h, + ha of the 
positive factors h,, he is IVk. Hence ys 2V e-+ 5 -+ 83x3 + kg? — K — 8. 
It is easy to show by clearing the radicals that the-right member is > Ve, 
1.8; s Y> Ve. 

The method of 3, in particular (36); applied to the canonical char- 
acteristic, yields the theorem: 


(62) For every characteristic C which arises fr om a positwe factorization 
Of tye = hy ` he, there is a characteristic ce obtained by changing the sign 
of C and subtracting 3L, which arises from the negatwe factorization 
tie = (—hy)(— ħa). Ini this change from C to C, the e, (v:8), kay y of C. ` 
are replaced respectively by e — (v; 8), — ks — 3, — y — 8. 


From (62) and (61) we find that 


(61) A negatiwe factorization of tis = (— Ia)” (— ha) je a C-char- 
acteristic with a negative order. 


According to (62) it will be sufficient to determine all the C-characteristics 
which arise from positive factorizations of t = 8. We shall suppose the 
multiplicities arranged in descending order. so that 


(64) OA =o, Z ° K -= 4s, y + o — 63 S x1 SS ke SS ks, hy = ho. 
According to the inequality (I4) preceding (46), if the multiplicities are all 


positive, the characteristic can be reduced by Q. T; until a zero or negative 
multiplicity appears.. If a multiplicity 0 occurs, the type has already been 
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obtained for P,,2. We are therefore interested only in the irreducible types 
' for which xs =—J1. Furthermore for a given e we need only take those sets 
(v; Š) in the table (27), and for these take 8) to be the smallest 8, since other 
choites of (v; 8) and ò, are reducible to these. Again the descending multi- 
plicities yield y + 8)— ôs 5 xı, and this according to (60) is equivalent to 


he = ðs — ôo Then 


(65) For every e= 0 and every set (v38) in the table (27) [8 being the 

smallest 8 and ès the largest]; for every value of k, =—i; and for 

every positive factorization of is = € + 5 + 3x3 + xa? into factors hi, he 

(hy = ha S 8g — o), there exists an irreducible type of C-characteristic: 

O {8 (hi -+ he — kg — 8 + 89) —v; Ai + he — r — 8 +8 — 8p t . 
hı + h — x — 3 -+ 8o — 8g, hi — xg — 8, ho — K3 — 3, Ka}. 


We append a short table of illustrative irreducible C-characteristics : 


e (v38) | K3 hie 
0” (0; 0°) — 1 3 
sa 3 

—3 ‘8 

oo 9 

1 (0;—1071) el 4 
= 4 

8 6 

ew: 10 

—5 16 

2 (—1;—2—10") —1 5 
e, 5. 

er; 7 

—4 il 

—5 1 

—6 25 

ee aa 

eui Ay 

—9 61 

| —-10 T7 

8 (0;—20°1?) ssl 6 
—2 6 

— 3 8 


hy, he = 83 — ĉo 
3,1 QO 
8,1 > 
5,1 

3,3 

9,1 

DO- re 
2,2 

3,2 

5,2 

4,40 

8,2 | 


5,5 
7,5 


11,7 


Ci o} 
{6; 28 1— 1?} 
19; 882 0—2} 
{18 ; 685 1— 3} 
{215 78 4? — 4} 
{33 ; 118, 10, 2, — 4} 


. {83;170?—1} 


{6; 27 13 -— 2} 

(12; 41322 — 3} 
(21; 77623 —4)} 
{27 ; 97 8 6? — 5} 


{33 ; 117, 10?, 4, — 5} 


{34; 12, 117, 82, — 6} 
{43 ; 15,14", 11, 9, — 7} 


{70 3 24, 237, 18, 14, — 10} . 
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e- (v38) - | © K3 4g e ha, ha = s — êo “Cl } 
P S "4 lR 4,8 °° o {1876853 4—4} 
“5 ° 18 63° ` {27 ; 9°8%5 — 5} 
BB - 
SR BB BG ‘ T {425 14% 132, 102) — 7} 
9,4 {45 ; 15%, 14, 18, 8, — 7} 
oe ul oS il ea a alaa. {51:175,16,7,—7} 
4 (—1;—3808) .—1., .7 8. 
me ee ee {10 ; 33° — 3} 
a ee l 
—5 a 19 
—§ 27 “9,3 l ee Ae 6, = 
kega Be ae Gio, & 4 
—8 49 7,7: © -{49;168, 122, —8) 
—9 63 9,7 {58 ; 198, 15, 13, — 9} 
3 aes | 21,3 . {82 ; 27°, 9, — 9} 
(0;— 2072) > —8 ° 49 7,7 4 {513 177,15, 12%, 8} 
OE —Q 63 - Fae . {60 ; 207, 18, 15, 13, — 9} 
ee: To | : 
il 97 l 
— 12 117. 13, 9 {87 ; 297; 27, 22, 18; — 12} 


It is clear that the a sequences of values of xs and e will yield an infinite 
number of irreducible types, all of which are degenerate. By using (62) we 
obtain from these an infinite number of irreducible virtual types, 


10. Virtual Cremona transformations. The linear group gps, gen: . 
erated by I and Azs in (3), (4), whose generic element is given in (5), has 
the invariant quadratic and linear.forms, Q, L in (6). For every element of 
this group, except the elements in II, the integers n, Ti, Sj, aj; are positive or 
zero. This element represents the eect upon a characteristic {x} of a geo- 
metrically existent Cremona transformation. If the integers n, r, of the 
element aré given, the integers sj, ai; are determined to within a permutation 
of the subscripts. j. 

Thus far no linear transformations with integral coefficients and invariant 
forms Q, L other than those contained in Jp,25 have been observed. We propose 


~ to show that such transformations exist when p = 10, and will say that they 


give the effect upon a characteristic {x} of a virtual Cremona transformation. 
It is to be observed that linear transformations with invariant Q, L and 

rational coefficients occur very early. Thus for p — 1 we have one such trans- 

formation other than the identity, namely: : 
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4ra i To men 3271, 4g’, = BL ree 524. 


These, and new elements which arise when p > T, generate the group of Q, L 
with rational coefficients.‘ Degenerate C-characteristics, such as {3;17-—1} 
for p = 8, also determine elements with rational coefficiénts. If, for example, 
we take in (5) the {n; 1s} to be {3;17—-1}, then the P-characteristics which 
take the place of, the {s;;.%;;} are respectively {1;—-4(4)°—43} and 
{— 1; (—4)*}. Thus we normally expect C-characteristics {n; 71} which are 
degenerate or virtual to yield elements with invariant Q, L which have rational 
coefficients and it is quite interesting to find that, in particular instances, such 
characteristics yield elements with integer coefficients, as do the geometric 
C-characteristics found in 90,2. 

The generator Ayes of Ip. > arises from the first symmetric ‘element (other 
than the identity) which occurs when p= 3. 3. Tt is natural therefore to 
examine the symmetric virtual C-characteristics which have been uncovered : 


pa fie t 


in 3 (36). There are four of these, namely ety 
(67) {— 19; — 6%}, {— 10;— 3%}, (1. T; Da 2), i {—4; = 15}. 


Taking the first of these as a virtual Cremona net.we seek the ten P-curves. 
'On account of the symmetry we expect.a P-curye of, the form {— 5; aß’). 
-The conditions (2) that this be a P-curve are a? + 98? = 37, a + 98 = — 19. 
The last of these ensures that all of the intersections of the P-curve and the 
net are at thie base points, The similar conditions for two such P-curves lead 
to 2a8 + 88? == 86. These ecuations, which are sufficient to ensure the in- 
variance of Q, L have two solutions: 


a, B = — 1, — 2; R las 
The corresponding two transformations are: 
tye + 6L, agent FEM, 
: a; =— t; + 2L, ` A 
2. . 
Cea iy wee | ae cea ate 


L == — Bay + ay five +t Lio 5 M=— (10/8) + 2 +.: oi 


Tios the first of these ‘two, has integral coefficients. ‘The similar procedure 
applied to the remaining three virtual C-characteristies in (67) yields the 
following transformations, the first of which has integral ‘coefficients : 


To =— tyt 3L, oo Sot FHM; > 
- . en are 4 + e ee Dea e 
2 » * 


= 8m + +> F tn W= (11/8) + 24 + eE Way. 


488 ARTHUR B. COBLE. 


P 


Lig = — Tto + QL, Lo = Ty -+ 2M, 
g, = — T; + $L, v'i = 2%; + 3M, 
2. ; ‘ 
(70) Piz ` (i=l, < -,12), | (i=1,- - +, 12), 
=E — 829 4+ t+ °° + Taj M = — 4a + 2, + +++ + Ser. 
To = — By -+ L, i To = To + M, 
E ime Hi, 
(71) Past: (i= 1,° , LO h (@=1,: ~, 15), 


L= — 8% + tı H't H Ms; M = — öt + t +++ Tis 


Thus each of the four symmetric cases furnishes two transformations with 
rational coefficients, and, of the eight transformations, two have integral 
coefficients, namely: Tio and T, 

It may be observed that each of the four symmetric Cremona nets which 
are geometric also furnish two transformations, one of which is integral and- 
‘is associated with the corresponding Cremona transformation, and the other 
of which has rational coefficients. It may be of interest to tabulate’ these 
rational cases. The nets being 


{RFT Aora 183 8th. LGs] 


the transformations with rational coefficients are: 


; Cy =— to — L, To = — To — ÈL, 
j= t; — EL, n 7; = — T; — $L, 
m (ee 1, 2, 8), Pe: (i= I,- -,6), 

L= Bt + + Ta + 203 = — 82, + t, He + a6; 
(72) 
Zo = To — 3M, l a’) = To — 6M, ` 

pa, i= mn HM, | pa, Vie AM, 
aes 2 s vad - +8), 
be genie "+ 75 — Pato + t tH > + 


Let us consider the effect of adding to the g1o,2, generated by If and Aires, ` 
- the element To in (68). A set.of generators Of g10,2 is the set of transpositions 
(zıxz;) in IL and the element A123 itself. These, as collineations, are determined 
- by their spaces ‘of fixed points, namely : Ti — Tj and %-—%,— Tz — 23. But 
each of these i is invariant to within sign ‘under Tio Thus 7, is interchange- 
able with every element of gio2. Also, Tio itself is of period two and determi- 
nant 1. Furthermore To converts the three reduced C-characteristics of 
positive order in (58) into the three reduced .C-characteristics of negative 
order in (59). Hence 


(73) The group, Fso,2, generated by adding Tx to gio,2 contains an invariant 
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g2 = 1, Tro. The elements Of Frio. not contained in dics transform the. 
C-char acteristics with pasiwe orders into those with ae orders anu 
` pice-versa. 


T the group 911,2, generated by g11,2 and Tı, the element Tı, plays a rôle 

quite similar to that of Tio iD Gro,2- l 

' Tt may be remarked that the invariant forms Q, L define a | number of 
discontinuous groups of considerable interest. The most extensive of- these 
is the group, G(R) 2, of linear transformations with rational coefficients. 
Included in this group is the aggregate, A(RI)p,2, of linear transformations 
in which the coefficients n, r; are integers, positive, negative, Or Zero; and thé 
similar aggregate, B(RI)p,2, with respect to the coefficients n, s;. These agere- 
gates are associated with the virtual C-characteristics. One would wish to 
know whether the aggregates A and B coincide, and whether these aggregates 
form a group. It is likely that both inquiries have an affirmative answer. 
Next in order is the group, G(JZ)p,2, of linear transformations with integer 
coefficients. The existence of Tio and 7, show that this group‘is larger than 
the group G(C)p..==gp.o, generated by I and Ass, associated with the geo- 
metric Cremona transformations. One would wish to know whether I, Ais, 
Tro, Ti, generate this group @(Z)p,2. Finally there remains the long out- 
standing question as to whether the conditions, n, Ti, Sj, aij = 0, are sufficient 
to ensure that an element of G(I)p,2 belong to G(C)p,2 Mr. Gerald B. Huff ° 
has recently constructed an example (p = 11) ue shows that. this question 
must be answered in the negative.. 


URBANA, ILLINOIS. 
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ON THE METABELIAN GROUPS WHICH. CONTAIN A GIVEN 
GROUP H AS A MAXIMAL INVARIANT ABELIAN SUBGROUP. 


By H. R. BRAHANA. ° 


rd 


Introduction. In a recent paper * we showed that the operators of order 
_p™ in the group of isomorphisms of the abelian group H of order p” and type 
1,1,:> > belonged to conjugate sets each of which could be characterized by 
a, Aeon of n. Each such operatcr determines a group of order p*** in the 
holomorph of H with certain charasteristics, class, ‘central, commutator sub- 
group, etc., expressible in á simple manner in the terms of the ‘partition 
determined by the operator, This paper, which is a continuation of the other 
and’ whose sections are numbered consecittively with those of the other, carries 
on the investigation of the group’ of isomorphisms and the holomorph of H. 

It is a start on the classification of non-abelian groups of prime-power order. 

lt is more precisely a start on the classification of abelian subgroups of order . 
p” and type 1,1,- “~ of the group ‘of ge a? of H. 

Two subgroups of order p” and type 1,1,-- - of the group ‘of isomorph- 
isms of H can be conjugate only if they contain the same numbers of operators 
of the same types. If each of these’ subgroups’ determines a metabelian group 
in the holomorph of H every operator in eae of them corresponds to a par- 
tition of n in which the largest term is’ 2.' There are n/g or (n—-1)/2 
partitions of n with a largest term equal n 2 according as 2 is even or odd. 
Hence it is obvious that there are many distinct types of metabelian group 
of order p"*” in the holomorph of H. In section 4 we separate the subgroups 
of the group of isomorphisms into classes according to the types of operator 
that appear in them. In section 5 we consider and classify all subgroups of 
the holomorph of H which contain H as a maximal invariant abelian subgroup 
and have quotient groups with respect to H which belong to the first class as 
defined in section 4. We also touch upon the question of more general groups 
having the same relation to H. In section f we consider subgroups ofthe 
second class defined in section 4. 

It is unnecessary to enlarge upon the dificutties of the subject, “he fact 
that the specializations we are compelled to make are connected in a close and 
simple manner with characteristics: of the corresponding groups in the holo- 
morph argues that the method of attack cannot be greatly improved. As was 


_ *“On the isomor phisms of an abelian group of *ype 1: 1,...,” American Journal 
of Mathematics, vol. 56 (1934), p. 53. 
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to be expected a characterization of the operators of the group of isomorphisms 
of H in a manageable form opens the way for a classification of its subgroups. 


4. Metabelian subgroups of the holomorph of H. Let G be a metabelian 
subgroup ‘of the holomorph of H whose quotient group with respect to H is a 
subgroup of Ip. Since Jp contains no operator except identity which is per- 
mutable with every operator of H it follows that H is a maximal invariant 
abelian subgroup of G. Every operator of G not in H transforms H according 
to an operator U which corresponds to a partition of n in which n, —2. 
A classification of the groups @ will involve a classification of the groups 
G/H and this must concern. itself with the numbers of operators of the various 
types for which n, == 2. As we have seen, there are n/2 or (n—1)/2 types 
according as n is even or odd, for ‘each of which ny = 2. We shall say that 
U is of type wif nu = 2 and npn = 1. | 

The quotient group G/H is abelian because the commutators of G are 
all in H. 

It will be convenient for our purposes to write Ip in another form. 
` Consider the operators l 


1 liz Qy3 Qin 

0 1 Qag * * * ap 
(4. 1) U = () 0 1 < * © bags 

0 0- 0 1 


where the a;;’s are residues mod p. It is obvious and well-known that the U’s 

of this type form a group. The characteristic determinant is (1— A)”. 

The number of such U’s is p"-»/*, the order of Zp. Hence the operators 

of type (4.1) constitute a Sylow subgroup of J.* 
Now the operators of (4.1) for which 


(4.2) @i; == 0, - for all j with i> 1, 


constitute a group. Its order is p” for there are n — 1 a’s in the first row and 
all the rest are zero, The group is abelian as may be verified by multiplication. 
Every operator of (4.2) is of type 1, i.e., corresponds to the partition 
t= 2+1+1+-- es 1. This follows from the fact that the commutator 
Us, Usy* = s2%29,% > + + Spaan generates the commutator subgroup of {H, U} 
and is invariant under U. ' The group (4. 2) is maximal abelian in Jp, since 
an operator of thé form (4.1) which is permutable with every operator of 


* Cf. Dickson, “On the subgroups of order a power of p ete.,”. Bulletin of the 
American Mathematical Society, vol. 10 (1903-04), p. 385. 
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(4.2) is itself in (4.2). This group is generated by U1, Uz,* ` +, Un- where ' 
U; is the operator of (4.2) for wkich ` 


(4. 3) ; t alij == L, Qij =o 0, ioe t. 


The group {U;,U2,: © °, Un-1} is a subgroup of Ip and therefore none 
of its operators is permutable with every operator of H. Any set of æ inde- 
pendent operators from {Ui, U2, - -,Un4+s} will generate a group of order 
p* whose operators are all of type 1. This group will determine a group 
Ga == {H, U,,U2,- + +,Ua} which is in the holomorph of H. 

The groups (f, all have centrals of order p**. Conversely, if G is inthe 
holomorph of H, contains H as a maximal invariant abelian subgroup, and 
has a central of order p”, it is metabelian. and is simply isomorphic with one 
of the groups Ga defined above. For generators of H may be chosen so that 
n— 1 of them are in the central and the quotient group ne will be a 
subgroup of (4.2). 

This set of groups {U,, U2,- > +, Ua} contains only operators of type 1. 
There is another set of groups whcse operators are all of type 1; they are . 
characterized by the fact that the commutator subgroup arising from trans- 
formation of H by all the operators of such a group is of order p. Let U, 
and U be two operators from such a group. Generators of H may be chosen 


so that . Us "8, U: == S182 


ard each of the other generators is Invariant under U,. Then s is invariant 
under U», for otherwise {H, Ui, U2} would not be metabelian and not every’ 
operator of {U,, Ua} could correspond to a partition of n in which n; = 2. 
H contains some operator invariant under U; and not invariant under U,, 
otherwise U, and U: would generate a subgroup of (4.2) and this would be 
true of every pair of operators from the group in question. This operator not 
being sa may be taken to be sz. Then let 


Oo *s2U a = S38x ` 
AG 


and let U2 be permutable with all the other generators of H. The commutator 
Sy is permutable with U, for the same reason that s» is permutable with U}. 
If s% is not $ the operator UU. transforms s, into s,s. and sz into s,s, thus 
giving rise to a commutator subgroup of order p°. UU: could not then be. 
of type 1. Hence any two operators of the group must eve rise to the same - 
commutator subgroup of order p. Therefore, 


(4:4) If GJH contains only operators of type 1, then either the central of 
G is of order p”* or the commutator subgroup. of G is of order p. 


t 
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Groups. of the second set are characterized by ti the fact that’in (4. 1y all 
the.a’s except those of one column are zero. The maximum order of a group | 
of this set is p”, and any two of the same order are simply isomorphic. 

°A group {U,, U2,- + °, Ua} which gives a Ga with central of order pt 
cannot belong to the second set unless «= 1. For if Ui; and U; are both 
permutable with the generatots se, 83 , <- sa and Ui and sı determine the 
same commutator as U j and s,, then UU; is permutable with s, and H is not 
maximal abelian in Ga. From this argument we have the further result that 
the commutator subgroup of Gq is of order p*. 

We shall classify the metabelian subgroups of the Kaon of H accord- 
ing to the orders of their centrals. We have determined all of those whose 
centrals are of order p”™* and have seen that the operators of the quotient 
group G/H are all of type 1. Moreover, a group of this type is determined 
by the order of H, its order, and the order of its central. 

We shall suppose next that the order of the central of G is p”. The 
quotient group G/H can contain operators of type 1 and operators of type 2 
' only, for an operator of type » transforms at least „ of the independent 
generators of H into operators other than themselves. Let us suppose for the 
moment that the order of the commutator subgroup of G is greater than p. 
Then G/H must contain at least one. operator of type 2. Generators of H 
may be chosen so that this operator is ' 


é 


1 ð 1 0 - 0 
D. 1 0 1 - Q 
ae 0 0 1 0 -0 
A 0 0 0 1 > 


O Gre -O {Oe ee 
The quotient group G/H must be contained in the subgroup of (4.1) whose 
operators are permutable with (4. 5) and each operator pf it is of type 1 or 2 


leaving Ss, 8,° * *,8, separately invariant. It is readily verified that G/H 
is a subgroup of ’ 


1 0 Qis Oia Qin 
S 0 1 : Qos oa Aon l č 
(4.6) > 0 0 1. 'O +++ 0 
0 0 0 0 1 


. If, as above, we remove the restriction on the order of the central of G, 
- but require the operators of G/H all to be of types 1 and 2, we shall find that 


y 
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G/H is either a subgroup of (4. 6) or of the group obtained by interchanging 
rows and columns of (4.6) leaving fixed each element on the secondary 
diagonal. The group (4.6) is abelian and its order is p?**. The group with 
the a’s in two columns instead of in two rows is also abelian and of erder 
p**-*, and its commutator subgroup is of order p°. Any subgroup of Ip whose 
operators are all of types 1 and 2 is in one or the other of these groups. 
If such a subgroup is in both its orcer is not greater than p*. | 

It is necessary to note that though (4.6) contains operators of type 2, 
the same need nos be true of its sabgroups, for (4.6) contains subgroups 
which are also subgroups of (4.2). 

In general if the order of the central of G is p”™ the quotient group 
G/H is a subgroup of 


1 0 OE ee 3 Gypaidipen. ° " * Gin 

0 i 0 = w w | Goupil ° 7 * en 

, 0 Orr sr | Gupi O to | Cun 
a) 0 0 0 0 


1 0 ©.. Ò 


> 
S 
© 
© 
© 
fot 
Co 


0 0 0---0 0 0 ©.. l 

The group (4. 7) itself contains operators of type » and no operators of type 
v, Where v > u. Since the order of the commutator subgroup determined by 
it is p*#, then it contains no operators of type v, where y>n-—p. The 
order of (4.7) is pe, We shall say that (4.7) is of type m. In terms 
of this definition we may say that a group cf type » may contain operators of 
type » or of type n— p, whichever is smaller but can contain no operator 
of type v, v greater than the smaller of the two. 

We have supposed, in order to simplify the discussion, that G was a sub- 
group of the holomorph of H. We have been interested primarily in the 
quotient group G/H and if we require simply that G be metabelian and that 
H be maximal invariant abelian our conclusions concerning G/H are the same. 
We shall state the result of these considerations in the theorem: 


(4.8) If Gis a metabelian group of order p™ which contains H as a maximal 
anvariant abelian subgroup and if the order of the central of G is p™#, then 
G/H is a subgroup of (4.7). Conversely, for every subgroup of (4.7) there 
exists at least one metabelian group G which contains H as a maximal 
invariant abelian subgroup and whose central is of order at least prt. 
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of the holomorph of H. Such a subgroup is completely determined by the 
quotient group G/H which must be a subgroup of (4.2). It has been noted 
thas such: a subgroup is determined by its order. Since every operator of 
G/H is of type 1 it is of order p and every operator of G@ is therefore of 
order p. Moreover, no operator outside of H is permutable with every operator 
of H, and therefore the order of the commutator subgroup of G is p*, where 
œ is the number of independent generators of G/H. 


(5.1) For every number «4, 1S a = n— 1, there exists one and only. one 


subgroup Ga of the holomorph of H which. contains H as a maximal invariant 
abelian subgroup and has a central of order p™*. The operators of G are all 
. of order p and its commutator subgroup of order p*. 


Now let us consider other groups G whose operators are all of order p. 
Let Ga be of order p"** and be generated by H, Ui, U2,- - *, Ua, where the 
U’s are of order p and each operator of {U1, U2,---,Ua} transforms H 
according to an operator of type 1. Then if Ga is not in the holomorph of H 
_ the U’s do not generate an abelian group. Since the group {Ui, Uzt =t, Ua} 
is isomorphic with an abelian group in J, its commutators are all in H, and 
since Ga is metabelian the commutators are invariant in Ga. The commutator 
subgroup Ka of Ga must then be of order greater than or equal to p*. We 
shall show that Ga is completely determined by œ and ka, where p* is the 
order of Ka. It is obvious that ka is not less than « and not greater than the 
smaller of the two numbers n — 1 and &(@ + 1)/2. The second upper limit 
is attained when the commutators of the U’s are independent of each other 
and of the commutators arising from transformation of H-by the U’s. 

If «= 1, there is one group G and it is in the holomorph of H. If 
æ = 2, there are two groups. It is obvious that there are at least two, for the 
commutator c12 = U,"U,U,U2" may be in the group É: generated by com- 
mutators of U, and H and U; and H, or it may not. In the one case the 
commutator subgroup of G is of order p? and in the other p°. We shall show 
that if ¢,. is in the commutator subgroup É», then generators U’, and U’: 
may be chosen so that c1 is identity. Let 


U 1sU1 = 8:82, U2"81U2 == 6183, ANd Ciz = 8283. 


Then if we take 0,’ = 81°03 and U’, = sU, we have G, given by H, U1, 
and U’, in which 32 =1. Thus G, is determined by « and ke. 

We shall carry out in detail the determination of the groups Gs, for me 
we meet and resolve all the difficulties of the general case. If n = 7 it is 


5. Groups for which G/H is of type 1. Let us consider first subgroups. 


— 
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obvious, that there are Eaa Gs with Ka of orders p°, p*, p*, and p°. Let the’ 
commutator U; UU; Ur be denoted by Cis. If cig and czs are in the same 
cyclic group we may make cı, to be identity by a proper choice of U”, ra 
replace U,. Let s? == Cı; and s= cz, Then the operator U’, == U,U2¢ 
transformed into itself by Us: Now suppose Ui7's,0; = 8:8i4, t= 1, 2, 
and Cis == $5%8,5,¢, Gs, is generated by H,U» U’ = sU, U, and 
U’, == 8,°U;. U’, transforms H in the same way as U; does and it transforms 
U’, into caU’, thus giving dıs and c'as in the same cyclic group, the 
situation considered above. Moreover, if c.g is in the group {Se, 83, Ss, C12} 
the above operatore U”, and U’s give c's in the group {c'12, ess}. Then, if 
Cis == C%20%25, the operator U’;==U.*U, gives with U,°a commutator 
c’13 == 6's, which is again the case first considered.” The argument proves 
. that unless K, is of order pë generators Ui, U2, and U, may be chosen so that 
two of them are permutable. The two permutable ones may be taken to be 
U, and U, and the argument proves that Ui, U2, and Us may then be chosen 
sc that U, and U, are still permutable and U, and U, are also permutable 
unless the order of K, is př. If the order of K, is p* U, and U, cannot be 
- permutable if the other two pairs are. Hence it is obvious that the group Gs 
is completely determined when the order of K, is known. 

By means of the foregoing transformations it is possible to select « 
operators Ua, Uzt © ©, Ua in the group Qa which with H generate Ga and 
which have the further properties: {1) all but ka!— œ of the operators cs; 
are identity, where p*« is the order of Ka, and (2) if ca; is identity, then 
every operator cij, for i < i, and every operator ci; for j <j, is identity. - 
The first property says that the ¢i;’s which are not identity constitute with 
the operators 7,+s,U;s,7 a set of independent generators of Ka, and the 
second says that the non-identity operators c;; may be taken to be the last: 
ka — & when they are ordered as follows: 


C12, C13; C283 Cray" | * 5 Ca4s Cigs? © * 5 Cias’.° * » Ca-ta- 


It is clear that the number ka is not greater than n — 1, is not greater than 
a + a(a—1)/2, and is at least «. We may summarize the results as follows: 


(5.2) A metabelian group Ga whase operators are all of order p, which 
contains H as a maximal invariant abelian subgroup, and whose central is of 
order p*1'1s completely, determined ty the numbers n, a, and ka, and there. 
exists such a group for every set of numbers n, a, and ka which satisfy the 
inequalities: a =n — 1, aShkgSata-+1)/2, and ka S n— i. 


If we remove the restriction that the operators of Ga be of order p, we 
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arrive at the class of groups which come under the title of this section.’ We 
shall not attempt the determination of all such groups, but we shall point out 
some of the facts that must be taken into consideratior. in such a determina- 
tion.e Let Ga be {H, U1, U2,- © -, Ua}, and suppose that some of the operators 
U, Un- © +, Ua are of order p°. Then, as we have seen in section 8, if U; 
is of order p? every operator of the co-set HU; is of order p°, and the p-th 
powers of the operators of a co-set are the same. Hence the order of the group 
of p-th powers in Ga cannot be greater than pt, where + is the number of the 
generators Ui, U2,‘ --,Uq which are of order p°. It is then evident that 
there are at least æ distinct groups Ga, Ga,’ © >°, Ga with the same 
quotient group Ge/H. Moreover, two groups G’g and Ga may have the 
same quotient group with respect to H and have groups of p-th powers of the 
same order and not be simply isomorphic, for the number of p-th powers 
which are commutators may be different for the two groups. The cross-cut 
of the group of p-th powers and the commutator subgroup may be of order p/ 
where j is any number from 0 to i, provided of course that n is large enough 
sa that ka +- +S n— 1. Nor does this exhaust the possibilities. Two groups 
(', may have the same centrals, the same commutator subgroups, the same 
group of p-th powers, and the same cross-cut of the group of p-th powers and 
commutator subgroup, and still not be simply isomorphic. For suppose Ua 
and U, are both of order p° and that they have the same p-th power. The 
group {Ui, U2} is generated by U, and Ui7*U2, the second, of which is of 
order p. In general it is obvious that the generators of {U., Ua °°, Ua} 
may be chosen so that exactly i of them are of order p?, where pt is the order 
of the group of p-th powers. Now though we may select the generators of 
{Un Us, >t, Ua} so that we have certain commutators U;1U;U,0;+, 
depending only on the number ka, equal to identity and we may select a set 
of generators of the same group so that the first i of them are of order p°, 
it is not in general possible to make the two selections simultaneously. 

We shall end this section by anticipating and answering an objection that: 
may be raised to this method of treatment of groups of order p”. We started’ 
with a classification of groups of order p” and have repeatedly subdivided 
those classes, continuing with more and more special types. This can not be 
avoided from the nature of the subject. The subdivisions and subdivisions 
of subdivisions are made on the basis of characteristic subgroups and any 
‘classification of the groups of order p™ must take them into account. 


6. Metabelian subgroups of type 2 of the holomorph of H. We shall 
study the subgroups of type 2 of Ip by considering the corresponding subgroups 
of the holomorph of H. Here also we shall have. to content ourselves with 
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- exhibiting the essential complexity of the obi and Tae how the 
"difficulties may be overcome, at leas; in the simpler cases. 

Let us consider G, == {H,U;, U2}, where Ga is metabelian and has a 
central of order p”*, There is first the possibility that all the operators of 
‘{U;, U2} are of type 1 in which case the order of the commutator subgroup 
K, is p. (Cf. section 4.) It is easy to see that if this group is in the 
holomorph of H it is completely determined by the given conditions. 

Every other group G whose centralis of order p*? is such that {U%, Ua} 
contains at least one operator of type 2. This requires that the order of the 
commutator subgroup Kə be at least p°. Since the central is of order p*? 
no operator of {U;, U2} can give rise to more than two independent com- 
mutators and the order of K, cannot be greater than p*. It is obvious that 
groups exist with K, of order p?, p°, and p*. They may be defined as follows: 
G is generated by H, U, and U2, where U, and U2 are permutable with all 
the operators of H except for the implications of the relations 


U4748,U 1 = 8183 USU = 81S, 


(6. 1) U tsU, == S084 a SU o = SoSm- 


If Sk = S3 and Sm==1, the order of K is p’. If Sm == 1 and Ssa, s4, and sp 
are independent, the order of K, is p°. If Ss, 84, Sky and Sm are independent, 
the order of Kz is pt. These subdivisions correspond respectively to the cases 
where {U,, U2} contains 2, 1, and 0-subgroups composed of operators of type 1. 
In the first case the subgroups composed of operators of type 1 are generated 
by Uz, and U,U.; in the pone case the single such subgroup is generated 
by U2. 

We have not shown that there are not other groups Ge satisfying the above 
conditions; there are such groups. We shall examine them in order according 
to the eat: of Ka. . 

Let K, be of order p*. Then {U,;, U2} contains no operator of type 1, 
for otherwise that operator could be used i in place of U, and the resulting Gs 
would have K, of order pè. 

Next suppose the order.of K, is p°. Then in (6.1) one of the operators 
Sx and Sm is not in the group {83,84}. Let this operator be s == ss. We may 
then suppose that 
(6.2) Sm == Ss%8,8¢57. 


If (U, U} contained two subgroups composed of operators of type 1, opera- 
tors from these groups could be taken for generators and K, would be of order 
p”. Hence {U;, U2} has one or no subgroups composed of operators of type 1.. 
If it contains one such subgroup we may suppose it to be generated by U2. 
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In that case we should have a == 8 = 0 in (6. 2).- If we replace s, by ` 


-Sa = 817182, we have 8m = 1, with ss, S'a and ss independent. This group is 


then simply isomorphic with the example above for which K is of order p°. 
We*have then to determine whether a, 8, and y in (6.2) may be selected so 
that {U;, U2} contains no operator of type 1, and if so whether it may be done 
in more than one way. 

If {U,, U2} contains an operator of type 1 that operator is permutable 
- with some operator of {s,, S2}, and all the powers of the first are permutable - 
with all the powers of the second. Hence we may assume that the two 
operators in question are U,U 2" and s,s,%. We seek conditions on «, 8, and y 
in order that this may be possible. ` | 


U9 471818290 10 oY == 882% * 89847554 (837842857) %. 
Setting the commutator in the above equal to identity, we have 


1+ «ay = 0, 
a+ Bay =0, 
y(1 + va) = 0, mod p. 


It is obvious that neither a nor y can be zero. In order that the system have 
a solution it is necessary that « +- By==0. Consequently, if a+ Bys€£0, 
the group G, will be distinct from the group given above whose commutator 
subgroup is of order p°, for {Ux U} will contain no operator of type 1. 
We may assume that 6 in (6.2) is 0, for if we replace U, by U’, = Ur fU: 
we obtain s’; == S3 Pss and s’m = $385. This last commutator may be written 
sg*8Y (sz Ps)Y. If then we assume that 8 = 0 in (8.2) and replace sa by 
S'a == S1 YSp, we have om —=s;%. Assuming 8 = y = 0 in (6.2) and replacing 
Se by 8’ = 821/* we have s’m = 8 3. Hence, if {U,, U2} contains no operator 
of type 1, Ur, Uz, S and sa may be selected so that U, and U, satisfy the 
relations (6.2) in which g == 1 and 8 = y = 0. The group G2 is completely 
- determined by the fact that K, is of order p° and that {U1, U2} contains no 
operator of type 1. | 
When the order of K, is p? our example shows that {U1, U2} may contain 
two subgroups composed of operators of type 1. The group is determined 
by those conditions, for if they hold UV, and U Uzt may be taken for genera- 
tors of the group {U,, U2}. Both are of type 1, they are permutable with 
different operators of {s:,s82} and give rise to commutators which are inde- 
pendent. Moreover, no product of their powers is permutable with any operator 
of {$ı, S2} unless one of the two generators is missing from the product. 
Consequently {U,, U2} can contain no more than two subgroups composed of 
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operators of type 1. We have then to consider the possibility of {U1, Ua} 
containing fewer than two subgroups composed of operators of type 1. 

Since the order of K, is p? ard since {U,, U2} contains at least one 
operator of type 2, we may assume that U, and Uz satisfy (6.1) where 
Sk = StS and Sm == 8,%8,5. The condition’ that UU” is permutable with 
S:S% 18 | 
8384€ (S3848) ¥ (875,59) = 1. 


From this we obtain the congruences 


1+ ay + yay =0, a 
a +- By + dsay=0, mod p. 


Eliminating y we obtain 
ye + (a—ds)a—B=0. 


In order that this quadratic in a have a solution it is necessary- that 
(a —8)?-++ 48y be a square, mod p. l 

The operator U, may not be written in the form U,U#. However, the 
condition that U, be of type 1 is simply that the determinant «è — By be zero. 
Hence, necessary and sufficient conditions that {U,, U2} contain no ‘operators 
of type 1 are that a3 — Bys£0 and that (x—-8)?-++ 48y be not a square. 
Also, necessary and sufficient conditions that {U,, U2} contain one subgroup 
whose operators are of type 1 are that «8 — Bys£0 and that (« — 8)? -+ 48y 
be a square. In general it is possible to find a set of numbers to satisfy either 
of these sets of conditions. 

It is necessary to discover whether G, is determined by the number of 
subgroups composed of operators of type 1 when K, is of order p°. Suppose 
first the {U,, U2} contains no operator of type 1. Then a8— Bys¢0. We 
may suppose that « == 0, for if U, is replaced by U”: == Uy“U2, we have 
Sr = S. We may suppose further that 8 = 1, for this may be obtained by 


replacing sı by s% = s/b. The matrix C 4 ) is now in the form (° 5 ): 
i l 7 7 
If we replace s2 by S’ = s,-/*s. and U: by U’ = U,7*/"U2, the matrix takes 


the form C 3). Having reduced the matrix to this form the transformation — 


Sı == s", U’, == Ut changes it into the form ( J As + is allowed ta 


r70 

take on the values 1,2,: ©: +, p— 1 the number yr? takes on the values which 

are squares if y is a square, and takes on the values which are not squares if y 
is not a square. The number (a — è)? + 48y for this reduced form is 4y, 
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which is a square if y is a square. Hence {U;, U2} contains one or no sub- 
groups composed of operators of type 1 according as y is or is not a siate 
In each case there is just one group. 

The groups G are therefore completely determined by the orders of their , 
commutator subgroups and the number of subgroups composed of operators 
of type 1 in {U., U2}. Every subgroup {U} of {U,,U2} determines a sub- 
group of index p of G. If U is of type 1, the subgroup has a central of 
order p*"*, and if Ọ is of type 2, the subgroup has a central of order pr. 
This classification according to the number of subgroups of {U1,'U2} com- 
posed of operators of type 1 coincides with the classification according to the - 
kinds of subgroups of index p that are contained in Ga. We shall summarize 
the preceding considerations in the theorem: 


(6.8) The holomorph of H contains six conjugate sets of metabelian sub- 
groups of order p™? with centrals -of order p"*, and each set is determined 
by the order of the commutator subgroup and the number a subgroups of 
order p™* whose centrals are of order p™. 


The groups Q = {H, 01, U2, Us}. We consider next the groups gen- 
erated by H and three operators U,, Us, and U 3, whose centrals are of order 
p?, We shall use the symbol U, to denote the group (U, U» Us} It 
follows from (4. 4) that not all the operators.of Ọ are of type 1. We may 
therefore assume that U, is of type 2 and that the order of K; is at least p’. 
lf Ui, Uz, and U, are all of type 2 and the commutators that arise from 
transformation of H by them are all independent, the order of K, is p$, 
which is as large as that order can be. We shall give ule to show that 
the order of Ks may be pt where i is any of the numbers 2, 3,- - -, 6. 

Let U;, U2, and Us be permutable with each other and with the generators 
of H saan for the implications of the relations: 


Uy 8,0, = S183 Uz ’SU 2 = S85 | U3 1810 = 8481 | 


6.4 : 
Set) USU = 8284 USU 2 = 828% Us Sol] g = 825m. 


(a) If Se= sm = 1, Sj == S3, and sı = $4, then the order of K, is p°. 
(b) If Su == Sm = 1, sı == $, and s; is independent of s and s4, then the 
order of K, is p’. ys 
(e) If = SsSm== 1 and Ss, Sa $j, and s: are independent, then K is of 
order p*. f 
(d) If Sm = 1 and the rest are independent, then K, is of order p". 
(e) If all the commutators are independent, the K; is of order p°. 


The results for the groups G, suggest that we interest ourselves in the 


4 ` 
Í ` 
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number of subgroups composed of operators of type 1 in U. In (a) there 
are 29-+1 such subgroups, p+ 1 of them in {U> Us}, and p+ 1 in 
' {U Uzt, Us}, which counts the group {U:} twice. In (b) there are p +1, 
the subgroups of {U2, U;}.` In (c) there are p + 1, all in {U2, Us}. Ia (d) 
_ there is one. In (e) there are none. 

We investigate the possibility of the existence of other groups Gs sepa- : 
rating them into classes according to the order of K, and then subdividing 
those classes according to the number of subgroups of U composed of operators 
of type 1. | 

When the order of Ky.is pê, U can contain no operator of type 1, for 
otherwise we could take that operator to be U, and the order of K; could not 
then be greater than p®. Any two groups G, with K, of order p° are obviously 
simply isomorphic. 

When the order of K is př, U cannot contain two subgroups composed 
of operators of type 1, for otherwise we could suppose those subgroups to be 
generated by Us and Us each of which would give rise to a commutator sub- 
group of order p in which case the order of. K, could be pt at most. In (d) 
U has one subgroup of the type in question; the only other possibility is that 
U contains none. If in the conditions which define (d) we replace Sm = 1 
by Sm == Sa, We have a group U which realizes. that possibility. To see that U 
contains no operator of type 1 we need only to examine {H, Ui, Us} in the 
light of the discussion of Ge with K. of order p° in section 5. . 

It remains to be seen that the two groups described are the only ones 
with K, of order p”. We may suppose that the order of the commutator sub- 
group of {H, Ua, U2} is p*, for if it were p* then the order of the commutator 
subgroup of {H, U;, U3} would have to be p* and the rôles of Uz and U, could 
be interchanged. Then if U contains an operator of type 1 it may be taken 
for Ọ, and one of the operators of H invariant under UJ, and not invariant 
under U,'and U, may be taken for se. The generators of G will then satisfy 
(d) above. If U contains no operator of type 1, we may assume that the 
generators of G, satisfy (d) excepting for the fact that sm is an operator 
different from identity in Sa- + -,s:, where j, k, Iin (6.4) are respectively 
5, 6, 7%. We shall write 

, Sm = Se "64357597". 


We note first that both 8 and è may be taken to be 0, for if U, is replaced by 

"3 = Uy ?U2"U, the new commutator Sm is in the group {3ss, Ss, s’;} and 
s’; is not in the commutator subgroup of {H, U1, U2}. If now s is replaced 
by S’ == sy sz then s’m is expressible in terms of s and ss and so we may 
assume that e is also 0. The operator Sm == ss%;V is in the commutator sub- 
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group obtained by transformation of sı by J, and U; and hence by a proper 
choice of generators of {01,02} we may make œ == i and y= 0. Therefore 
if U contains no operator of type 1, cee of G may be chosen to satisfy 
(6.4) in which sm == ss and Ss,’ * +, 8: are independent. 
` When the order of K 3 18 pt, on number of subgroups in U. composed of 

operators of type 1 may be`p -+ 1, as in (c), or it may be 2, 1, or 0. If the 
number were greater than p +1 U could be generated by three operators of 
type 1 and the order of K, could not be greater than p°. If it were greater 
than 2 and not p + 1, three operators of type 1 could be chosen for generators 
of U unless all the operators of type 1 were in the same group of order p’. 
Let this group of order p? be {U2, Us}. Then {H, Uz, Us} has a-central of 
order p” and {U., U,} contains p + 1 subgroups composed of operators of 
type 1, or {H, U2, Us} has a commutator ae i of order p and the, order 
of K, is not greater than p°. 

There exists a group for each of the remaining possibilities. If in (6. 4) 
Sq == $1 = 1, and S3, Sa, Sj; and Sm are independent, we have such a group with 
U containing 2 subgroups composed of operators of type 1. If in (6.4) 
Sm = 1, S3, Sa, Sj, and sı are independent and sw == Ss, we have such a group 
_ with U containing one subgroup composed of operators of type 1. Ifin (6.4) 
S3, Sa $j, aNd Ss; are independent, Sw == $3, and Sm == Sj, we have such a group 
with U containing no subgroup of type 1. `’ l 

The above four groups are the only groups G, with Ks of order p*. For 
suppose U contains either 2 or p-++1 subgroups of order p composed of 
operators of type 1 and let U, and Us, generate such groups. U is generated 
by Uz, Uz and one other operator which must be of type 2. The centrals of 
{H, U2} and {H, Us} may or may not be distinct. If they are the same, 
generators of that central may be taken to be Sz, Sa,* ` *, Sn. The group Gs 
is then obviously the one defined by (c). If the centrals of {H, U2} and 
{H, Us} are distinct, generators of H may be chosen so that Uz is permutable 
with s2, Us with sı, and both with all the rest. The group Gs is then obviously 
the one given above where Ọ has 2 subgroups composed of operators of type 1. 

Let U contain one subgroup composed of operators of type 1 and let it 
be generated by U;. Let generators of H be chosen so that Ọ, is permutable 
with all of them except s.. The commutator subgroup Kz of G = {H, Ua, U2} 
will be of order p? or pt. U, and U, may be chosen so that K, is of order p*. 
If the order of K, is p? we may suppose that in (6.4) we have sp = $S, and 
S; == Ss, for the transformations on G, in section 5 to put it in that form 
did not disturb sı. If then Uz is replaced by U’:== U:Ua, the group 
G’, = {H, U., U’2} has K’, of order pt. We may then suppose that s; = Ss, 
Se = Se, Sı = 1, and sm is in the group {Ss, Sa Ss, Se}. From considerations 
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similar to those in section § it follows imat we may assutne Sm = 85%S58. The 
commutator ss%s,f is a commutator in {H, U1, Ua} arising from transforma- 
tion of s, by 070.8. Jf this last operator is used for U,, the group is 
generated by operators which satisfy the relations given above in thé case 
where Ọ contains but one subgroup composed of operators of type 1. 

Suppose U contains no operators of type 1. Then neither sı nor $ is | 
permutable with any of the operators Ui, U2, and Us. From this it follows 
that the operators ss, sj, and sı of (6.4) are independent as are S4, Sk, and Sm, 
no matter how U,, U2, and U; are chosen. If the order of K, of 
G, == {H, U1, U2} is p? then Ka is {s,s} and Ss, Ss, $2, and Sm are inde- 
‘pendent so that the order of the commutator subgroup of {H, U1, Us} is p*. 
If the order of K. is p*, we may suopose that s; = ss and Sr == Sa. Then onè 
cf the operators sı and Sm is outside the group {ss, Sa, Ss}. Let Sm = Se be this 
operator. Since s: cannot be in {Sa, Sz} it must be in {s3, 4, Se}. Replacing 
Ux by U”, equal to the proper combination of U, and Us, we have s^: and 8’ 
both in the group {s,, ss}, and since U”, cannot be of type 1 the commutator 
subgroup of {H, U2, Ua} will be 155, S4, Ss, S6}. Hence, if U contains no 
operator of type 1, U, and U: may be chosen so that {H,U,,U.} has a 
commutator subgroup of order: p*. 

` We may then assume that s; = $5 and S% = Se, where 83, S4,.85, and Se 
are independent. We may assume further that sı is expressible in terms of 
s, and Se, for by replacing U, by a proper combination of U, Us, and U; 
powers, of ss and ss may be removed. Then a proper choice of U’, in the 
- group {U,, U.} will give s’, =s: e Gs contains a subgroup Ge 
for which K, is of order pè. | . 

We shall take {H, U, U2} to be the group Ga with K: of order pê, and 
let sj = sS; and Sk = Sz}. Then either s: or Sm 1s & new commutator Sẹ and 
on account of the symmetry in s, and s, of the relations defining G we may 
suppose sı == Se. The commutator Sm is in {Ss Sa, Ss, Se}, but a proper choice 
of U, in the group {U;, Us} removes the powers of s, from the expression 
for it. This transformation changes s, to some operator of the group {S3, Se} 
which may be taken for,a new ss. We may thus assume that Sm == s5%358s7. 
If now U, is replaced by U’s = Ux"U3, we have 8’: = 857484 and s'm == Sbst. 
If sa is now replaced by s’ == S1 Ysa, the operator Sm becomes a power of Ss. 
This last transformation replaces the commutator of U, and se by $3577, 
which is not the same as the commutator of U, and sı. However, if U, is 
replaced by U,U, the situation is restored. The commutator of U, and sə 
is also changed, but since it is still independent of ss, ss, and se and appears 
nowhere else it may be designated by sy. We may therefore assume that in 
(6.4) Sj = Ss, Se = 83, Sı == Se, and Sm == s,4, Since’s,/8 will serve for se, 
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we may assume that 8 == 1. Therefore, if Gs has a commutator subgroup of 
order p* and U contains no operator of type 1, generators of Gs may be chosen 
to satisfy (6.4) with s; Sm, Sk = Ss, and Ss, Sa, Sj, and s, independent. 

«We now consider the case where the order of K, is p°. In the example 
(b) above, U contains p-++1 subgroups composed of operators of type 1. 
If in (6.4) we let s == Sm = 1, 8; = 83, and let S3, S4, and s; be independent, 
then U will contain p -+ 2 subgroups composed of operators of type 1. For 
all the operators of {Uz Us} will be of type 1 and Ur*U: will also be of 
type 1. If in (6.4) we let sj; = Ss, S = 1, and s: = Sm then U will cortain 
three subgroups composed of operators of type 1. They are generated by 
U, U3, and Uy*U,. If in (6.4) we let S% = sı = 1, Sj = Ss, and Sm = Ss, 
then Ọ will contain. two subgroups composed of operators of type 1, generated — 
by U, and U3. If in (6.4) we let sj = Ss, Skr = Ss, Sı = Sy and Sm= 1, 
then U will contain but one subgroup composed of operators of type 1.. In 
general there is also a group G3 with K; of order p° and U, containing no ` 


operators of type 1, but it is not so obvious and in order that we may not ` 


start an argument prematurely we shall not attempt to describe it here. 

~ The above examples exhaust all the ‘possibilities for the number.of sub- 
groups composed of operators of type 1 in U. If there are as many as 3 and 
not p + 1 such subgroups in U, we may. suppose U;, Uz, and U, to generate 
three of them. Then either {H,U,} and {H, U2} have the same central or 
generators of H may be chosen so that . 


USU == 8383, . USU 3 = 8185 
Uo *seU 2 = 8284, U3 "820 3 = 828m; 


where Sm = 1 or Sm == 8. In case Sm = 1,.U contains p+ 2 and no more 
subgroups of the given type. In case Sm = Ss, U contains 3 subgroups of the 
given type. If {H,U} and {H,U.} have the same central, then {U,, U2} 
contains only operators of type 1. We may suppose that 


. Uts U = 8183, Uz ts U2 = 8184, Uz ts U3 = 8185 
i Ua SU; == $1S5. 


The only operators of the type in question are operators of {U1}, {U2} and 
{U;}. We have thus shown that the number of such subgroups must be 
0. 5 2,059 21,00 pee 2. | 
In each of the cases where U contains respectively 3 and p + 2 subgroups 
composed of operators of type 1, the argument in the last paragraph shows, 
by setting up a normal form, that there exists just one group. 
When U contains p+ 1 oe i i of operators of type 1, the 
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same argument shows that they all belong to a subgroup of order p?. We may 
choose generators of H so that the wo operators U, and U, which generate 
this group of order p? are both permutable with s» Then U, must be of 
type 2. The commutator subgroup arising from transformation of.s, must 
be of order p*, for otherwise there would exist in {U;, Uz, Ua} an operator 
permutable with s, and hence of type 1 and not in {U2, Ua}. The commutator 
determined by U, and sə is in the group of commutators arising from sı. 
Hence we may suppose generators of Gs to satisfy (6. 4) in which s; == $4, 
St == 85, Se == Sm == 1, and s, is replaced by s,%s,%s;%. The exponent « must 
be 0, for otherwise s’, = s,%sz1 would be permutable with 0102°U3”. It then 
U» is replaced by U28U,7, the generatcrs of G, satisfy the relations defining 
the group for which Ọ contains p-+-1 subgroups composed of operators of 
type 1 given above. Hence there is just one such group. 

We suppose next that U contains two subgroups composed of operators 
of type 1, and let them be generated by U» and Us. We may select generators 
of H so that in (6.4) s =s; = 1. Then s; and Sm will be independent: for 
otherwise {U2, Ua} would contain only operators of type 1. Let s; == s, and 
Sm = Ss. Uy is necessarily of type 2 and one of the commutators it determines 
is not in the group {s4, $s}. On acccunt of the symmetry in s, and sp we may 
suppose it to be s} Then the commutator arising from U, and sz is in 
{85, S Ss}. Let us denote it by s:%.8s,7. We may suppose y == 0, for that 
result would be obtained by replacing U, by UUs Y. Also, « must be 0, for 
otherwise the operator U;U.4/* would give two commutators in the same cyclic 
group and would therefore be of type 1. If then U2 is replaced by U2, the 
generators of Gs satisfy (6.4) in which sj; = Sa, S = S1 = 1, Sm = Sy. 

' When U contains just one subgroup composed of operators of type 1, we 
may suppose it to be generated by U and generators of H to be chosen so that . 
Sm in (6. 4) is identity. Let sı = ss. We may suppose K, of G == {H, Ua, U2} 
to be of order p°, for if it is of order p? the groups {s3, s;} and {s4, se} would 
be the same, {U,, U2} containing no operator of type 1, and each would be Ko, 
in which case the order K, of {H, U1, Uz Us} would be p*. The group 
{S3, Sj, Ss} is of order p*. We may suppose : 


USU == 8189, U27*3U2 = 8184, © Us 8,03 = $185, 


6.5 . 
( ) Ur SU === 928), Us sells = 828%. 


The operators s; and sw are in {S3, Sa, 35}. * 
There are now two possibilities. Wither ss is in {s;,5,} or it is not. 
Let us suppose that ss is in {s;,s:}. We may select U, so that sp = ss. 
Then s; may be assumed to be in {s3, s,}, for if the expression for it contained 
Ss’ the operator U’, == U Uz would give s’; in {s3,s,}. Let s; == s,%3,8, 


\ 


t 
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Since Tis is not: of type 1 1, g cannot ie zero. & must ” zero; for otherwise we 
could replace sı by s, = s,8;7/*, in which case the commutator. subgroup ' 
arising from transformation of s’, by U would be generated by s, and ss and 
U would contain operators of type 1 which were not powers of. Us. , Ti now 
we replace U, by U,"/8, we have the generators of Gs satiety the relations 
(6.5) in which $j = S4 and sy = 85. 

We suppose now that s, is not in the group generated by commutators 
of sa We may select two independent commutators from that group’ and 
denote them by ss and Sq. Let i 


(6 ' 6) U sU, ments » 8183, : Taat, = StSt Ug SU 3 = S186 

l Ur SU == 8283). Ur SU? = S284. i 

Both 's; and są may be assumed to be in {ss, ss}. The group {U, U) contains 
an operator which with s, gives ss for a commutator. We may therefore 
assume Sy = S3 and s; == S18. The transformation: resulting from replacing 
Sı by 8’: = S18: and U, by U’ = UU changes s; into ls = 8,8, and s; into 
s’j83%*4s,@, This expressed in terms of. the new s's and sq is (s’)*?#sqP “4%, 
Therefore U, and s, may be chosen so that generators of Gs satisfy (6. 6) 
with s = 8, and. S; = $4”, where, as we have seen in section 5, r is not a square. 

We have obtained two normal forms for the case where U contains one 
subgroup composed of operators of type 1. It is necessary to see that they 
describe groups which are not simply isomorphic. In both cases the subgroup 
{ss} is characteristic, being determined’ by the characteristic subgroup {U3} 
ef U. The central of {H, Us} is characteristic, and the subgroup arising by 
transformation of the operators’in the central of. {H, U;} and not in the 
central of Gs by operators of U is also characteristic. In one case this last 
group contains ss and i in the other it does not. Consequently the two groups 
are distinct. 

Finally we suppose that 7 contains no operator of TA 1. Then no 
matter how generators of Gs are chosen, commutators arising from trans- 
formation of s, by U constitute a group of order pè, as do those arising from 
transformation of ss, If we select U, at random from U we determine two 
commutators $s, and s+ ` We:may write Us U, = S183, USU; = S284. 
There exists an operator U, which with s, gives the commutator ss. If the 
commutator subgroup of {H, U., U2} is of order p°, sı, S2, Un, Uz may be 
chosen to satisfy the above conditions and the condition U,-*s; Ua === 8484", 
as was shown in section 5. Then the commutator subgroup of {H, Ua, Us}; 
however U, may be chosen outside of {U1, U2}, is of order p°. We may 
therefore assume that the order of K, of {H,U:, U2} is pë. Therefore the 
commutator of s, and U, may be taken to be ss. Then U contains an operator 

4 ; 
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. U; such that U ts:U == S255. The commutator of U, and s, is in {s5,. Sa 8a}! 
Hence generators of G, may be chosen to satisfy . 


Uys; i ee == $183, ‘Us "s; ieee = S1853" © Ug SU a = Sk, 


(6.7) , E 
U 1°64 == SoS4, Us ™s:U: = S283; Us "saU's ai ii eat 


where Sy = $98,85,7. 

Since U contains no operator of type J it is obvious that the numbers 
a, 1, By. and y are not arbitrary. For example, if « = y = = 0 and B= i the 
commutator subgroup determined by U,U2Us is of order p generated by. $8485. 
We seek the condition on «, 8, y that U may ‘have the desired property. 

No operator: of the group {s,; $2} is permutable with any operatoriof J, 
If there exists an operator of-{s,, S2} which is permutable with any operator . 
of U any power-oi it is also permutable with the same operator of YU. Such 
an operator could -not be s, and hence may be written: s,s.% The condition 
that .s;s2* be permutable with U*U,°U," is -> e & tea 


8 grtalsoms: oktBng. TCP HO) come T 

From this x we get the system of congruences 

k -+- al + am == 0, . 

ak-+ Bm=0, i 

E I+ (y +a)m=0, mod p. | 
This aoa must have a solution k, l, m different from 0,0, 0 and kea the 
determinant of the coefficients must be zero, This requires that 
(6.8) o a Le ya? — aa + B= 0, mod p. 
‘Therefore the condition that U contains no operator of type 1, is that (6. 8) 
be irreducible. When poe such irreducible congruences exist, and conse- 
guently numbers g, B, and y can be found, thus determining’ ‘a Ga whose 


generators satisfy (6.7%). Now it can be shown* that if @, is any, group 
satisfying the above conditions, it contains a set of génerators — 


(81 Sat Sm Un U's, U"s 


Ww ace satisfy (6.7) a have-for a’, 8’, y the coefficients of any. ‘irreducible 
cubic of the form (6.8). Hence there is but one group with Kz of order p°- 
and U containing:no operator of type.1. 

“There remains to consider the groups Gs for which K; ‘has the order pn. 
Then U contains an operator permutable with s, and an operator permutable 
with sə» Let these operators be U, and’U', respectively. Two possibilities 
.* Ch. “On Cubic Congruences.” Bulletin of the American Mathematical Society, 
vol. 39 (1933), p. 962. . 2 2 Tog 
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arise: (a) the group {Ui, U2} contains two subgroups composed of operators 
of type 1, or (b) it contains p -+ 1 subgroups compcsed of such operators. 
In the former case the commutator Subgroup = Ai U, U2} is of order p? 
andin the latter of order p. 

Taking up case (a), we may assume 


UiS U == $185 3 Ustsy U; m 518k, 
i U2 tSaU 2 == S284, Ussa U; = $28miy 


where: Sp = 83547 and 8m == 83¥s,°. IZ now U, is replaced by U”; = Ur ary, Us, 
Se and Sm become respectively s,f and ss’. Let us then suppose U, in the 
above is (U’;)*/8, so that s% = s4 and Sm = Ss”. The operator U:7U2U; is of 
type 1 since the commutators — arising from it and sı and s are the same. 
Hence {U,, Uz, U;} contains at least three subgroups composed. of, operators 
of type 1. The condition that U’ = U*U2'0™ be of type 1 is that 
Osu" == $, ware S == S18". This gives l 


k -L yam == (), 
ai+- m0, mod p. 


Hence, m = — al and k = yal. If y= 0, then k = 0 and every operator of 
{U2, Us} is of type-1..-This comes under (b) above. We may therefore 
suppose for case (a) that ys40. Then the:above congruences have the 
solutions given which says that the group generated by U,“°’U.U; is per- 
mutable with s,s.%. There are p choices of a;:hence there are p subgroups 
{U,°°U.U;*}. There is one subgroup composed of operators of type 1 which 
does not come in this form, namely {Ui}. Hence U contains at least p-+i1 
` subgroups composed of operators of type 1. Since every operator of U can be 
written in the form U,'U,’U,™ there are only p of 1 such subgroups. 

Let us consider case (b). Since the operators of {U,, U2} are all of 
type 1, we may suppose l 


l U: +304 === $183, + . Ug" U; = $1845 

i“ O21 82U 2 == 828, Ua i827 3 == 828m, 

Ti the commutators arising from U3 are not both in-{ss} and hence one may 
be: taken to be s4. sm is in {Sa $4} and may be assumed to’ be s, or identity, 
for if Sm = sss, then U, may be replaced by U's = U.*U, which changes 
Sm to s8. ‘Tf then 840 and s: is replaced by s£ and U, by 034 we have 
the generators. of Gs satisfying the above relations with Sm == S4, 

If ôm = 1, U has at least p +2 subgroups composed of operators of 
type 1. Every operator not in {U1, U2} and not in {U3} is of type 2 since 
it gives rise to a commutator subgroup of order p? Hence there just p + 2 

subgroups composed of operators of type 1. 
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If Sm = sa Us is also of type 1,-as is TDD The condition that 
UU 1U; þe Dermpinble with. S182” gives | , 
a+ 1==0, and k + l0, mod p. 


Then for every & there exists a group generated by U,*U2*U, whose operators 
are of type 1. There are p such groups and they are all outside of .{U;, U2}. 
Therefore Ọ contains 2p + 1 subgrcups ‘composed of operators of type 1. ! 

We have thus shown that there are three groups {H, U1, U2, Us} with 
commutator subgroups of order p? distinguished by the fact that (U1, U2, Us} 
contains p -+ 1, p + 2,-or 2p + 1 subgroups of order p with operators all of 
type 1. Moreover, there is just one group in each case, for we have determined 
a canonical form for the set of relations among the generators. | 

It will be worth while to tabulate the results of this section. The sub- 
groups of the holomorph of H determined in section § all have centrals of 
order p”*; those in section 6 have centrals of order p”. We give in order 
the orders of G and K and the number of subgroups composea of operators 
of type 1 in Be 


no, of subgroups with 
operators of type 1. 
0 oe à 


R 


© b 


0,1: 

0,1,2 

0 

051 

0,1,2, p+1 

0, 1,1,* 2,38, p+1, p+2 
Pri, p+e, ep rt. 


.. It is perhaps permissible to emphasize the fact that each of the cases 
above represents a doubly infinite system of groups, since n and p are arbitrary. 
Also, every one of the groups contains only operators of order p, identity 
excepted. Though it is convenient to study subgroups of the holomorph of 
H, we are primarily interested in the Sylow subgroup of order p"*-»/? in the 
group of isomorphisms of H. In the preceding pages we have determined all 
the subgroups of order p? and type 1,1 and all the abelian subgroups of 
order p° and type 1,1,1 which contain only operators of types 1 and 2. 
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* The two groups with K of order v* and with G/H having the same number of 
operators of type l are discussed following (8. 6). 


NOTE ON A UNIQUE REPRESENTATION FOR EVERY SOLVABLE 
GROUP. 


By A. C. Luny and J. K. SENIOR. 


It has been shown * that every solvable group @ of order g = Iv, where ` 


== pi (i= 1:n), and the p,’s are distinct primes has an intransitive 
representation as a permutation group P with transitive constituents 
T, >+- Tas where T; is of degree z;. The purpose of this note is to point 


out the following features in which this representation appears as an analogue 
or generalization of the Cayley regular representation. The comparatively 
moderate degree $g; of the intransitive representation is a convenience for 
detailed computations. The proofs depend in the main on familiar thecrems. 
concerning representations together with the theorems quoted from Hall t 
according to which every solvable group of degree g as above has subgroups of 
each order prime to its index, and all those of any particular such order are 
conjugate. 


(1) .The representation P exists and is simply isomorphic with G. This 
was proved in the paper cited. The simple isomorphism also follows from the 
property (4) proved below. 


(2) The representation P is ‘nee determined by the abstract group 
G, not only as a. permutation group per se, but as a. representation of the 
abstract group, in the usual sense of .“ unique » as understood in connection 
with the meaning of “equivalence ” of permutation representations. Inj the 
‘present instance the distinction between the two kinds of equivalence disap- 
pears, since no new conjugacies of the subgroups in question are here intro- 
duced by an external isomorphism. | i 


Proof. In any two representations of the specified type for a given solv- 
able group, the respective transitive constituents of the same degree are equiva- 
lent under a suitable transformation of notation, and these transformations: 
taken together to form a single change of notation on the entire set of 3 z; 
letters would exhibit the. equivalence of the two complete intransitive 
representations. f 


(3) Each transitive constituent T; contains as a'subgroup the regular 
representation of the corresponding Sylow subgroup S; of G. 


* Lunn and Senior, American Journal of Mathematics, this volume, pp. 319, 320. 

{7 Loc. cit. 

~ We are indebted to Mr. Gane Birkhoff for independently “pointing out an, 
equivalent proof, stated in terms of correspondence of cosets. 
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‘The Sylow subgroup of ordèr 2; in T; must be regular since'no operator 
in it except identity can leave any of the 2; letters invariant. The isomor- 
phism with S; appears from the. theorem, that if Æ is any representation of 
order p% of a group G of order p*k, where k is prime to p, tien the Sylow 
subgroups of order p* in R and G are simply isomorphic, 


(4) The representation P concains implicitly in the, form of. induced 
groups of permutations on the various sets of r-tuples of letters, r==1 - n, 
every transitive representation of G of degree prime to the order of its on 
ing subgroup. In particular, the Cayley regular representation occurs as the 
group on the n-tuples. Here “+r-tuple of letters” means one formed. by 
taking one letter from each of r of the sets of transitivity involved in P. By 
“ set of r-tuples of letters” is meant zhe entire aggregate of r-tuples formed in 
this way from any one 7-tuple of sets of transitivity. In particular, from the 
transitivity on, the g n-tuples follows the simple isomorphism of G and its 
representation P. 

The proof follows from Hall’s theoreras supplemented by an induction 
proof through increasing values of r, using the following lemma which is 
stated separately because it admits of certain applications to apoio groups 
as well. . 


Lamma. If G is a group of order mnk where these TET all tela- 
tively prime in pairs and m, n are not unity, and G has transitive representa- 
tions of degrees m, n respectively, say on the letters a'> am, bi > -bn 
then the induced group on the entire set of pairs a;b; is transitive. : 


‘ee, ‘Proof, Let the subgroups leaving a;, b; respectively invariant be denoted 
by As, Bj, and their intersection by Ki;. The index of Ki; under By is divisi- 
ble by m, the index of A; under G, and is not greater than m,* hence is m, 
and the order of Ki; is k. Hence A; consists of n cosets of Ki; no ‘two of 
which permute b; in the same way, and similarly B;: consists of m cosets of 
Ki; no two of which permute a; in the same way. Thus A; is transitive on 
the pairs a;b; for the single i and all 7’s, and É; is transitive on the pairs with 
all i’s and the single j, so that G is transitive on the entire set of all pairs a;bj. 

As an instance of this lemma for the case of an insolvable group may be 
noted the simple group of order 168, which has two representations of degree 
7 and one of degree 8. Hence there are two intransitive representations of 
degree 7 -+ 8, each of which yields as induced group on the pairs the aie 
transitive elas of degree 56. 


* See Speiser, Theorie der Gruppen von endlicher Ordnung, 2nd ed. (1927), p. 64; 
generalized from Miller, Annals of Mathematics, vol. 14 (1912-13), p. 95. 


TWO-FOLD GENERALIZATIONS OF CAUCHY’S LEMMA. 
- By L. E. Diexson. 


1. Introduction and Summary. We investigate the conditions on a and 
b under which there exist integral solutions *, > — k of the pair of equations 


& 8 
(1) a = > t, B= D oii, 
g , ¿z1 ; 41. ; 
where k is an integer, while each c; is a given positive integer. Denote the 
sum of the c; by t. Necessary conditions are | 


(2) a,bintegers, bEt(1—b), a=b (mod 2).. 

Our theorems on solutions of (1) apply at once to the problem to express 
a given integer A in the form (81); where f(r) == us? + vs. By (1) we see 
that 


(3) A= Safa) A = ua + bo 


are equivalent equations. Hence if the latter is solvable, also the former is. 
In particular, when f(x): is the z-th polygonal number, or extended, or 
generalized polygonal number, Miss Griffiths } treated (8) at length. Only in 
the third of her problems was the investigation incomplete owing to the lack 
of a generalized: Cauchy lemma when cı = c2 = 1, c3 = 2, c, = 3 or 4. We 
here cover these cases, and in fact all cases in which tc, -+ C2 + Cs +o, S 8. 


THEOREM 1. Let (e - +, C4) be one of the eleven sets below. Let (2) 
hold and l ; 


(4) ta Z b?, (t—1)a< be + Bbk + the, 


Then there exist integral solutions > — k H (1) with s = 4 i the following 
further conditions hold. 


(1, 1, 1, 1), 4a — b? 54 4m (8n + 7). 
(1, 1, 1,2), 4(5a — b?)s4 25" (5n + 2); true if either a or b is prime to 5. 
(L11, i Garip eo i 


i Tei @; = ——k4+ 1. For solutions => 0 take k == 1. 
` + American Journal of Mathematics, vol. 55 (1933), » pp. 102-110; Annals of Mathe- 
matics, vol. 31 (1930), pp. 1-12. Cited as I, II. 
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(1, 1, 1, 4), ta — b 4™(8n +7). 

(1, 1, 1, 5), 8 odd, 3 (8a — b?) 25" (25n = 10). 

(1, 1,2, 2), 6a — b? A 4m (8n + 7); true if b 1s odd. 

(1, 1, 2, 3), 6 (7a — b?) 4 49™(¥n + e), e = 3, 5; 6; true if either a on b is 
prime to T. l 

(1,1,2,4), b odd or double an cdd. 

(1, 1, 8, 3), b odd or double an odd, 8a — b? 4 9"(3n + 2). 

(1, 2, 2; 2), Ya — b? 4 4* (16n +- 14). 

.(1, 2, 2,3), b odd or double an odd. 


We have gone to considerable extra trouble to secure the same inequali- 
ties (4) in all cases in Theorems 1, 2. The advantage is that a a single analysis 
of the inequalities applies to all types of applications. 


Theorems 2-5 cover all cases with i5 7. 


THEOREM 2, Let (2) and (4) hold. Then (1) with s = 5 have integral 
' solutions > —k for (1, 1, 1,1, 7), j = 1, 2, 3, and (1, 1, 1, 2, 2). 


While-Theorems 1 and 2 are proved by use of fundamental identities and 
the theory of ternary quanratic forms, a simple combination of those theorems 
yields i 


u 


THrorem 3. For the four sets of cx in Theorem 2, equations (1) have 
integral solutions = = 0 ifb Z0, a=b (mod 2), and . 


to b2, . (t--2)(a—2)< b. 


_ Since the interval in which p2 lies is here roughly double of that in (4), 
Theorem 3 is much more advantageous for problems like (3) than Theorem i 


THEOREM 4, Let § be a set of ci derived from one of the four sets o in 
Theorem 2 by annexing one or more 1’s. As before, let t denote Xe; for 
c, but let T denote Zc; for S. Restrict S so that TS8. Then there exist. 
integral solutions = 0 for 8 if b = 0, a==b (mod 2), and 


(t— 2) (a—2)< b?, Ta Z b? if T< 8, Ta > b? if T=8. 


THEOREM 5. For the four sets in Theorem 2, equations (1) have integral 
solutions > — k if we assume (2) and 


taZ, (t—2)(a—2) < b? + 4b(k—1) + 24(k—1)?, 


Similarly for the sets in Theorem 4 if, we replace (é—2) (a—2)< b? by 
our final inequality. 
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Tawonen * 6. When T = 8, Theorem 4 holds if we replace Ta > t? by 
oe > b+ G, where G as the greatest integer = < T(T— 8) /4. 


„In § 23 there i is a note on my paper in Vol 55 of this journal. 


2. The Paitpeontal identity. “Denote c1 + +--+ ce by t, (the former t). 
Define te, ts, ° A by 
(5) i tk == k-i —— k-i 


By (1), tia — b? = hı, where 
i 8 i ks.. 8 
(6): pr = 2 Ci (br — 04) B17 — 2 D Cac sai. 
' ; i izk isf 


By completing the square on the terms in az, we get ` 


(7) (és — Cr) be = Olt We + tepisi 


(8). P, = (Er — Cr) Bae > Citi. 
- We a the abbreviation. 


(i,j) == (ti — ci) (ti — Cin) (43 — 7), St 


| By repeated use of (7) we may eliminate ¢2, $3, - `, $n from.(%) for 
k = 1 and obtain. 


é 


(1, ee PEG rR + tote aF ia + hita ‘ bn-1 (Onin? + npn). 


This may also be proved by induction on n by multiplying it. by fet Gay: 
and eels (7) withk=n-+1. We take n = s — 2 and apply 


bg. = Cent F Cs, Psi == Ce_1 Cg (Esi a ti s 


tr 


We obtain our fundamental identity: , 


8&2 ' ` l 
. (9) (1, s —2) (ta — b?) = > H(i, s — 2) tite: © < tioti k ii - 
, koo ize 
. l + by oe eer be_3Ce-el ad -4- ti erage tg-2Ce1Cs (Ls—1 Sawer Le)’. 
By (8) and (5), 
(10) | Fy == Fin + (r — Cx) (E — Tka). 


‘ 


* Proof by Theorem 4 as in the writer’s papers on Polygonal Ue etc., Quarterly 
Journal. of Mathematics, 1934-35. l 
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Loe -L Proor? OF THEOREM 1; ES 
3. Case ers Replace ts by t—atatate ee Write O 


= g=a tit o for’ Boho | a j 
Write F for Py v isi Fi. “Then (9) and (3) give i | a or 
(11) g(ca-+ 04) (ta — b?) = (0r i)a P? + tew? + tgeacaW?, = 
(12) F == G£, — Cfo — 63%, — CaTa, ="(Cs. -4 64) Ea — Ca%3 — Cafas, | 


ee 


“By (10) with & == 1; we have P =ù gD, D = g, — at, After elimi- 
nating F from (11), we may cancel the factor g and get | 


(13) (cs + c4) (ta — b?) = (c1 — c2)? | 
+ 6,(€3 + ca) (wD -+ gD?) + Cacat W?. 


We shall often use this identity transformed into one involving only squares. 


. 4. Case cz + C4 == C43 + Ca. Cancellation ‘of the factor ca + c from (13) 
gives ae 
(14) ta — b? = VË + 2010D? + Rese W? V =v + àD. 


Denote the second member of (14) by fe Solving b = 3cja, with the linear 
equations having V, D, W as left members, we get | 


(15) te—=b+V+2D, tza =b + V— 2D, tes =b—V +W, 
ty = 3 — V — 20W. 


The 2; are all integers if and only if | 2s 

(16) b+ V —20,D = 0 (mod t), b— eD — eW =0 (mod ¢/2), 
since the double of the second function is tit, -4 tary. 
| The four v; in (15) are all > — k if 

(17) —V—2eD,; —V-+-2e.D, VW, VAW 
are all < b + th. Now ee ae a 
(18) > (y+ Beye) + 2es(y—2)* ae (I+ 201) (y? + Beat"). 


Take y = | V |, z= | W |, i=3 or 4. By (18) and (14), the. square of 
|V|- 2é | W| is S(1+ 201) f. Simnilarly, for-s—1. or 2, the-square of. 
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| V i+ 2%) D| is S(1+ Re). Let c denote the<largest ci.. Hence every 
integral s; will be > —k if (1+ 2c) (ta — b?) < (b + th)?, viz... -- 


(19), wag a 2c)ta < (2.—+ 2c)b2 + Wik + PK. 


In. all our examples (§§ 4-9) under..our -present case Ca -H Ca = Cri H Co, 
we sahal take ca = 1. Then c, is the ‘largest ci, and aC + ¢)== t. Thus ey?) 
becomes (42). 

By way of example we eas tha i cates in r Cauchy s case in hich 
éach ci = 1. By (14), V =b (mod 2)... 

. First, let a and b be odd. | Then Te -2D? EN owe (mod 8), i 
D+ Wisodd. Permuting D and W if necessary, we may take Deven. Since 
b= V are even, one' of them (say b +y by. noe of the sign of a is a 
multiple. of 4. Thus (16) hold. ; l 

., Second, let a and b, be even. Then b == OR, y= == = 20, — p= = 4y? +- 2D? 
-+-2W? (mod 8). Thus, W == D. (mod: 2), - whence, .2 W° == 2D? (mod. 8), 
B+ v — D is even. Thus (16) hold. 

Write y = D+ W,2z—=D—W. Then f= V? + y? pr z?, Conversely, . 
if 4a — 68: which is == 0 or 3 (mod 4), is a sum of three squares, aa ‘are all 
even or all odd, whence y = z (mod 2), and f is equivalent to (14). 

In case each ci Z 2, we may improve o on (19). Instead of (8) we now 
employ - o 3 
(y T 2c:2)? + (2e/inn) (my — nz) — = 010i," 
Ci = 1 + 2eim/n, . Qi =u + (Rean/m)2. 


For i= 1 or 2, take y =| V |, z= |D]. Then Q Sf if on S cicam. For 
t = ], the least C, is its value 1-+4.2c,/c, for the maximum value com of m. 
Similarly, or by symmetry, we see.that the squares of the four functions (17) 
are all = Gf, where G is the greatest of , 


(20) A T 2C1/ Cay 1 R RC2/ C1, 1 -+ 2C3/ Cay 1 de hae 


‘If c, be the greatest Cis evidently. Cg is the least. - Hence if some i is 1, 
then Cg = 1 and G == 1 -+ 2c,, and we have the results leading to (19). ‘But 
if each c; > 1, we have an improvement on (19). For example, let c1 = Cz = 8, 

= 2, 04 = 4, Then ma ta <1-+ 2c =9. - 


B. (1, 2; 2. 3). Let ee t = 1, ee Then {= 8,- 
fa ale ge aa +. 602 shall represent 8a — 6, ~ 2 

First; let a and b be odd. Sincé f shall represent 8a — b?==—1 (mod 
8), V and W are odd. By choice of the sign of W, b — Wi— 2D =0.(mod 4), 


"we get 
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which is (16,).. Since b + y are even, We- ca -choose toe aga of V so, ‘that 

b6+-V=4m. But oe 

6W2=s6, a ale wdc 


Elimination. of V gives 1 == b* — 4mb +-4D? (mod 8).. Hence-D == m nimi 
2), b + V == 4D (mod 8), which is (16,). 

Second, let a and b be even. Then 6 = 2B, V = 20, W == 2w. “Then: 
— B? = py? + 2D? + 6w (mod 4), v = B, B + D + w==0 (mod 2). Hence 
(162) holds. Here (16,) is B+-v—2D==0 (mod 4). In case v is odd this 
may be satisfied by choice of the sign of v. Hence if B is odd, me x, are all 
integers. But if B is even the method fails in general. Te 

The form * f represents every positive integer 2m ~+ 1, 3m or 4m which 
is of neither of the forms 8n -}- 3, 4" (8n + 5). If aand b are odd, 8a — 6? 
is == — 1 (mod 8) and is represented by f. Next, let a==2A, b == 2B, B odd. 
Then 8a— b? = 4N, N == 44 — P = 44A — 1 545 (mod a Thus 4N is 
represented by f. | 


6 (1,1, 3, 3). Let Ci = 03 =I, , Ca == Ca == 3. Then t=8, f= V? 
+. 6D? + 6 W° shall represent 8a — b?. - 
First, let a and b be odd. Then F and D 4- W are odd. By permuting 
D and W and changing their signs, we may take W odd, D = 2d, D + t= b 
(mod 4). Bye choice of the sign of Y, b + V.= 4U. Then 


8— b? = (40 — b)? + 24d? +6 (mod 16), 
O==1—b?=4U -+ 4d? (mod 8), 


whence U == d (mod 2). Hence (16) hold. 
Second, let a be oy 6==2B. Then V = 2v. eee (14) modulo. 16, 


(21) oo OB? = w? + 3D? + 8w”? (mod 8). 


Hid D -+W is even. First, let D and W be odd. Then isi tae if and 
only if B + v is odd. “One of the even integers B +v Disa multiple of 4. 
Hence by choice of the sign of D, (16,) holds. Similarly for 2B — D + W 
and (162). 

Next, when b=2B, let D=2d, W—=2w. Then (21) becomes 
— B? ==" -+ 6d? + 6w? (mod 4); which holds if and only if v==B, 
d -+ w= B (mod 2), The double of the latter gives (162). But (16,) is 
equivalent to B + v + 2d==0 (mod 4). If v is odd, this holds by choice of 


*B. W.J ones, unpublished Ohicago thesis, 1928, p. 122. 
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the sign of v. . This proves Theorem 1 unless B.is even. In fact (Jones, p. 82), 
f represents exclusively every positive integer except 8n -+ 3, 9” (8n + 2). . 


(1,1, 2,2)... Let c4 = c4 = 2, Cz = Cs = 1. Then t= 6, f= V’ 
+ i r 4W? shall represent 6a—b? Hence — b? = V?--[ D? -+ W? (mod 
3). If b=0 (mod 3), V, D, W are all prime to 3 or all divisible by 3. By 
choice of signs, V = D, W = D (mod 3), whence (16) hold modulo 3. ‘Next, 
let b? = 1 (mod 3). Then two of V,.D, W -are prime to 3 and. the third is 
divisible by 3. If both D and W are prime to 3, Vis divisible by 3 and, by 
choice of signs, D =b, W ==—b (mod 3). If one of D and W is divisible 
by 3, permute them and change signs; then W = 0, D == — b, V = b (mod 3). 
In all cases (16) hold modulo 3. AR V ==b (mod 2). Hence the 2; 
are all integers. 

But f represents * exclusively all positive integers except 4n 42 2, 4n +- 3, 
4"(8n +7). Ifa and b are odd, 6a — b? i is == 1 (mod a and is represented 
by f. This proves Theorem 1. 

Miss Griffiths + proved the theorem for k == 1 with my condition 5a < 6? 
+ 2b + 6 replaced by the more restrictive one 15a S 3b? 4-b (for b = 3, 
she has no a, while I get a = 3). 


g (1,1,2,4). Take P Co = 2, ee ee ‘Then jae t == 8. 
Then (11) is the product of 8 by f == F* -+- 2v? -++- 4W? shall represent 8a — b?. 
Here b = 4a, + 22, + 4, + ty, E = 40, -— Its — T3 —~ Cas V == REg — Eg — La, 
W = t; — t4. Solving, we get 


8z, =b +F, 8r =b—F -4 2w, 84, — 8a, = b — F — w t 4. 


The form f represents į exclusively all positive integers except 4” (16n -+ 14). 

First, let a and b be odd. Since 8a — b? ‘is == Y or — 1 (mod 16), it is 
represented by f if positive. Here F is odd, — 1 == v? -4-2 W2 (mod 4), whence 
v and W are odd. Then 8 — b? == F? +2 -+ 4 (mod 16). Write F == xb 
(mod 8). Then z= 211, 2== b? (4E + 4+2) (mod 16), @-+ &==-0 
(mod 4), = 0 or — 1 (mod 4), == + 1 (mod 8). By choice of the sign of 
F, we have P==—b (mod 8). By choice of the ey of v, v == — b (mod 4). 
Hence each z; is an integer, 

Second, let a be even and b==2B. Since the method fails if B is even, 
let B be odd. Then 8a — b? is==— 4 (mod 16) and is: represented by f if 
positive. Also, F = 2h, ve = 2n, — 1 = h? -+ 2n? -+- W? (mod 4). Hence n 


J ones, p. 75. Proof due to Dickson. / 
’ TI. Her identity is half of (18) for c, == == 2, o, == 0, =I], with got D. 
t Dickson, Bulletin of the American Mathematical Soctety (1927), p. 67. 
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. and h + W are odd. Now. f is sýmmetric in e arid W.” Permuting them if 
necessary, we may take 4 odd, W. ever: By ‘choice of the sign of F we have 
h ==— B (mod 4). The a; are all integers. 

~ The a; are all > —k it | F|+42|o| +4] W]<b -+ 8. This’ linear 
function is S Vîf by the following lemma with with dy = l], d = 2; ds = =A, 
de = 0. 


' Lemma. If L= days ih rb dye = 0 and each di Z 0, then 
« $2 a eee) (day + dye). 
. This follows from the identity . 
L? 4- > did, (i= y) = == (d: + -+ da) (dy? +e z + days?) 
i Gh 1, 1, 2). Lf ca = 2, ai) is the double of | 
| 4(5a— b?) = F? + 50? + 10 We., 


This a ie: ae for F, v, W are the relations used by Pall.* * Tb we use 
tı > —1 instead of his z; = = 0, we pre 4a < b? + 2b + 5, which i more 
pairs ‘a, b than his 4a & 0. 

-In all our further problems with s= 4 we employ identity (13), each 
with its own device. 


10. Eo 1, 1, 3). Let ea. Here (18) is the monn of . 
6a— b? — 20" + 20D -+ 5D? + BW, | 


Write T = V Hs y= == y ni 2D. ae = x? +. y + gun shall | xepresent 
6a — b?, EE 3 i l ; 


Dm ga F BP ty ty Y = 22, — Uy — Ta, W = Ta — Ta ` 


a 


Solving: thes with b= a, + 82, T Ts + Ta; we get 
E E E 62, = b +- 2, 625, ae Pay eM. 


Bach 2; > —k if T— 2y, — T, s—ġ p BW are < b+ 6k. By the lemma, 
lel+lyl+3| Ý] SV But for the first function we use. 


(m + 2n)? + (om —n)t == Sim Hat), Halts ly pE 


* Griffiths, II, for k=l. 
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-Evidently 5f:<¢(b + 64)? and t = 6 give (42). 

‘The. form f vrepresents* exclusively all peeing meet except 
9m (9n +6). ; 

Since 6a — b? = 1. or 0 (mod D .we may permute v, y-if necessary and 
take r= b, y= W (mod 2). Next, we may take z = — b, y = — b (mod 8). 
Hence the v; are all integers. l 
11. (1, 1, 2, oe) Let Gas) a= 8, oe The’ double of 
(13) is ia 
Vv —6(10—0*) #4 Ye? 128W =f, f—6D +0, 


V = ƏT — Tg — 2X4, - W = tj — T4, . D = Tı — Tə. 


F= E + Yw 72 represents (Jones, p. 123) every positive integer =Ù or 3 
(mod 4) except 49"%(7n + e), e—38, 5 or 6. Since a=b (mod i 
F = N = 0 (mod 4) implies z =2W. Then F becomes f. 
' Now N =b? 34e (mod 7). If «æ and b are not both divisible by Y, yi is 

not divisible by 49. Hence N is represented by F and hence by f. ` i 
Our linear equations’ and b = zr -+ 3a, + £a +20, have the solution 
Ya, —b eee 6D, Yra = b +v—D, 21a; = M+ 14W, 21a,—M—7W, 
where M = 3b — 38D — 4v. We may choose the sign of £ so that €==— b (mod 7). 
By choice of the signs of v and w, we have v = — W, é= v (mod 3). Evi- 
dently ¿= v (mod 2). Hence €= 6D + v yields an integer D. Write p for 
b— D T v. Then =b: + = 0; M 3 (mod T) - Hence the’ Li “are all 
integers. a: 
-From the ee of he: vi We elaine D in terms of é The: gi are all 
> thi b bh, and:if é— Toy é+ Yu-— 28W, é + wH 14W are all 
< 6(6 + Yk): -By the Lemma, the: duae ‘of ` a oe |v | +428 | vee is - 
= 36f. The condition i is (42). o 


12. (1,1,1,5). For ¢, 5, (13) is the double of . .'.', 
— (8a — b?) — 2? 12D? + 200? =G, 


where gz = v + 3D." Write y = $D. We get ae g? 1 3y? + 20W2, which 
represents (Jones, p. 136) every positive multiple of 3 which is of neither 
of the types 4n + 2, 25"(25n +10). Here -~ 


ee 8% = b+ a+ 2y, es ee RR ee a 
' Take + a and b odd. Then f—N ss — 3 (mod 8) gives T. odd, y = 2D. 


* Dickson, Bulletin of the American Mathematical Society (1927), p. 64. 
+If a and b are even, we  Cannót. conclude that y is, even, . But. „we do not know 
what @ represents. - 


` 


N 
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By N=G Ta 8), . D +.W is odd. By choice of the sign of z, b + s == 

By choice of the sign of W, s -+ W==0 (mod 8). We find-that N = G (mod va 

implies that m == D (mod 2). Hence the 2; are all integers. Hach is. > — k 

_ if — 83e + 3D, £— 20W, £ 4- 4W are < 3(b -+ 8k).: By the lemma, these ` 
hold if 21G-=2IN < 9 (b + 8h)?, viz, (42). ne a opi a 


_G, L; 4). For ca = 4, (18) is l 
2$ = L Bo + wD 12D: 4 YW, =a — b, 
'Then : l pale a 
A f= aff ldo! 4 20, r= 6D +v. 


By choice of. the. sign of g, ten — b (mod ae Also, v = a=W ied ia 
Hence in ~~ | 


Ya, =b + v + 6D, t=) +o—D, 140, Una -2b —AD — bv + YW, 


each æ; is an a Also, each 2; > — k, if mage b4- Yk, c— Yo and 

a-+-14y + 21W are < 6(b + 7k). These: conditions hold by vne lemma if | 

6p < (b + 7k), viz.; (42). i i i ; 
‘In 24, write* v= X +7, W = X — Y, D=--Z, Then 


$ = 6X2 + 6y? + 62? —2X¥ —2XZ —2VZ 


is oe and of Hessian . 196. All the remaining improperly primitive 
reduced forms of Hessian 196 represent 2, 4 or 8. Since œ is the only form 
of its genus, it is regular and hence represents exclusively the positive integers: 
not of the forms Yn + 1, Yn + 2, Yn + 4, 4"(8n + 7), 2n +1. It represents 

‘none of the latter since fis Yn T 3, Yn + 5, Tn + 6, 4” (16n + 10). Hence 
$ represents every Ya —- b? except 4™(8n + 7), 2n +1. 


14. (1,2,2,2). Let c4=1. Then (13) is 


3p == 4? + 120D + 80D? -+ 14W? - 
== T’ -+ 21D? -+ 14W?, T = w -+ 3D. 
Here 


Ye, =b +v + 5D, Ys, =b +v — 2D, 21r; = Rw. lr, = R— 14W, 


where R = 3b — 6D — 4v. Since ¢ = Ya — b?, t= + 2b, a (mod 7) 
by choice of the sign of z. Similarly, v = W Cae 3). Hence the a; are all _ 
integers. Next, each z; > — k if 


* Proof. obtained by B. W. J ones, by means of unpublished tables and his paper, ' 
Transactions of the American Mathematical Society, vol. 33 (1931), pp. 111-124. 
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2D < 20+), e+ TW and «—TW/2 are <3(b + %h)/2. 


By the iaiia, (r4 S 8(r? + %s?). Thus|e| +? D|S < V 8f, which 
is < 2(6 + Yk) if (42) holds. By the former inequality 


: lel +| W] < V9f < 3(b + %k)?/2. 


The following is due.to Jones. We may write v = 3z — z, D = y —z, 
W ==— g. Then ¢ = 2, 


f = 8a? + By? + 52? — 4yz — Bez — Bay. 


This f is reduced.and. every further. reduced form of the. same Hessian 49 
represents 1 or 2, As in § 18, f is regular and represents exclusively the positive 
integers 4 n + 1, 7n+.2, Yn + 4, 4°(8n-+7).. Hence ¢ represents all 
Ya — b? s& 4"(16n + 14). | 


Ir.  PRroor or THEOREM 2. 


15. Cases = 5. In the fundamental identity ae we write P, es R for 
Fı, Fe, Fz and obtain 


(ti — c1) (tz — C2) (ts — cs) (ha — b?) 
(22) — (t2 — C2) (ta — C3) P” a (ta — Ca) trta? 
+ hatat B? + titotaCats W?, 


where W = Ta — Ts. Solving the linear equation with the left members 
b; P, Q, R, W, we get 

ty = b +P, htta = tb — aP H40, ` 

tatata = tatab — CP — 0d 4h, 

(ca + 65) tytatsty = G + cstitats W, 

(Ca + cs) tytetyrs = G — calitat W, 


(23) 


where T k a oa a 
G = (tz veo C3) {istab ca E — Cat, Q} is Osby toles, 
(1,1,1,1,2). Let cı = 2. Cancel 12 from (22). Hence _ 
2(6a—b?) = P? + Q? + 2R 46W, 
' 62, =b +P, 120, = 2b — P +39, 12m — 2b — P — gap, 
. Ras==H 46W, Re, = H — 6W, . H = 2b — P — Q — 2R. . 


Since we cannot prove that one of P, Q is = b (med2), we eliminate 
P = Q + 4D, where D == gı — ga. Hence * o 


* Also by starting with c,=2, choosing the sign of Q so that P = Q + 5y, 
dividing by 5 and writing æ = Q + y. 


5 
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f= + 4D? + R + 3W? shall represent 6a — b?, 
where v = Q + 2D. Thus Q =< — 2D, P = <v + 2D, and 


64, = b Hr + 2D, 6z: =b + r— 4D, 6z; = b— t + 2k, 
6ta, 6z; = b — t — R > 83W. 


We assume a = b (mod 2). Ifa and F# are both = b Li (mod 2), then 
6a — b? = 6b — b? = f (mod 4) becomes 1 + (1 + b)? ==3W?, which is im- 
possible. Permuting g and & if necessary, we may take z = b (mod 2). Then, 
R= W (mod 2). 

First, let b = 0 (mod 3). Then v, D, R are all prime to 3 or all divisible 
by 3. By choice of the sign of D we have z — D = — b (mod 3). 

Second, let b? = 1 (mod 3). Then exactly two of z, D, R are prime to 3. 
By choice of the signs of z and D, we have z — D = — b (mod 3). 

In both cases, R? = (D + b)?. By choice of the sign of E, we take 

=— b— D (mod 3). Hence the 2; are all integers. l 

Each z; > — k if —2x— 2D, —zr + 4D, v— 2R, s+ R 33W are all 
<b+6k. By the lemma |z|+ |#|+3[W| and |z|+4|D| are 
< Vif. The same is true of | z | — 2 | R | since 


(X + QF)? + (2X — F) = 5(¥? + F?). 


But 5f < (b + 6%)? with t = 6 give (43). 
Since f represents all positive integers, we have Theorem 2. 


e sC15 ded, 1, 3). Let c= 3. Cancel 6 from (22). Hence 


f= Pe 4 YQ? 4 YR? + 21W? shall represent M—6(%a—b?), » 
Yt, =b + P, 423z, = 6b — P 4+ 70, 42a, = 6b — P — Q + 14R, 
4ra 42s =H + 21W, H= 6b— P—YQ—YR. 


We have 0==f (mod 4). Since Q = R = P + 1 (mod 2) is impossible, 
“we permute Q and R if necessary and have Q = P, whence R= W (mod 2). 

Since 0 = FP? + Q + R (moc 3), P, Q, R are all prime to 3 or all 
divisible by 3. By choice of the signs of Q and È, we get Q = P, R = P ase 3). 
By choice of the sign of P, P==— b (mod 7). 

Hence the v; are all integers. They are > — k if — P < b + Yk, while 
P— Q, P+ Q—14R and P+7Q +7R = 21W are < 6(b -+ 7k). The 
first and third are = V 36f by the lemma. The same is true of the second since 


(€ + Yy + 142)? +Y (2— y)? + 7(2a—2)? + (14y — %2)? 
= 86 (L? + Vy? + 72°). 
But M < (b + Yk)? yields (42) since t = 7. 
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When a== 0 (mod 2) and M is positive it will be proved to be represented 
by f. Take P==b (mod 7), P prime to 6. Then N = M — P*?=0 (mod 7), 
N =— 1 (mod 4 and 3). Hence N = 127 — 1, j = 3 + Yl and N/T = 5 -+ 121, 
if positive, is represented by Q? -+ R? + 8W?, since the latter represents every 
positive integer except 9” (9n -+ 6), and 5 -}- 12} is prime to 3. It remains 
to treat N < 0. Since P was determined modulo 42, we may take | P | = 21. 

It remains to treat 0 < M < 217. We take W = 0. Since M is a multiple 
of 4, it is represented by the ternary (1, 7, 7) unless M = 497” (Yn + e), e == 83, 
5 or 6 (Jones, p. 136). But if M is prime to 7, M = b23 e (mod 7) and M 
is represented. Likewise if M (and hence b) is divisible by 7 and a is not, 
since M is then not divisible by 49. But if a and b are multiples of 7, M is a 
multiple of 6: 72:2 > 217. l 

18. (1,1,1,2,2). Let c = cs —2.. Cancel 6 from (22). Thus 


f= 2P? -4+ YQ? + 7R? + 56W? shall represent 12(%a— b°), 


Ya, =b +P, 42a, = 6b —P + YQ, 842; = 12b — 2P — YỌ + 2iR, 
84r, = H + 56W, 84r, = H — 28W, ` H = 12b — 2P — YQ — YR. 


Since P? == b?, we may change the sign of P and get P =— b) (mod 7). 

Since 0 = 2P? — Q? — F” (mod 8), P, Q, R are all even or all odd. If 
they are odd, one of the even R + Q is =2 (mod 4). By choice of the sign,- 
`- E + Q =2P (mod 4). The same follows if P, Q, R are even. 

Since P? -+ W? = Q? + R° (mod 3) and since f is symmetric in Q, R we 
may take Q? == P> unless Q’ s£ P?, Rs P? But u? sv? implies that one 
square is = 0 and the other == 1, whence ww == 0. H Ps0, then Q= R = 0, 
1-4- W? = 0, which is impossible. Hence P= 0, Q? == R= 1, whence 
W? == 2, which is impossible. Thus Q? == P?, R? = W?. Choice of eee gives 
Q = P, k=— W. Whence H==—R=W. 

Hence the z, are all integers. They are > — k if ——P <b -+ 7k and 
2P — 14Q, 2P-+79—21R, 2P +Q -4+IR4+hW are < 12(b + Yk) for 
h == 28 and — 56. The square of the last function is © 72f by the lemma. 
For the second function, 


(2e + Ty + 212)? + (21y — 72)? + (ae — Be)? + (jz — ny)? 
= 72(2a? + Yy? + 72?) 


if 7? = n? = fp? = 14, a? = 126, whence 48 == 2°21, jn== 2-7, Finally, for 
the first function, (x + Yy)? + Y (s — y)? = 8(a2? + 7y?), whence the square 
of the double of | P| +7] Q |] is S 32(2P? + Q?) S 327. . 

We saw that y and z are integers in Q -+ R = 2y, Q—R—=—2z. Write 
23W — w. Hence i 
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g = P? 4 ty? + 72 + Tw? shall represent’ M.=—.6 (7a —b?). 


Conversely this, implies that y, z, w are not all odd, whence, after permuting 
them, wis even. For, if all odd, O=P?+4 3-17, P?==3 (nes 4), which is 
impossible. E p E 
To prove ‘that every positive M is represented by g, take P=b (mod Ts. 
4 odd. Then N = M — P= 0 (mod Y) and Ne=—1 (mod £). Thus 
= 7(4 ae 4m). But if m= > 0, 1 +. 4m is a sum of three squares, whence 
7 is represented by g. Sincë ? was determined modulo 14, we may take 
|P|& 7., It remains to treat OS M <49. Take w—0: The ternary 
(ELT) represents M unless M = AEA e = 8, 5, 6. Here m = 0, 
and “an | 
(1,1,1,1,1). By (10), = R-+ Bu, u—=2,—a23. Eliminate Q 
haa ee and -write e=—R+tu, utW=y, u—W=z. We get 
4(5a — b?) = P? + 52a? +- 5y? +°52*. Proceed as in the preceding cases.* 


_. III. . Proor oF THEOREM 3. 

20. Our theorem follows from Theorem 2 unless 
(24) (#1) a Sb? b+ t, © (-—2) (a—2) < b.. 

In part of the proof we shall assume that Cı = 1 and take v, =1, and 
examine the conditions that « = oa. B =bd—1 shall satisfy the conditions 
of Theorem 1 with a, b, t replaced by a, B, t= 1, respectively, which we cite 
as Theorem 1’. Evidently « = £8 (mod 2). Also 8 = 0 unless b = 0, whence 
a <2. But a— 1 b- (mod, 2). For a= b = 0, Theorem 3 is true. Next, 
(t— 1)a = p if (t— 1)a Z b? — 2b + t, which follows from (24,). Finally, 
(t—2)a < B? + 28 + 4—1 reduces to (249). N ote that the latter implies 
(25) (¢—2)o< +e tet 
if b? + a(t— $) is = = the second member and hence ii t= 3 < 2b. The 
latter is true for our cases £ = 5, 6, Y unless b — = Qor 1. Then (24) both hold 
only when b = 1, a = ?, while a=b (mod 2). i 

(1,1,1,2,2).. We need only the case 8 odd of Theorem 1’. If a and b 
are odd, take zı = 0. In view of (24,) and (25), our theorem follows from 
Theorem 1’. Next, if.a and b are even, we take sı = 1. Then 8 =b —1 
is odd. The proof above shows that our thecrem follows from ‘Theorem 1’. 


* Somewhat different from the earlier proof sketched by G. Pall, Quarterly J ournal 


of Mathematics, vol. 2 (1931), pp. 136-141. When a and b are even, he proved that E 


for (1,1,1,1) and x= 1, we may replace (4,) by the weaker condition; 
8a < 35? — 8b + 16. 
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(1,1, 1,1, 2).* We need Theorem 1’.only when either « or 8 is prime to §. 
If a or b is prime to 5, take-2z, = 0. If a-and b.are both, divisible mee 5, take 


z, = 1, whence § is prime to 5. cs 

°(1,1,1,1,3). We need Theorem 1’ nine when P is prime, to 3, whence 
. a positive 6a — 8? is represented by (1, 1, 1,3). According as b is prime to 3 
` or divisible by 3, take z, = Oorgz—1l | | ; 


IV. Proor or THEOREM 4. 


21. First, let S= (1,0), whence T=t +1, 5StS7%. Hence by 
Theorem 3 there exist solutions. = 0 with z, = 0 if ta=b?. There remains 
the case 


(26) uch Gips je deleted if t= 7). 
Since 121, A P =& 33, Hands a> i, D? = 2t, b= A, We may mi 


r=0, +1, +23  ift=5; 
(R) b = (t+ 1)e +r r= 0, +1, +2,3 if t= 6; 
l r= 0, +l, +2, + 3,—4 gf f=; 


since the values of r form a complete set of residues modulo t + 1. . 
`- Since 6=4,2> 0, tae Take x, = z. Write 
ET E e E 
Hence 8 > 0. Inb s (t +1)a replace b by its value (27). Thus- 
a= (t-+-1)0 + der +1, Ea | 


where J is the least integer > r?/(t + 1) if t= 7, but the least one = that 
fraction of t= 5 or 6. Then I > r2/t or I 271/t in the respective cases. 


‘Hence l . s en 
ta =. t(t T Lert + tar + 7’, 


with = deleted if t=7. In the latter ‘ease, ta > j while fa = 8? if 
' t=5 or 6. From ta < 67, we have | | és 


t(t— 2) (@—2) < (¢—2){(¢ +1)? 2? + 2(¢4 War 4- r? — 2t}, 
which is term by term < ¢{(#?-+ ¢— 2)a? + 2tar + 17}, whence 


(i — 8) (a—2) < F 
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Since we have verified the conditions for Theorem 3 with 'a, b replaced by 
a, B, we have proved Theorem 4 when S.— (1 ia). 

Taking o f be the resulting S, we see that our proof establishes Theorem 
4 for (1,8); ete. r 


V. Proor or THEOREM 5, 


22. The relations X; = z; + k— 1 establish a (1,1) PEE 
between A, B and solutions X; > — 1 of 


A=3 ua, B= eX; 
and-a, b, and solutions 7; > — k of (1), where 
a==A—2(k—1)B+t(z—1)*,  b=B— (k—1)t. 


We see that tA = B? implies ta = b? and conversely. Also, A= B (mod 2) 
implies a==b. Moreover, the case k == 1 of (42) in capital letters implies (42). 
Also, B = 0 implies the inequality in (2). Hence Theorem 1 follows from the 
‚case k = 1 of it. 

What we really desire is the new fact that (t— 32) (4—2) < p implies- 
the final inequality in Theorem 5. This completes the proof of Theorem 5. 


VI. NOTE ON A PREVIOUS PAPER. 


28. Let 3®—2"¢(n)+r(n), O0<r< 2% The statement* that 
2” >¢q+r-+3 was proved only ir case 8r(n—1) > 2". But it was used 
in the paper only when n < 36 and is then seen to be true by the values listed. 
For n= 36, q/2* < .000032. But g(n)/2* decreases when n increases. 
Hence the statement holds for n =: 36 if d= 17/2" < .99996. For 36 <n <180, 
we have d > .98 only when | | 


n==105, d= .98559, n= 140, d= .980417, 
n == 157, , d = .992746, n = 163, d= .995501. 


Hence the statement is true for n £= 180. For n == 181, g/2" is a decimal 
whose first 22 digits are zero. Hence the statement fails after n — 180 only 
in case there should occur a d all of whose first 22 digits are 9. 


UNIVERSITY or CHICAGO. 
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PORISTIC DOUBLE BINARY FORMS. 


By JOSEPHINE H. CHANLER. 


Introduction. . It is our purpose to exhibit poristic double binary forms 
of order (2,4) up to and including those admitting configurations A#t,. A 
geometric representation of possible configurations is shown (§1). Where 
possible, we study the involution curve (presently defined); in particular we 
do so for the Liiroth quartic (§2) and for quartic curves admitting checker- 
board configurations (§§ 4-7). In the latter case an extension is made to 
the Jonquières curve. Factorable forms and those admitting imprimitive 
grouping are not discussed (*, §4). We employ the methods and theorems 
developed by Coble in his studies of multiple binary forms (* 7). 

If a value ż is substituted in a double binary form Fy == (at)*(ar)* = 0, 
there are determined x values of +, each of which determines 4 — 1 values of 
t in addition to ¢,, ete. If we can obtain a closed set of n Fs and v rs such 
that each ¢ determines x of the rs and each r k of the ?s, the form admits a 
configuration A%*. A poristic form admits oo* such configurations. 

In the form Fer = 0 (k = x), let t be the parameter of an Sxé of the 
rational norm curve N* in 9, end let r be the parameter of a point æ on the 
rational curve A“ of order x in Sz. Fe, «= 0 is then the incidence condition 
of the dual elements of the two curves. If the form is poristic, the values of 
t are arranged in sets of n belonging to an involution /,"; the a) sets of k 
values of ¢ in each set of n determine C) points of an involution curve of 
order ta): Of these points v lie on the rational constituent 2% of the 
involution curve (7, § 5). 

Important forms connected with Fy,,—0 are the complementary form 
F'n4,v-« = 0 by which ¢(r) determines the v — x rs (n — k ts) not related to 
it under Fp, == 0, and those forms pins rise to the covariant porisms 


(7, § 3). 


1. Determination of configurations. We must arrange the n ts into r 
couples so that each ¢ occurs in « couples. The whole must admit a group of 
permutations transitive on the ?’s (°, p. 860). It is convenient to think of 
the n #’s as the vertices of a regular polygon; the diagonals joining v couples 
of the vertices denote the v 7’s of the configuration. . 

There are no configurations of the types Aw, A@® since in neither case 
can y distinct couples be formed from the n ?’s. The one possible configuration 
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A24 is represented by the vertices and diagonals of a pentagon (2). There 
is “ale only one configuration of type Ate a i For ar there are two 
arrangements. For the one case, 


z: (12) (18) (14) (15) (28) (26) (27) 
_ (84) (85) (46) (47) (56) (57) (67) 


the vertices divide into two primitive sets 1, 3, 6, 7 and 2, 4,. 5. For ns ones 


on: (12) (28) (34) (45) (56) (67) (71), n 
(14) (47) (73) (36) (62) (25) (51) | 


we obtain by rational ‘ processes from a study of the covariant porisms the 
forms Gy, Ge, Gs, where a vertex ¢ 13 related by G, to the two adjacent vertices, 
by G, to the two most distant, and by Gs to those once removed. The forms 
are derived by the method employed by Coble in (2). ‘Each of these forms 
correlates #’s which produce a common + in a Poncelet F form. Hence if 
the points 1,2,3,- 7 are on a conic, the lines (12), (23),°- (Y1) cir- 
. cumseribe one conic, and the lines (14), (47), (73),° - - (51) another. Since 
these 14 lines circumscribe our involution (line) quartic, the latter degenerates, 
and the original form is factorable. i 


For Abts we confine ourselves to the checkerboard type discussed i in (4-7). 


l 2. The Lüroth quartic and its F4 C, pp. 9-10). We first obtain Te 
equation. 
‘By setting up an involution I5 == (at}* + A(Bt)* = 0 among i tangents 
t of a norm conic, we generate the Liiroth quartie curve 


(1), Q= {(at)5 (Bt) — (a) (Bt)"}/(t—¥) = 0, 


-with coördinates - 
(2) =a, E-E = a, 1m ta. 


If Q is rational, the incidence condition of line of C and point of Q is an Fe, 
form of the type desired. To provide for the nodes of Q, J,> must contain 
three quintics each consisting of a squared quadratic and a linear factor. 
Thus we have an identity: 


(3) (It + la) (age? +- Zat + a)? + Cues Ma) (Bot? J 2b,t + be)? 
+ (nyt -+ Nna) (Cot? + Qt + Cg)? = 0 


among three such members of 7,5. The condition that linear forms 1, m, n ` 
may exist is: , l 
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(4) ` 
fy” 0 by? 0 Car 0 
Alyta Ue? 40oD, ` Dee ACyC1 Cy? 
da?" Raola taoli 4b? + 2bob. 406, 40,7 +- 2Co 4 6oC1 
| Aala da? + aola 4b,bz 4b? + 2Dob. 40165 4¢,2 -H 26002 
doe AO. ba? . `  Abybe Ca? 4.6405 
0 o Gy” 0 b,’ 0 Cs 


== (), 


This is the condition that the squared quadratics be apolar to the polar quartics 
of a binary quintic. Taking these polar quartics as the fundamental involution 
of a térnay triple-point quartic, we have the theorem: 


(5) Any 3 of the 4 sections of a irtple-point quartic curve Q by ils 4 double 
tangents will serve as squared quadratics for the Lüroih form desired, 


Now let the parameters $ of points on Q be attached to the tangents of 
the norm conic C (5, $27). To the line sections of 9 correspond polar four- 
sides (circumscribed about C) of a pencil of point conics apelar to C. This 
pencil determines a quadratic transformation (°, § 27) the Darboux coördi- 
nates of whose fixed points are given by the quadratics of the double tangents 
of @. The diagonal triangle of this basis fourpoint circumseribes the norm 
conic, for to its sides correspond the parameters óf the triple point of @. Hence 


(6) Gwen four points in the plane, œ? conics may be imseribed in the 
diagonal triangle, For each, as a norm conc, four Lüroth quartics may be 
cbtained, each with nodes at 3 of the 4 original points. 


Take the basis fourpoint as the vertices and center of an equilateral 
triangle. Let the .Darboux codrdinates of the center be (0, co), while the 
sides of the diagonal triangle have parameters tı, ta, t} The quadratics and 
linear forms giving the nodes and corresponding bitangents Zollow: 


Quartic curve Quadratics (nodes) Linear forms (bitangents) 
(7) Qi qis q2; Ya Liga, tigi; Lag 
Qoij Jos Vir Vj Dij, Loj, Loi 


where, if sı = St, S3 = Stile, Sa = titats, 


(8) qo = É, Qi = Rtt? — (i + s2)t + 283, Los = tit — tite, . 
Lij = (S2 — Btit;)t +. tit; (Sı — 3tx), Lj = Dji tÆ j] k =% Q. 


Developing the ternary equation for Qor: and setting o, = tı + ts, o2 = tits 
we have: 
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Qor: = 8o2{t3o1 — 203} Lo t1 + 4o: { t? (oe fae a4") Æ toio + 027} 2° T2 
-+ 4ts"010" *{ ts" + tao, + oz — T} Tot? 
-+ 8t,5o2°{ — ts + oilar? + 160: { — 2t; + M 
-+ 1602735 {t301 — 2024212 + {t34013 + ta? (2014 — 401709) 
+ ta? (o,° — 10c,° T2) + ta (2014 Go — 407097) -+ o 1°} 2" Le" 
— 8o2{t3? (202 — 20,7) + tz (o; — 3o02) + coos? Y2 tTa - 
— 83702 { t30" + ta (01? — 30105) 
+ 2 (02 — 01°02) } 22102? = 0. 


Qoz and Qosı may be obtained by the cyclic permutation of 1, 2, 3. 

To indicate a parameter r on Gor, we display its equation as the result 
of eliminating the parameter between two projective pencils of conics (an the 
nodes and touching respectively the nodal tangents at qo): 


(9) 


(10) Qor = (LC + C1) (C + C2) — kO = 0, 
where 
(11) 

k = hl, a? = c, — ĉis, e == — $a? ( t301 — 202), 


O” = 9° — ba01Eol F ba Ooa, 
C1 = 4o02 (av — PT2) 21 + o0: (atz? + Ba: =e B) Zotz, ` 
Ca = boz (£o + Bta) T1 + o102( abs? — B) T2” — 0, (4S2 T PR 
aßlı = ats {ta (t? + t22) — m02} + Bitaor — 202}, 
- @Bly == — ats {ta (h1? + te?) — s102} + B{tgo1 — 202}. 


By solving the pencils of conics for v; in terms of r, we write 
(12) . l Fo 4 = 36:0; = 0, 
where — fg 1, & =— 2, =t, 


We now. study the configuration. of nodes and double tangents. Let 
Qis Yj, qx be the nodes of one quartic. (q: represents as usual either a quadratic 
‘or the point determined by it.) The line joining gi, q; passes through one 
vertex of the diagonal triangle and meets the opposite side in a point whose 
tangents to the norm conic are that side and the Li; paired with qw. The 
parameters of Zo; and Liw are harmonic with respect to t;, tx. From the 
equation of Qor: and the symmetry of the nodes we see that the nodal tangents 
are harmonic with respect to the tangents to the norm conic from that node. 
This exemplifies the first case of Morley’s theorem (°, p. 282): 


(13) <A Liiroth quartic can acquire a double point in two ways. In the one, 
the lines at the double point are apolar to the points on a double line. In the 
other the lines at the double point meet the curve again on à line of the curve. 


We may note here: 
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(14) In the system of four Liiroth quartics every pair have in common two 
nodes, one bitangent, and the four potnts at which the tangents from the 
common node-touch the conic. The nodal tangents at a common node. are 
pairs of an involution. 


(15) If a norm conic and two nodes for a Liiroth quartic be chosen, the 
locus of the third 1s a quartic with double pots at the two fixed nodes. 
When the third node is selected, the set of Liiroth quartics 1s determined: 
for in the net of point conics on the three nodes only one pencil is apolar to 
the norm conic (°, pp. 240-242). 


We next study the binary quintic. Since go == t, the quintic is in 
Hammond’s form (?, p. 305) l 


16 (a) exe at ++ BBE 4-'Bot +- f 
( ) = TETA onan 585" Eat + Sosa t —— 8383", 
where So == 1, sı = Dh, Sem Bbile, Sy = tylals. 
Tf we use the fundamental system of the quintic (*, pp. 309- -810) the nodal 


parameters of the Liiroth quartic are ence by a covariant of degree 4 and 
order 8: 


(17) One == C2 202,6 — CrsCo,s- 


This octavic covariant breaks up into four quadratics for the general quintic; 
if the points of any one such quadratic are taken as the reference points 
(0, œ), the quintic assumes Hammond’s form. The parameters of the six ` 
bitangents are given by 


(18) CAL = ae) D(C Opens oa: (EMP ORP OPiS E salan 
We are led to an interesting interpretation of of J,’s vanishing. If 
( 19) I, == af? — 10abef + 9b7e? - 804834 (8182 — SoS} ($182 — 98083) = 0, 
and the roots of the canonizant are distinct, either 
(20. 1,2) $182 — Soss == 0, OF 8182 — 95p83 = "0. 
In either case, 


(21) The vanishing of the invariant I, of a quintic whose canomzant has 
no repeated factor is the necessary and sufficient condition: 


(a) that 2 and therefor e 3 of the quadrate factors of its O's s be mutually | 
apolar: 


' (b) that 2 and therefore 3 of the linear factors of C’s2,6 coincide. 
For a geometric interpretation let q1, q2, qa be the mutually apolar quad- 
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ratics. Then Qis degenerates into the lines of á tritngle self-polar, with 
respect to the norm conic’ O, and the line Las == Des == Lai, which is the polar 
line of the triangle with respect to the point Jo. ye 


(22) If the parameters of the contact points of 2 bitangents of a triple 
point quartic are apolar, a third bitangent exists such that the three sets of 
parameters of contact points are mutually a 


_ By further examination of the covariants, we arrive at the theorem: 


(23) The identical vanishing of the covariant O’12.5 + 2703,s0’o,3 where . 


C’s 3 is the cubicovariant of the canonizant Os, is the necessary and sufficient 
condition that Ciz, have 2 factors in common with Cs, C'12,6 then factors 
anto the canomzant and tts cubicovariant. Two roots of the binary quintic 
are given by one of the quadratics qi. 


The geometric interpretation is clear if we consider that case in which . 


the bitangents not on Qı2s form the diagonal triangle. The norm conic is the 


circle inscribed in the triangle. The configuration admits a rotation of period - 


8 about the circle’s center under which the circle and Qiz are transformed 
into themselves, while @o12, Yo23, Qosı are permuted cyclically. 


3. The poristic F, with configurations A? sig We first obtain the con- _ 


figuration. Representing the ts by the faces of a cube and.the rs on a t by 
the edges on the corresponding face, we may prove by a study of the covariant 
_-porisms that the opposite faces are projective, as are also- the opposite edges. 


If we take the projectivities to bs # =— t, 7’—=-—-+,-we have the con- 
figuration : 

For =thr=+to,7 8,5 y, — 8; : 
(1). f for t= + m, 7 = + p F a, FY FÀ; 


for t= En, t= +ô, £ p, FA, Ep 


We now obtain the equations of condition for F's, and its complementary 
form. To have the golutions indicated, 


(2) P,gear(r—a) (7 B)(r Ly) E 
+ s(r—p) (7+) (e+ y) (7 +A) /(E— m) 
+ p(r—8) (r+ 8) (r +A) (C + a) /(t— n) =0, 


while its expanded dorm must be ons of the types: . 
(3) t? (azart -+ foot” = a20) mh t(dyg7° + AT) -+ post -+ lloat? “te Gog 0, 
eae) (dear? + Q27) T t (airt -H Gaar” + 419) F Goar® + Ant = 0. 


Let ta, Os, da, lhe represent the ‘elementary symmetric functions of 


t 
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— a, B, y,5; by, by bs, ba those: of —p,-a, y, A3 C1, C2, Ca, Ca those of 
— ò, B, à, p. If case (3) appears we have : 


ra, + sbi + per == 0, 


i ' i Taz -+ sb; -}- Pls i l E e 0, 
mnra, -+ nlsb; + Impe ; | = 0, 


(5) mara; -+ nisba + Impez == 0, 
- (m+ n)ra, + (n+ 1) 8b4 + (I+ m)pes = 0, 

(m+ 0) td, + (n +1)sba + -+ M) pl, = 0, 

(m4 n)rt (Ehst mp =o 


Hence, if fiae are no coincidences in (1),. 


. (6) tibs — sb) = 0, , G16, — ast: = 0, bita — bac, = 0, 
| t i Ijo 
(7) l ro f de f ba p Co) == 0. 
P ‘ la a Be Ds a C4 1 


If case (4) appears, | 
r+-stp . 7 ; 7 | ==0, 


Tas + Sba -+ plo, l | ' sei 
Tih, -+ Sba + pls 0, 
(8) - mnr + nls + lmp- veste o. coe = 0, 
mtd, + nlsbe + Impe = 0, 
mnra, + nisba + lmpes ` =Ó, 
(m + n)roy, + (n +ib + (Hmp = 0, 
(m + n) + (n + HAN +(+ ee == 0, _% 
whence | 
(9) pees da = bo = C3; T 


The complementary Fs contains a form obtained from F2,, by changing 
the sign ofr. The residual factor correlates to a face t the edges ae 
to £, and so may be written | rare 


(10) f(r? —2) (7 — e(t) sage =e — y) / (2 — n?) = 0, 


where me correlations: a ae the ‘condition. 


| g? + 3? j 28? . E 
g -+ y? Py? == 0, 
ji 1 A? T pe Ap 2 | 
To study form (3), we eliminate « in (6), shining: a adai in y 


whose discriminant is a perfect square. After factors implying a degenerate 
configuration are discarded, (11) becomes 


(11) 
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(12) (8—8) (A + pw) (Au + ps) — 288(X? + p?) + 2np(B? + 84) = 0, 
(7) results 3 in the same equation. From equations (5): 

(18) t: m: n= (— a, + a: -+ c) : (a 1 Ge + Zs) : (a “+ % — ag), 

whens a, = (b: — se. As = “Cr — tz) /8, Gs = (de — b2) /p; 

(14) ryt Sba: pe, = (ribi A Koi) 2 — Kiba $ — Kali. 


(13) and (14) satisfy all but the third and fourth of equations (5). 
Substituting in either, and putting in the values of the œs and of r: s: p, 
we obtain the resolvent quadratic: 


(15) (b 2 — Co) 704? K1K9 + (a — b2) A bi 
-F (62 — 2} (ba — C2) K010: 
— (Kid; -+- KC; ) { (Ce a Qa) 2piKa -4 (ae ae bs) eika} 
+ (C2 — G2) (Ge -+ x26)? == 0, 





Set 





A =b; — ts, B =c, Aas C = a. — be 
(16) So = — Ag, — Bb, — Cti, Si == — Ad, -+ Bo, +. Oc, 
85 = At ae Bb, + Ce, 83; = Ay ai Bb, 7 Cci. 


With proper simplifications a solution of (15) may be written 
(17) Ky 2 kg = 61{ V 8o818283 — $283} : bi (81 + S2) 8s. 


Setting these values in (14), we get 





(18) ri St p= — (VS8o8i828s F $183) / Gs 
(V 80813283 — 3283) /by | Sa (8; + 82) /ti. 
From (13) l l 
Lim: n= {— (S3 + 81) V SoS18233 + S380 (S1 — S2) A- S182(S3 — So) } 
(19) ; {2 (s F S2) V 89818283 — 838 (S1 — S2) + 8182 (83 — So) } 


= {Sa (SoS81 + SoS2 ++ 28182) — S182 (S3 — So) }. 


The factor of proportionality ia r : s : p.may be assigned at will; that 
inl: m: n is fixed by a choice of unit point for the ?s. When the unit 
point for the 7’s is also chosen, we thus have the form and one configuration 
given in terms of two absolute constants—say 8,5. One absolute constant is 
` left for the form. 


To study form (4), we get from (9): 


(20) BS = pA = ay =k, 
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y ta = ky (y— a), A+ u = kes(y — a) . 
(21) A + p= ka(à — p), y + a = ka(8 — è) 
B -+ 8 = ka (8 — ò), B + 8 = ki (à — p) 


If we solve for the quantities in terms of a, kı we have from (20) 


(22) k == 1/(1 — k’), 
k = 1/(1 — fo?) == (k? — 1)/k:?, k? = 1/ (1 — e;”). 
Set 
(23) B + Ò = u, B—8= ta, y F a Ml N, 
y — 4 = U2, EE À — p == We. 


Then 
Q, = U, + Ve, bi == 0, -F We, C == W, F Ue, 
Qa = — k (Ur — U2), ba = — k (V1 — W), Cs == — k (W1 — Ue). 
(24) Uy? — U? = V? — V? == W — į Wa == Ak, 
Uy? — Wy? = Ua? — W? = u? — w*, 
W? — V? = W — V = WwW? — v’, 
i V7 | Uy” == Vo? — Un? == v* — ¥?, 
From (8): 


(25) (m-+n)r: (n+tls: (b+ m)p = (vuz — wir) 


: (WW — Urtz) : (UW — V2), 


(26) Ti $i p= (kı Fk) : — kK : — K9 
whence, using (21), (24), we have | 


: i= KyKoKe (u? aaa w?) +. Ko (x, ++ ke) ka (v? pom u?) — Ky («Ky + Kp) k (w? — v?) 
m) : Kikok (U? — w?) — Ka (Kı + + Ko) ka (t? — u’) +- ky (Ky + ko) ky (w? — v?) 
7 — Ki Kok, (U? — w?) —— Ko (Kz +- Ko) kg (Y? — u’) — K (Kı + Ky) ty (W° — v*), 


We have now only to satisfy the fourth, fifth and sixth of equations (8). 
Substitute in any of these, employing (22), and expressing the differences 
u? — w?, w?— v*, v? — u? in terms of g, ki The solutions of the resolvent 
are upon simplification : 


28) ky kg = Vk? — lk? + Vier — 1}: kki +h Vk? — 1 — iV k? — 1 
(28°) -Ki ka = — hy {he,? + Vk? — i1} : {k, + kV k — 1 — tV k? — 1}. 


When g is determined by the choice of unit point for*r we have the form 
and one configuration given in terms of the absolute constant k. 

The form (4), which is free of constants, may be more satisfactorily 
obtained by the study of the degenerate erent SER A. possible arrange- 
ment is: ° 
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(I) two configurations in which . 


t: l= m =n, 

try B= ym À, Gb = p. 
(II) one configuration in which 
t: l = — l, m = — m, 
T: 8 =— ð, A= p, 2 = — 4, y= y. 


In gach of (I) we have the equivalent of 4 double- roots for the ¢’s and 8 for 
the r’s; «,— a are the parameters of a node of the quartic; 1, — 1 represent 
common lines at common points of Q end C. In (II) there are 2 double roots 
for ¢ and 6 for r; «, y are the parameters of a node; n, ——n are two bitangents 
of Q. 

In (IL) set 


(29) l = —l = 0, m =m = ©, @=—a=—0, y=—y=, 
. In homogeneous coördinates 


(30) Pog = rrota (T1? — Bre”) (tate — nto?) + stare (1x? — pêre) (h? — ntite) 
D S N 
+ Bule H pp) tate? + Bpr Jta = 0. 


To bring the P into form (4), we must have 


(1) ris : p= 2mu(B F n) 2B +n) : nB — p). 
The cE Denes form imposes the condition E 
(823) 00 Beetle, Bama (? =— 1). 


If we set p— 1, n= 1, we have, after simplifying, 

(33) Fa, E= C (rë — Rr) TAR + 4ir*? — 1). + Bi + Bir — 0. 

The parametric equations for Q are: e A 

(34) Zo: Tı: We a =f 1): — (rt + E T, 2 Ar(7?— 1). 

The discriminant of F.,=-0 as a quadratic in ¢ is the perfect square 


(+* — 4ir? —1)?, corresponding to the fact that C is a contact conie of Q. 
The nodal parameters in the configurations (I) are given by the quadratics: 


(iiv) +i+%—iv3—0, 
(1—2 + 4V8) 2? 41+ %+7V3 =0. 


The lines on the nodes are 


(36) 48r, — (B? —1)?a = 0, 46%, — (8? —1)%a = 0, ti = 0, | 


(35) 
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where -B? = i(2 + V8), P= i(2— V3). 
From (34), (35), (86) we may easily prove: 


(37), The nodal tangents at the isolated node (0,1,0) are harmonic with 
respect to the tangents from (0, 1, 0) to the norm conic. At each of the other 
nodes the nodal tangents and the tangents to the norm conic are pairs of an 
involution whose fixed members are the lines from that node to the other two. 


4, Forms admitting checkerboard configurations. If we set up an 
involution J,” == (yt)” + A(8¢)” == 0 among the tangents ¢ of the norm conic 
C, the locus points (t, #’) such that 


(yt)” 4- A(8t)* == 0, (yt) — A(t)" = 


is an -ic Qn = (yt)*(8t’)" + (yv’) "(St)" = 0 admitting œt configurations 
Aon,» Whose lines are tangent to the norm conic. If Qn is rational, the inci- 
dence condition of points of Qn with lines of O is the Fam desired. In the 
following we assume known the properties and theorems developed by Pro- 
fessor Coble concerning the poristic F,,, and the curves -involved (*, §§ 9, 10). 


5. The triple point quartic. To construct the Fos, take 


(1) (0) =P (t—1)=0, (ot)#== (t—A) = 0. 
Then 
(2) (vE) = (6t)* + Valot) = 0, (8¢)* = (6t)* — Valgt) = 0. 
The curve Q has the ternary equation (use 2 (2)): 
(3) Q ES i (Xo —— 22; + Xe) = pte (To = RAL + A Ta) =. 
Cutting out the points of Q by the pencil of lines zy — Tt == 0, we get 
(4) Zoi tii g= (Ar*— Apr) : (H + 27 m u p): (2P -— Zrp). 
Recalling the line coördinates for the conic, we have 
(5) Pog == bém = rt — Apr — i (rt + 78 — pr — Au) + (7? — Ap) = 0. 
To get the complementary form, we obtain the completely poristic form £’s,16 
and divide it by Fea 

The two absolute constants exhibited in Fz, == 0 are the conic constant A 
and the quartic constant u. Given the four lines f, = t: = ts, ta, ts = te = tr, 
ty, the conic may be any one of the pencil determined by them: the quartic 
is any one of a pencil with a triple point at 715,° + -,737, and flex points at 
Tis, Tas Whose tangents ts, ta meet again on the curve at rg. Taking tı, ts, ts 
as the sides of the reference triangle and ts as the unit line, we have the ternary 
equation 

6 


ae 
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(6) T i To Ly — uT? (To =i Tı +- T2) = (), > 
We may then state the theorem : 


(7) The necessary and sufficient condition that a nondegenerate triple-point 
quartic admit 1 checkerboard configurations A s'te Whose lines are tangent 
to a conic is that two flex tangents meet on the curve, forming a proper four- 
line with the lines from the triple point to the flexes. The conic may be any 
one of the pencil inscribed in the fourline. 


We can now prove: 


(8) A sufficient condition that a gwen form Fe, be poristic with checkerboard 
configurations is that it admit a degenerate configuration with the set of Ps 
{ tt tated to = tg, ba 


ie ee ig \ , there being no other equalities in the set. 
5 == bg ~ bt; UB ; ‘ 


For we have the two distinct values Tas == 14g = Tar, Tig = Toe = Tas: 
Furthermore, the. remaining 7’s are distinct from the foregoing, and they have 
no more than three distinct values, waich may all be obtained by substituting 
t, or t, in the form. Then #:,4=-(0 may be interpreted as the incidence 
condition for the dual elements of a ecnic and quartic satisfying the conditions 
of theorem (7). 

We now study the quartic’s fundamental pencil. (7%, pp. 35-41; *, pp. 
301-304.) For a simple parametric form cut out the points of (6) by the 
pencil z + rar, = 0. We get 


(9) To i Hy: ata ne TE : —p(r—1). 


Noting that the flex points (0, œ) comprise the Hessian of the cubic giving 
the triple point parameters, we may write for Q: 


(10) To | Uy | g = (2—1) : (t —İ) : e(a + br +c). 


b == 0 is the necessary and sufficient condition that either ar, — z: = 0," 
or CT, -+ T2 = 0 be a flex tangent. Hence: 


(11) If there is a flex at one of the Hessian points of the cubic giving the 
parameters of the triple point, there is a flex at the other, and the two flex 
tangents meet on the curve. 


(12) If two flex tangents meet on the curve 7 a point distinct from the 
fleaes, the flex points comprise the Hessian of the cubic giving the triple point 
parameters, and the line joining the two flex points meets the curve.again in 
á pair of points harmonic to the flexes. 
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This pair is such that tangents drawn from them to the quartic form 
self-apolar sets (*, p. 299). 
The equations for Q may be taken: 


(18) (Bg t yt ga = (T? — 1) + r(r®?—1) : r(7 — c). 


l 


The fundamental pencil becomes: 
(14) ert — 4r? — der -+ 1 -+ 6dr? = 0, 


with the concomitants: 


i I, = 0, denoting a oy point, 
(15) se 866, Ty m= (— 860)4, Ip = 27 (č -— 1)? 34 0, : 


else the line sections would have a common root. @ has therefore no cusp at 
‘the triple point. Since. 


(16) . Ipg— (I — 36f,)? = 0, 
four flexes, given ‘by 

(17) ctt — 27° + Rer — 1 = 0, 
lie on a line, namely , 
(18) . Lo + Cty — 3t == 0. 


The condition for three collinear points is 
(19) S2? — CS1” — 8183 — C8283 A CS2 -H S1 = 0, 


in terms of the symmetric functions of the parameters of these points. 
The pencil of poristic line conics, which I have not found in the 
literature, is . 


| (20) CE? =F EE + C€a€6 -+ Ao, + 0, 
or in point coördinates, 
(21) . 2 + er? HAT? + RelA — 1) toti — ACTIE — BALT = 0. 


The intersections of this pencil with the quartic curve are given by the system 
of octavics, 


e?r + 26(A—1)77 + (A—1)*r8 + 2o (A — E)r — 2e (A? + 2A— 2) 74 


(2) FBO DAH POI) E oar 


The three degenerate line conics are: for A == œ, the product of the two flex 
points (0,0); for A+ 0, the product of the triple point and the meeting 
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point r = 1/c of the two flex tangents; for A= 1, the product of two points 
on the conic x of osculant theory (*, p. 45): 


(23) 16L: = to + cr? — 152,” = L4capay +. 14a 9%. + 14crit, = 0. 
A well-known pencil is determined by the conic on the fiex points 

(24) Ta (Lo + cx, — 322) = 0, 

and the locus of self-apolar sections | 

(25) To? + Pay? + 92 — 14caot, + bar, + bert, = 0, 

a poristic conic. The conic on the bitangent contacts, 


— {(A42V3) a + (—4+2V3) cx, — 6 V 3a} 


(26) {(4—2V/3) a + (—4—2V5)er + 6825} = 0, ! 


counts twice as a degenerate member in the pencil. The pencil therefore 
passes through three points and touches the line (18) at (3c, 8, 2c), a point 
on the line | | 

(27) Ly — CL, = 0 


joining the triple point to the poirt r = 1/c. The two factors of (26) are 
harmonic with respect to (18) and (27). The conic (7, p. 45): 


(28) AT’, =T + 07a,” + 81x.” — 14cav, — 18242 — 18cxi22 = 0 


is the locus of flex lines of the cubic sculants. 

We next study the quartic from the standpoint of Landry’s quintic and 
its system of concomitants (*, pp. 102-104). For equations (4) the apolar 
quintic is | 
(29) T — BAr* + 102 — Lur? + 5X ur — X’ p = 0. 


We have thus in gentral a pencil of binary quintics in (11) correspondence 
with the quartic curves; however, for p»—0, p= œ, p—A?, the curve 
equations fail. 

Given the quintic (ft)* = 0, we zan calculate 


i= (f ? f ) 3 
(30) j =— (f,1)*, the canonizant giving the triple point, 
S = 8,8. = (i, j)”, Hessian of canonizant. 


We may take for line sections of the quartic curve | (*, p. 102): 
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(31) t Boi Ti Bg == Sy" ji Serf Set 
Taking Se | 
(82) j= — 1l, sr, t= + 07+, 


we see from previous theorems that the necessary and sufficient condition for 
the quartic to be poristic is that ' 


(33) 7 B = (s, i)? =0. 


Equations (31) then reduce to (13). The quintic and its system of con- 
comitants follow: l 
F =c?r' — Bert + 107° — 10c*r? 4- Ber — 1, 
H = (f, f)? = r (crt — 2° + 2er — 1), 
i= (7, f)* = 6(1—¢*) (r*—¢), | 
A = (4,4)? =— 72(1— ¢*)?e, 
j=— (f, i)? =— 6(1—)*(F# — 1), 
n aa (t), 
== (5,4)? = Q, 
| cite dee Nihil 
=— (j,i)? =— 36 (1 — è)? (or +1), | 
— 6 = (s, i) = 216 (1 — è)" (7? + c), 
— B = (4,1) = 216 (1 — è) t (r + è), 


(34) 


`y = (S, &) = — 1296 (1 — cè) (er— 1), - 
— (6, «) = — 7776 (1 — c) 8 (t — 2), 
— R = (a, 8) = 279936 (1 — è) (1+ h 
M =— 8c, 


N = 93312 (1 — 0°) #°c. 
We may now prove: 


(35) The necessary: and sufficient condition that a nondegenerate triple 
point quartic be poristic with checkerboard configurations is that four flexes 
le on a line. 


We have already proved the condition necessary. To prove it. sufficient, 
-consider first that the branches at the triple point are distinct. Putting the 
apolar quintic in Hammond’s form (ë, p. 806), we use Morley’s relationships 
(7, p. 45) to calculate the conic on the flexes I’, —4J,—0. For it to 
degenerate, its discriminant and therefore the Invariant B of the quintic must 
vanish. Whence the curve is poristic. If there is a cusp at the triple pcint, 
the quartic cannot be poristic. In the case of a simple cusp we show by an 
algebraic calculation that the collinearity of -four flexes implies a degenerate 
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curve. Should all the parameters at the triple point coindide, omy two actual 
flexes remain; hence four flexes cannot lie on a line. 


6. Extension to Jonquiéres curves of higher order. The method exactly 
parallels that of 5. Take for the n-ics of the multiple point i 
i1 (t—1), (t—A). Then | 


(1) Cn = To? (To — 2ay F ty) — pT (To — 2AT, -+ Ar) = 0, 

with parametric equations Ea 

(2) Toi Tii a= (Br”— apr) : t” -+p r! — pr — Ap): (22% — 2k) : 
(3) Po_ser"—Apr—t(r" 4 r" — pr — Ap) + # (274 — Ap) = l. 


‘ 


Landry’s (2n — 3) -ie is | ; 


` (c7) 2n-8 — pens Se Cs jane + ( m JAn? “+ ae ae -}- (— Tys ( EE yan sen 
(4) A (I(E NA (1) (29 Yar? fe (1) es Aur 


: |. (Cana) tam LOT, 


f 
Its canonizant is 
. (5) r , pt —— Ape 


While all the theorems of 5 have their analogues here, the results are often 
too unwieldy to be useful. The following extensions may be noted: 


(6) The necessary and sufficient condition that'a J onquières curve of order 
n admit «* checkerboard configurations A 5h, whose lines are tangent to a 
conic is that it possesses two (n —1)}-point-contact tangénts which meet again - 
on the curve, forming a proper fouriine with the lines from the (n —1)-fold 
point to the contacts of the tangents. The conic may be'any one of the pencil . 
inscribed in the fourline. 


(7) Then further flexes of the entire pencil of poristic n-ics lie on the line 
(n + nA — 2) a + 4A(1 — na, +A(n + nà — 2) a2 = 0. 


(8) The (n—1)-ic giving the parameters of the multiple point of a poristié 
Jonquières curve is cyclic, and the jimed points of the cycle are the a) 
point contacts. R 


(9) If the (n—1)-ic of the multiple point of a Jonquières curve ts cyclic, 

- and tf there is an (n — 1)-point convact at one of the fined points of the cycle, 
there is an (m— 1)-point contact at the other also, and the acne meet on 
the curve, which is therefore poristic. 


f 
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7% A trinodal quartic with checkerboard configurations. In the pencil 
of, Dinary on 


G) (t—a)*(#)* Hal 1) =a) —0, 

pair the members by the involution u= =k, If we impose the conditions 
that A==—1, A= — k ene respectively the double roots £= 0, t == 0, 
we have. 


* = m, ahi C T 
(2) | = m/k, d + @=2(m—m’*)/(k—m). 


The one condition on the pencil that it “contain a perfect square thus leaves 
two absolute constants for the quartic Q and the F., form. If (yt), (8t)* 
are members of the pencil given by A= k*, \X =—k*%, the equation of Q 


may be written 


(3) 


(yt) (87) t + E) GE —0, 


or setting %)—1, tı = — (t + V), x. = tt’, we have 


(4) 


Q = = p? (k — m)*{m? (m? — 3mk + Qe?) aro? — le (2m? — 83m?k + hk?) x27} 
-+ 21{2m5 (k — m?) (k — m yr 
+ 2m? (k — m?) (k — m) (2k? — 3mk +- m?) LT 
— 2k (k — m?) (k — m) (2m3 — Bmk 4 k?) ot? 
— 2k (k — m?) (k — m) r} + mt (k — m) trt 
— 2m? (k — m)*{2(m — 1) k? + mk — m‘} 2.24 
+ {më — 10m*k + 16mk? + 9m4k (1 —k) 
— 16m’ k? + 10m?k* — k*}a,2a,? 
— 2k (k — m)?{2m3(m — 1) — m?k + kyrr 

© — k (k — m) trt = 0. l 


To indicate the parameter on the, curve, we follow the method of 2, 


expressing Q’s equation as the result of eliminating the parameter between. 
two projective pencils of conics. We have ` . 


(5) 


where, if 


(6) 


Q == {he + (3r) {ae + (32; ) co} Ac? = Í, 


E- == k (2m? — 3m?k + k?), 





Ky =m 


C = (k — m) t? — (k — m?) tota + (k —m) ma,?, ° 


Cy (k — m) (xi) — K282), Co = (k — m) (x120 + Kote), 

kuml = xym{ ug? — F(t — m?) (k — m) } -+ rfm? (k — m?) (k — m) — t}, 
KıkaMlz = — kım {r — k (k — m?) (k — m) } + ka{m" (k — m?) (k — m) — xi 
à = k (k — m)? — k? + (1, — la) ee + hilo. 
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We can now prove the theorem: 72. 8 8 


(7) Given a poristic trinodal quartic with one isolated node, the nodal 
tangents at each node are harmonic with respect to the tangents from that 
node to the poristic conic. 


That the theorem holds at the isolated node is evident from (4). To 
prove it for the others, send (1,—a— 1, a), (0, 1, 0), (1,-—-5-——1,b) into 
(0,0,1), (0,1,0), (1,0,0) by the transformation 7 


(8) Lo 2 i ° Ta = {s — xr} 


> {— (b + Da’ + (b —a)ay + (a -+ 1)a,'} : {br — asx}. 


If we then set up the products of the nodal tangents at (0,0,1), (1,0, 0), 
and the products of the tangents from those nodes to the poristic conic, we 
find the necessary apolarity conditions satisfied. 


URBANA, ILL. 
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CONCERNING IRREDUCIBLY CONNECTED SETS AND 
_ IRREDUCIBLE REGULAR CONNEXES.} 


° ps By R. L. WILDER. 


The notions of a point set M irreducibly connected about a point set K 
and basic set about which M is irreducibly connected were introduced and 
studied to some extent by H. M. Gehman.{ The present paper is an investiga- 
tion of these same notions with the emphasis placed on non-closed sets.§ 

The only spacial assumptions necessary are’ explicitly stated in the hy-. 
pothesis of each theorem, in each case the set under consideration being con- 
sidered as ageneral topological space without reference to any imbedding space. 
In general, only the notion of limit point is. necessary, connectedness being 
_ defined in terms of limit point according to the usual Lennes-Hausdorft defi- 
nition. In the case of Theorems 11-14 it is necessary to assume that the set 
under consideration is a “neighborhood ” space in which it is true that if P 
is a limit point of a point set M, and R is a neighborhood of P, then È con- 
tains infinitely many points of M. Otherwise, we need no such, properties as 
are implied in denumerability axioms, covering theorems, etc. (Whenever 
references are made to theorems of other papers needed in proofs, it may be 
readily ascertained that such theorems hold true under our assumptions.) As 
pointed out below, “ regular ” is used in the sense of local connectedness (con- 
nected neighborhoods), and not in the sense in which it is usually employed, 
as, for instance, in metrization theory. As might be expected, however, where 
restrictions are placed upon the set about which the space is irreducibly con- l 
nected, it turns out that the character of the space is considerably simplified 
(see, for instance, Theorems 8, 9 and its corollary, and 13, below). B 

We have by no means exhausted the subject, and a number of problems 
may suggest themselves to the reader. 


THEOREM 1. In order that a connected set M should be irreducibly con- 
nected about a subset K, it is necessary and suficient that if P is any point of 


+ Presented to the American Mathematical Society April 7, 1928. Our attention 
was recently called to certain typographical errors in the original abstract of this 
paper (Bulletin of the American Mathematical Society, vol. 34, p. 426, No. 21): In 
line 8, “n” should read “n + 1”, and in line 11, the first “ M ” should be “K.” 

i“ ae irreducibly connected sets and irreducible continua,” Proceedings 
of the National Academy of Sciences, vol. 12 (1926), pp. 544-547. Also see other papers. 
by the same author cited below. 

§ Gehman’s work was chiefly on closed sets òf points. 
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M — K, then M — P is the sum of two mutually. separaten, sets each of which 
contains at least one. point of K. ong 


Proof of necessity: Clearly M — P is not connected, else M is not irredu- 
cibly connected about K. Hence M -— P is the sum of two mutually sepa- 
rated sets M, and M+. Each of the latter sets contains at least one point of K, 
for if M,, say, contains all of K, the connected t set M, +P isa piepe con- 
nected subset of M containing K. l 


Proof of suficiency: Suppose M is not irreducibly connected about K. 
Then M contains a non-vacuous subset, N, such. that M -— N is connected and 
contains K. Let P be a point of N. By hypothesis, M — P is the sum of two’ 
mutually separated sets M, and M, each of which contains at least one point 
of K. If we-let those points of M; (i= 1, 2) that do not belong to N be 
denoted by 7, the set M— N is the sum of the two. aia oe sets 
T, and T}, and a contradiction results. a l 


It will be noted that Gehman’s Theorem 3 ( loc. cit.) to the effect that K 
contains all the non-cut-points of M is a corollary of the above theorem; also 
that instead of a point’ P we might use a connected subset P of M — N in the 
above theorem. l 


THEOREM 2. In order that a connected set M should be irr eductbly con- 
nected about a subset K consisting cf n points, where n is a positive integer, 
it is necessary and suficient that if P is any point of M — K, then M —P is 
the sum of at least two, but not more, than n, distinct components each of 
which contains at teast one poini of K. 


Proof of necessity: That M — P has at ioi two P T follows, of 
course, from Theorem 1. If M — P has more than n components, at least one 
of these, say C, fails to contain a point.of K. . But M — C is connected f and 
a proper subset of M containing K, viclating the condition that W is irreduci- 
bly connected about K. In the same way we may show that every component 
of M — P contains at teast one point of K.-> i 

The sufficiency of the, conditicn stated in the theorem follows from ` 
Theorem 1. l 
| Tt will be noted that in the ‘proof just given it is also shown that if a point _ 
set M is irreducibly connected about a set K and P is any point of M — K, 
then every componen of M — P contains at least one point of K;- indeed, 


+B. Knaster and C. Kuratowski, k Sur les ensembles connexes,” Fundamenta Mathe- 
maticae, vol. 2 (1921), pp. 206-255, Theorem VI. This paper also contains a valuable 
study of sets irreducibly connected about two points. 

t Knaster and Kuratowski, loc. cit., Theorem X. 
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N 


Theorem 1 could Have been stated in terms of the components of M — P 
instead of in terms of the separated parts of M-—— P—an essential distinction, 
since in general the components and the separated: oe of. a a set are not 
identifiable. 

For purposes of proof below, we list the following Lemmas: 1. If Nisa 
connected subset of a connected set M, and. M-—N 18 the sum of n mE 
separated sets M,, Mo,---, Mn, then Mi + N is connected (i = 1,2, >+, n). 4 
2. If a set M is the sum of exactly n components, then these components are 
mutually separated in M. 3. If a'set M has at least, n(> 1) distinct com- 
ponents, then it ts the sum of at least n mutually separated sets. 4. I faset M. 
has only a finite number, n (> 1), of components, then for any poni integer 
kn, M is the sum of k mutually separated sets Mı, Ma, + -, My such that 
Mı, Mo,- + +, Me are arbitrary components of M. E + * | 

(The proof of Lemma 2 is obvious. © Lemma 3 is clearly true for n = 2, 
and is easily proved for the general case by mathematical induction. In regard 
to Lemma 4: By Lemma 3, M is the sum ofn mutually separated sets, N LD 
No, » Nn. Hach set N; must be a component of M. Then for i < k, let 
M; — Nand let My = Ny ++ ++ Nn.) | 


THEOREM 3., Let M be irreducibly connected about a set of points K, and 
let P be a point of M such that M — P = M +- M; +- - 4- Mr, where the 
sets M; are mutually separated and k> 1. Then if 2 Mı: K =K; G=1,° 
2° <, k), the set M; + P is irreducibly connected about K; + P. 


Proof. The.set M: +- P is connected by Lemma 1.. Suppose it has a 
_ proper connected subset, N, containing K; +- P. The set M, +: + Mia 
+ Mis t: e+ Me P is connected, and consequently by adding N to this | 
set we ae a proper connected subset of M contests K, contradicting the 
hypothesis. 


: THEOREM 4. Jf M is irreducibly connected about a set K consisting of n 
points and P is a point of M such that M — P has n components, then if. M, 
as one of those components, the set M i+ Ps irreducibly connected about two 
points, viz. P and M,- K. 


Proof. It is easily shown that PC M— ee By Theorem 2 the set 
Mı: K is exactly one point. Theorem 4 then follows from Lemma 2 and 
Theorem 3. À 


THEOREM 5. Under the same hypothesis as in Theorem 4, 1f Q is a point . 
of M not in K + P, then M—Q has only two components, and one of these 


ł This is an obvious extension of Theorem VI of Knaster and Kuratowski, loc. cit. 
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components contains only one poini of K, namely that põint of K which lies 
with Q in the same component of M — P. 7 


- Proof. If the components of M—P are M., M, © +, Ma, then by 
Theorem 2 and Lemma 2 the sets WM; are mutually separated. Let the point 
(Theorem 2) M; K be denoted by P}. We may assume that M, D Q. Then 

M —Q =(M, —Q)+ (M: +- ` -+ Ma +P). 

Suppose M -—Q has at least three components. Since, by Theorem 2, 
M — Q has at most n components, we can conclude (Lemma 4) that M — Q 
is the sum of three mutually separated sets, K,, Kə and K, where K, and Ka - 
are arbitrary components of M-— Q. . As the set Me.+--:-:+M,+ FP is 
connected, it lies wholly in one component of M — Q; we may therefore so 
assign the symbol K, as to denote the component of M — Q containing 
M: +: -+Mr +P. Then K, D P+- -+ Pa =K — P, Accordingly 
(K: + K) K = P; and we may assume that K, Pı. But then K, con- 
tains no point of K, a contradiction of Theorem 2. 

Thus, with ths result of Theorem 1, M — Q has exactly two T 
K, and K., where K, D Ma +- $ -Mn +P K—P, and K, dP.. 


Definition. If M is a connected set and P a point of M such that M — P 
can be arranged as the sum of n -+ 1 mutually separated sets (where n is a 
positive integer), then P will be cael a cut-point of M of class n. (Thus, 
every cut-point is of class 1, and, in general, a. cut-point of class n, where 
n > 1, is also a cut-point of classes 1, 2,: - -, ~—1, respectively.) 
| In particular we have shown in Theorems 2, 4 and 5- that a set M irre- 
ducibly connected about a set K consisting of n points ‘has no cut-point of . 
class n, and if it has a cut-point of class n— 1 all other points of M — K are 
cut-points only of class 1. We shall investigate further the possible classes of 
the cut-points of such a set later on. 

We shall use the term basic set for general connected sets in the sense 
introduced by Gehman; that is, K is a basic set about which M is irreducibly 
connected if M is not irreducibly connected about any proper subset of K. 
Although, as shown by Gehman, in the case of a compact continuum M the set 
of non-cut-points is a basic set about which M: is irreducibly connected, the 
analogous theorem is not true for th2 general connected set, as simple exam- 
ples show. However, we can prove the following: 


_ THEOREM 6. If a point set M has a basic set, K, about which tt is irre- 
ducibly connected, then K is the set of non-cut-points of M, and every set 
about which M is irreducibly connected contains K. 


Proof. That K contains all the non-cut-points of M follows from 
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. Theorem 1. Suppese P is a point of K that is a cut-point of M. Then 
M — P is the sum of two mutually separated sets M, and Mz. Clearly, both 
M, and M contain points of K. Let Mj-K =E; (@=1, 2). 

«Now M is irreducibly connected about Ky + K: = K — P. For suppose 
not. Then there exists a proper connected subset, N, of M that contains 
K—P. As N is connected and contains points of both M, and M», it must 
also contain P. Therefore N is a proper connected subset of M that contains 
K, contradicting the hypothesis that M is irreducibly connected about K. 
Thus M is irreducibly connected about K—-P. But then K is not a basic 
set about which M is irreducibly connected. Consequently every point of K 
must be a non-cut-point of M and accordingly K is identically the set of non- 
cut-points of M. 

In conclusion, if A is a set about which M is irreducibly connected, it 
follows from Theorem 1 that A contains the set of non-cut-points of M; that 
is, ADK. 


COROLLARY. A point set can have only one basic set about which it is 
irreducibly connected. 


We need the following lemma for the proofs of Theorems 7 and 8: 

Lemma 5. Let M be a connected point set and P a point of M. Then 
in order that P should be a cut-point of M of class n it is necessary and suffi- 
cient that tf x is any point of M — P and M, is a separate t of M — x which 
contains P, then P 1s a cut-point of M, + z of class n. 

Proof of necessity: By hypothesis, M — P. is the sum of n + 1 sepa- 
rates K; (t—=1,2,-+-,m-+1). Denote the set M — (M, + z) by M. 
Since P is a point of M, and therefore not a limit point of M, the set 
N: = K: Mı (t= 1, 2,: > +, n+ 1) is non-vacuous. We have that . 

(1) (M—P)+ (M, +2) =E (M, +8)+ ++ 4+ Ena (M +2). 
Now the point æ is in only one of the sets Ki, say in K , Consequently (1) 
may be written: 

(M, + 2)— P =(N: - g) -+ Na ~~ oe + N nas, 
where the sets in the right-hand member are separates of (M,-+2)—P 
Thus P is a cut-point of M, -+ a of class n. 

Proof of sufficiency: By hypothesis, (M, + x) — P is the sum of sepa- 
rates Ni (t= 1, 2, n+ 1). Let N, D vz, and denote M—(M,-+ x) by 
M, For 1—2,3,---,n-+1, the sets N; and N, + M: -+x are mutually 


tI M is any point set and K a subset of M such that K and M — K are mutually 
separated, we shall call K a separate of M. 
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T Consequently M — P is the sum of the separates N, +- M: + 2, 
Not © ta Nas. 


THEOREM 7. If K is a basic set about which M is irreducibly connected, 
and P is a point of M such that M—P is the sum of n components 
M; (t==1,2,°-+°+,0), then, letting K-M,== Ky, each set K; oe is a basic 
set about which Mi +- P ts irreducibly connected. 


Proof. The set M; + P is irreducibly connected about K, + P by 
Lemma 2 and Theorem 3. By Theorem 6, every point of K is a non-cut-point 
of M, and by Lemma 5 eyery point. of K; is therefore a non-cut-point of 
M, + P. Also, since Mr is connected, P is a non-cut-point of M; + P. That 
no point of M, — K; is a non-cut-point of M: + P follows from Lemma 5. 
Thus K: + P is identically, the seò of non-cut-points of M: -+ P. Conse- 
quently, since M; + P is irreducibly connected about K; + P and every set 
about which M: + P is irreducibly connected must contain all points of 
K; + P, the latter set must be a basic set about which M; + P is irreducibly 
connected. ' 


THEOREM 8. If a point set M has a basic set K about which it is irre- 
ducibly connected, such that K consists of n points, then the number of cut- 
points of M. having class greater than 1 is at most n— 2.: 


Proof. If n= 2, the theorem follows from Theorem 2., For the general 
case we use mathematical induction, assuming the theorem true for the cases 
- where K consists of 2, 3,-~ +, n— 1 points, respectively. ` 

By Theorem 6 no point of K is a cut-point of M. Suppose P Is a cut-point 
of M of class greater than 1. Then by Theorem 2, M — P is the sum of com- 
apace Mı, M.,--: +, Mn, where 2 <k<n. The sets M; K =K; (= 1, 
®,* ' +, k) are non-vacuous and. by Theorem 7, K; + P is a basic set about 
which M: +. P is irreducibly connected. For each 4, let the number of points 
of K, be denoted by n. 

Clearly ni 4 1 <n for each 1, since k > 2. Hence the set Mi + P con- 
tains at most n; + 1—2 = n; — 1 cut-points of class greater than T. Since 
P is a non-cut-point of M, + P, it follows from Lemma 5 that a cut-point of 
M, -+ P of class greater than 1 is a similar cut-point of M, and, conversely a 
cut-point of M of class greater than 1 and distinct from P is a similar eut-point 
of some M; + P. Thus the number of cut-points of M of class greater than 


1 is at most Š (M— DIE m— kp Toa +L ine 2, this 


proves the heate 
We havé now shown the structtre of sets that are irreducibly connected 
about a finite number of points to te fairly simple. One more fact that we 
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wish to observe, however, in order to make the intuitive structure of these sets -. 
more complete, is that they always have basic sets about which they are irre- 
ducibly connected. This is, however, a special case of a much more general 
theorem concerning the existence of basic sets: ‘ 


THEOREM 9. Ifa point set M 4s irreducibly connected about a compact 
and closed point set K, such that K — T. is either vacuous or separable + 
(where T is the set of .non-cut-points of .M), then M has a baste set (the set 
T) about which tt is irreducibly connected. 


Proof. By Theorem 1, K D T. , If ejther K = =T or M is irreducibly con- 
nected about T, the theorem is proved. Suppose that K — T is non-vacuous 
and that M is not irreducibly connected about 7. Then M has a proper con- . 
nected subset N D T, where N may be vacuous if T is vacuous—we do not 
assume T non-vacuous. By hypothesis there exists a denumerable set of points 
Tı, 2, %3,° ° * dense in K —T. 

Not. all points of K — T lie in N, else N is a proper connected subset of M 
containing K. Without loss of generality, we may assume that v, is not in N. 
As 2, is not a point of T, M — z, is the sum of two separates, M, and M», 
where M, D NOT. The set M, contains points of K—T, else Mi + m 
would be a proper connected subset of M containing K. Hence there is a first 
point, a, of the sequence of points {z;}, in Ms. i 

Again, M — za, is the sum of two separates M,+ and M,', where 
MD M,+2,0N2T. Arguing as before, let hg be the first point of the 
sequence { z; } in M:t; M— nis the sum of two separates M,? and M? 
where M? D My? + %, DM + % NDT. And so on. 

Let M,- K = Ki(i=—1, 2, 3,-*-). For each i, Ki + an, is a closed 
subset of K —- T' and therefore a compact and closed set. Since, for each 1, 


oO 
Ki + Gay. Kiss + ny the product I [. (K: + 22,)-contains at least one point 
i=1 


P. As P is a point of K — T, M—P is the sum of two separates M and 
M”, where M,° D s As PC K; C M for all positive integers 4, it is clear 
that M2 D M,! + Brne Then M” contains all points vi; On the other hand 
Mœ must contain points of K— T. This is impossible since the points { 2; } 
are dense in K —-T. From this contradiction we conclude that either K == T 

or M-is irreducibly connected about T, and the theorem is proved. l 


+ 


+ We use separable only in the sense that there exists a denumerable subset of M 
that is dense in M. It is easy to give an example, based on the ordinal numbers of the 
first and second class, to show the necessity for this assumption. As for the necessity 
of the assumption that K- is compact, consider the set M of real numbers œ such that 
0 <w 1 and the set K of numbers w = l/n where n is a natural number. Con- 
cerning “compact,” see footnote in connection with noorem 13. 
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Since, in the above proof, we made no assumptions concerning T, we have 
the following corollary of Theorem 3: 4 


COROLLARY. ` If a point set M. is irreducibly connected about a separable, 
compact and closed point set K, then M has at least two non-cut-pomnis. * 


In connection with Theorem 9 and its corollary we may recall the theorem 
to the effect that every compact separable continuum is irreducibly connected 
about a closed set, namely the closure of its set of non-cut-points,t and the 
theorem that every such continuum has at least two non-cut-points.{ The 
former is provable directly by a method similar to that used in proving 
Theorem 9 above, and the latter may therefore be considered its corollary.§ 

We can now complete our studv of sets irreducibly connected about finite 
sets of points with the following theorem : 


THEOREM, 11. If a point set M is irreducibly connected about a finite 
set of points K, then M is irreducibly connected about the points of K that are 
non-cut-points of M. | 


Theorem 11 is, of course, a direct consequence of Theorem 9. 

We conclude this paper with a few remarks concerning regular J point 
sets. 

Definition. A point set M will be called an irreducible regular connexe 
if there exists a point set K relative to which it satisfies the following condi- 
tion: M is regular and connected and contains K, but M has no proper subset 
satisfying the same conditions. We shall also call M. an irreducible regular 
conneze about K when we wish to specify the set K. 


THEOREM 12. For a point set M to be an irreducible regular conneze 
about a subset K it is necessary and sufficient that M be regular and irreduct- 
bly connected about K. 


Proof of necessity. Suppose M not irreducibly connected about K. Then 
by Theorem 1 there exists a point ? of M — K such that either (a) M — P 
is connected or (b) M — P is the sum of two separates, M, and Ma, such that 


+ See Gehman, loc. eit, Theorem 1. Gehman’s proof depends upon the theorem of 
Moore cited below. 

tSee R. L. Moore, “ Report on continuous curves from the viewpoint of analysis 
situs,” Bulletin of the American Mathematical Society, vol. 29 (1923), pp. 289-302, 
Theorem C, and the earlier paper by the same author cited therein. 

§ See also H. M. Gehman, “ Concerning irreducible continua,” Proceedings of the 
‘National Academy of Sciences, vol. 14 (1928), pp. 433-435. 

{ Regular == locally connected '—= “connected im kleinen.” Although the word 
“regular ” in this sense has gone out o? fashion, we retain it in the present instance 
because of its brevity and because we do not wish to change the title of the paper as 
originally announced. 
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M, >K. But (a) cannot hold, since M — P is regular a if connecied 
also, then M is not an irreducible regular connexe about K. On the other 
hand, (b) cannot hold since M, -+ P is regular ¢ and as this set is a proper 
‘connected subset of M we again have a contradiction. 

The sufficiency is obvious. | 

_In view of Theorem 12, what we have proved above concerning irreduci- 

bly connected. sets applies to irreducible regular connexes. In particular, a set 
about which M forms an irreducible regulat connexe must .contain the non- 
cut-points of M. 

Probably the most important theorem concerning irreducible connexes is 
the following: 


15` 


THEOREM 13.° An irreducible regular connexe M -about a TONDRE set 
K 4s itself compact. os 


: We assume that M is a space in which it is true that if P is a limit point 
of a set of points L, then a neighborhood of P contains infinitely many points 
of L. he 4 = 


= 


Proof. Suppose M is not a compact space. Then it contains an infinite 
set V that has no limit, point... As K.is.compact, not more than a finite num- 
ber of points of N lie in K, and we may therefore assume that N K == 0.. 

In what follows we use the term “ region ” to denote a connected: neigh- 
borhood. As M is regular, we may cover it by a set G@ of regions as follows: 
If P is a point of M, there is a region in M containing. P and containing no 
point of N except possibly P. This is true for all points P, and we let G 
denote a collection of such regions covering M. r 

If K is connected there is no further problem since then K and M must 


f See Theorem 5 of my paper “ The non-existence of a certain type of regular point 
set,” Bulletin of the American Mathematical Society, vol. 33 (1927), pp. 439-446. 

t By compact we mean that every infinite subset of K has a limit point in M, but 
not necessarily in K; in other words, K is not necessarily self-compact. In a euclidean 
space, then, this, theorem would imply that if M is an irreducibfe regular connexe about 
a bounded set K whose closure belongs to M, then M is closed and bounded. We note, 
however, that whereas in the latter case M would automatically be an irreducible 
regular connexe about a closed and bounded set K (= K plus its limit points), it is 
not, in general, true that if K is a compact subset of a general space M then E (=K 
plus its limit points) is self-compact. 

For the case where K is compact and closed and M satisfees the Bor el-Lebesgue 
covering theorem with respect to K (i.e, if Œ is a set of neighborhoods of M covering 
K, then a finite subset of G covers K), a very simple proof can be given for Theorem 
13-—-a proof which is a slight modification of the proof for the theorem in euclidean 
spaces as stated Sone and which was given in my paper “On connected and regular 
sets,” Bulletin of the American Mathematical Society, vol. 34 (1928), PP. 649-655 
(Theorem 7).. ; ‘ 
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be identical (Theorem 12). Suppose K has at least twor but at most a finite 
number of components, Ki, Ko,- --, Ky. As M is connected, there exists for . 
each 4 (1==1, 2,:+°,.4—1) a simple chain { C: of regions of @ from a 
point of K; to a point of Kin. The set of all points in chains C; and àn K 
is a connected set which contains at most a finite number of points of N, and 
which is therefore a proper connected subset of M containing K. But this 
contradicts the fact (Theorem 12) that M, is irreducibly connected about K. 
We must conclude, then, that K has infinitely many components. 

Hereafter, if A and B are point sets, we denote by C(A,B) a simple 
chain of sl of G from a point of-A to a point of B. Also, we let P,, 
P, Pat © + be an infinite sequence of distinct points of N, and henceforth . 
identify N with their sum. ; . 

By Theorem 1, there exists for each natural number i a pair of compo- 
nents Ki, Kiz of K that are separated in M by P;. Involved in the pairs 
(Kin Kiz) there must be an infinite number of distinct components of K. 
For, as shown above, any finite number of components of K lie in a connected 
subset of M that contains only a finite number of points of N, and conse- 
quently the points P; cannot each separate components of K that are all 
selected from a fixed finite set of such components. 

There exists, then, in the sequence (Kix, Kiz), a sequence of pairs of 
components of K, (K'a, K "a: (i= 1, 2, 3,- < +), such that some sequence 
K'ı (i=1, 2, 3,: - +5 7 varying between the numbers 1 and 2 as i varies) 
consists of distinct cout N As infinitely many of the 7s are all 1’s, or 
all 2’s, we may assume that 7 has che value 1 infinitely many times. There 
exists, then, in the sequence (Ki, Kiz), a sequence of pairs of components 
(Kix*, Kiz), (t= 1, 2, 8,- > +) such that the sets Ki” are all distinct. 

We have two cases to consider: 1) Suppose only a finite number of the 
sets Kj." are distinct. Clearly, then, we may assume, without loss of general- 
ity, that the sets Ky." are all one and the same component of K. For each i, 
let 2 be a point of K;,", and let P;* denote the point of the sequence { P: } 
originally assigned as separating the pair (Ki:", Kiz). As K is compact, 
there is a point X of M which is a limit point of the set of points 2; Let. Y 
be a point of Ky.". As there exists a C(X, Y), M contains a connected set, H, 
consisting of C(XY, Y) and Kis’, as well as all sets Ki," that have points in R, 
the region of C(X, Y) that contains X. But infinitely many sets K4,” belong 
to H, whereas only a finite number of points P;" le in H. For great enough, 
then, P;* cannot separate Ki," and Xj." in M, and we have a contradiction. 

2) If infinitely many of the sets Kio are distinct, there is a subsequence 


+ See my paper “The non-existence. - .,” cited above. 
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of the sequence (Kg, Kiz’) = sets Kiz” are all distinct. We may there- 
fore assume the sequence (Ki, Kis") to have this property. Let 2; be 
selected as before, with a. limit point X. Let E, be a region of G Conta BE 
X, and denote those sets Ky.” that have points in R, by Kit". The sets Kis? 

paired with sets K;,°* we denote by Ki”. For each Ki: we assign a point 
yi C Ki”. As K is compact, the set of points y, has a limit point F. Let 
R be a region of G containing Y. There exists a C (Ra, R2), and the set H 
consisting of R,, Re, O (R, R2) and all sets Ki”, Kiz” that have points in 
R, and R forms a connected subset of. M that contains only a finite number 
of pointsof N. But as we have selected the point Y, there are infinitely many 
pairs (Ki, Kiz”) such that both sets Kix", Ki2™ lie in H, and we on have 
a contradiction. 

Accordingly no such set as N exists and M is compact. 

_ The importance of Theorem 13, aside from whatever intrinsic interest 
it may have, consists in the fact that it reduces the study of sets that are 
' irreducible regular connexes about compact sets to a study of compact locally 
connected continua. A number of theorems have been found in this direc- 
tion,ł although in many cases it is an open question whether the theorems 
hold in the case of a space as general as that described in Theorem 13. It is 
interesting to note, however, that a perfectly- separable set M- which is an 
irreducible regular connexe about a finite point set K is a linear graph į 
_whose basic set is the set of non-cut-(end-) points of M ‘and whose vertices 
are the points of the basic set and cut-points of class greater than one. 

It might be of interest to analyze further the properties of a set M as 
defined in Theorem 13. For instance, the following theorem is readily proved : 


THEOREM 14. If M is an irreducible regular connexe about a compact 
set K, then every point of M — K is a cut-point of at most finite class; indeed, 
if P is such a point, M — P has only a finite number of components. 


This theorem does not imply, of course, that the classes, as cut-points, 
of all points of M — É are a bounded set — simple examples show this riot 
to be the case. But for a fixed point P of M — Ë there exists a natural num- 
ber n(P) such that M — P is the sum of exactly n( P) components. 


f Besides the papers of Gehman already cited, see, by the same author,“ Irreducible 
continuous curves,” American Journal of Mathematics, vol. 49,*pp. 189-196, and “ Con- 
cerning acyclic continuous curves,” Transactions of the American Mathematical Society, 
vol. 29 (1927), pp. 553-568, Theorem 3. Also see L, Zippin, “On continuous curves 
irreducible about subsets,” Fundamenta Mathematicae, vol. 20 (1933), pp. 197-205. 

t See O. Veblen, “Analysis situs,” American Mathematical Society Colloquium 
Publications, vol, 5 (1921), part II. 
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 CHARACTERIZATIONS OF. CERTAIN FINITE CURVE-SUMS. 


By Norman: E. STEENROD. 


i 


$ 


1. Introduction. Let K be a ‘class of continuous curves * defined in 
some manner. Let the term dK-curve denote an element of the class K. . In 
this paper we-are concerned with’the following problem: 


What conditions are necessary and suficient in order that a given con- 
tinuous curve C should be expressible as the sum of a pe number of 
K-curves ? 


Solutions of this problem have already been given for various classes K. 
If K is the class of n-dimensional curves, then C must be n-dimensional.+ 
If K is the class of rational curves, so also must C be rational.t If K is the 
class of continua’ which contain no’continua of condensation, then C can con- 
tain no continua’ of’ condensation.§ For no other of the principal classes K 
are the results so degenerate. Urysoan {| found that the connected sum of two 
. perfect curves may fail to be a perfect curve.** More recently Whyburn +} 
proved that the most general curve which, when added to a regular (or per- 
fect) curve, always gives a regular (or perfect) curve as a sum, can contain 
no continum.of condensation. In the same paper he gives an co of two 
acyclic curves whose connected sumis not a perfect curve. 

We propose to give a solution of the above: problem for éach of the fol- 
lowing five classes K of continuous curves: 


t 


(1) Perfect curves, 
(2) Regular curves, 


* By a continuous curve is meant a compact, connected and locally connected, 
metric space. 

7+ K. Menger, ieee (1928), p. 92. ; 

t P. Urysohn, Mémoire sur les multiplicités cantoriennes, II, Verhand. Akad. v. 
Wet. te Amsterdam, Eerstie Sectie, vol. 13 (1928), No. 4, p. 23. 

` S. Janiszewski, “Sur les continus irréductibles entré deux points,” Journal de 
VÉcole Polytechnique #1912), pp. 79-170, Theorem. VII. 

{ P. Urysohn, loc. cit., p. 46. ae i , : 

** A perfect curve isa eonuauous curve whose every sub-continuum i is.a continuous 
curve. 

FtG. T. Whyburn, “ Concerning the addition of regular curves,” M onatehefte fiir 
Mathematik und Physik, vol. 38 (1931), op. 1-4. l : 
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* (8) Baum im kleinen curves,* 
(4) Boundary curves,t 
(5) Acyclic curves. 


In “all that follows, unless stated to the contrary, the class K is to represent 
an arbitrary one of these five classes. 

The set of all continuous curve which can be expressed as the sum of a 
finite number of K-curves may be considered as forming a class. Correspond- 
ing to each class that K may represent we obtain a new typed of continuous 
curve. In the next section of this paper we characterize these new types, and 
in the concluding section we classify them with respect to the known types. 


2. The characterization. Our principal results hinge on the notion of 
generalized derived aggregates. ‘These sets were first defined and studied by 
Whyburn.t For purposes of reference we state in detail the definition of 
these sets, and give two related theorems proved by Whyburn. For further 
results and applications we refer the reader to Whyburn’s paper. 


Generalized derwed aggregates. Let C be any compact metric space, 
let A be a closed subset of C, and let X be any class of closed point sets. Then 
by the K-derivative K(A) of A is meant the set of all points v of A such 
that for no neighborhood U of v is A- U contained in any K-set in C. Set 


Ay’ = K (A), Ax’ = K (år), E Åg” = K(Ar*"), ana Lg 
in general, Ag = K(Ax%*) or == J] K (Agf), according as the ordinal num- 
Bea 


ber æ does or does not have an immediate predecessor. It follows thet the 
derived aggregates are closed sets, and Ag? > Ax***. 


THEOREM A. In order that the compact metric space C should be the 
sum of a countable number of K-sets, where K is any gwen class of closed 


* A baum im kleinen curve is a continuous curve such that each of its points 
possesses arbitrarily small neighborhoods whose closures gre acyclic curves. These 
curves are characterized by the fact that they contain only a finite number of distinct 
simple closed curves. Ct. K, Menger, Kurventheorie (1932), p. 323. 

t This name was suggested by G. T. Whyburn. See this Journal, vol. 56 (1934), 
p. 301. By a curve of this type we mean a continuous curve whose every true cyclic 
element is a simple closed curve. Such a curve is characterized by the fact that it is 
homeomorphie with the boundary of a plane domain. Cf. R. L. Wilder, “ Concerning 
continuous curves,” Fundamenta Mathematicae, vol. T (19257, pp, 340-377, Thecrem 4, 
See also W. L. Ayres, “ Continuous curves homeomorphic with the boundary of a plane 
domain,” Fundamenta Mathematicae, vol. 14 (1929), pp. 92-95. 

f G. T. Whyburn, “On the decomposability of closed sets into a countable number 
of simple ‘sets of various types,” American Journal of Mathematics, vol. 54 (1932), 
pp. 169;175. 
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point sets, it is necessary and sufficient that n= == 0 fot some ordinal B of 
the first or second class. — 3 : 


THEorEM B. In order that the compact metric space C should be the 
sum of n K-sets, where n is an integer, it is necessary that Cx” = 


Whyburn points out that the condition Cx” == 0 is not in general suff- 
cient for C to be the sum of n or any finite number of K-sets. We propose to 
show that, if C is a continuous curve, and K is the class 1, 2, 8, 4 or 5 of 
continuous curves, then the condition Cg” = 0 is sufficient for C to be the 
sum of a finite number of K-curves. 

We shall use the term curve-set to denote a closed set every component of 
which is a point or a continuous curve, and such that the curve components 
form a null family. A curve-set is said to be a K-curve-set if each of its 
components is a point or a K-curve; if K is the class of baum im kleinen 
curves, we require in addition that aniy a finite number of the components of 
the curve-set shall contain simple clcsed curves, 

It has been shown by Zippin * that a 1-dimensional curve-set H, vine | 
in a continuous curve C, may be imbedded in a continuous subcurve G of C 
which is irreducible about H. In every case a K-curve-set is 1-dimensional; 
so this theorem applies. It is a consequence of a theorem due to Gehman tf 
that every true cyclic element f of tre irreducible continuous curve. Gl is con- 
tained in H. Now the property of baing a continuous curve of type 1, 2, 4 or 
5 is cyclicly extensible.§ Thus, in these four cases, we infer that the irreduci- 
ble continuous curve G is a K-curve. A baum im kleinen curve-set contains 
only a finite number of simple closed curves; this must also be true of-a con- 
tinuous curve irreducible about it. Thus, in every case, a K-curve-set lying 
in a continuous curve C may be imbedded in e K-curve lying in C. 

A point set § is said to be an cpen K-curve-set, where K is the class 1, 
2, 4 or 5, provided S is open relative to S, every component of S is a point 
or a self-compact K-curve, and the curve components of § form a null family. 


* L. Zippin, “ On- continuous curves irreducible about subsets,” Fundamenta Mathe- 
maticae, vol. 20 (1933), pp. 197-205. 

* H. M. Gehman, “ Concerning irreducible continua,” Proceedings of the National 
Academy of Sciences, vol. 14 (1928), pp. 433-435. 

t For an exposition of the theory of the cyclic elements of a continuous curve cf. 
C. Kuratowski and G. fT. Whyburn, “Sur les éléments cycliques et leurs applications,” 
Fundamenta Mathematicae, vol. 16 (1980), pp. 305-331. 

§ The property P is said to be cyclicly extensible if, knowing that each cyclic 
element of the continuous curve O has prcperty P, we are able to infer that O itself has 
property P. Cf. C. Kuratowski and a T. Whyburn, “Sur les éléments yelaves aenea 
loc. cit., pp. 322-323. 


t 
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By open baum im kleinen curve-set we shall mean an open acyclic curve-set. 
It need hardly be remarked that S may fail to be a curve-set; or, if it is, it - 
may fail to be a K-curve-set. We proceed to prove 


“Lemma 1. If X is a subset of a continuous curve C such that X is open 
relative to X, and the K-derivative of X lies in F (X ),* where K ws the class 
1, 2, 3, 4 or 5, then X can be expr saed as the sum of two open K-curve-sets 
which are closed in X. 


From the definition of baum im kleinen curve it follows that the derived 
aggregate of any set with respect to this class is identically the derived aggre- 
. gate of the set with respect to the class of acyclic curves. So the proof for 
this case depends on that of the acyclic case. l 

Let P be a point of X. By hypothesis, there exists an open subset Wot 
C containing P such that W X lies in a K-curve K’ which lies in C. Now 
K” is a rational curve.t Hence there exists an open subset & of K’ contain- 
ing P such that W D F and F(R) is a countable set of points. Let U be an 
open subset of C containing P such that W D U D R and U-(K’ — R)==0.t 
It follows that X- F(U) is a countable set of points. Thus it follows that, 
for a given positive « and a point P of X, there exists an open subset U of C 
containing P of diameter < «e and such that U-F(X)—0, U-X lies in a 
K-curve in ©, and X: F(U). is a countable set of points. We will call 
such an open set a U-region. We note that U-X is a K-curve-set. Let 
dh > d œ> d>- bea sequence of positive numbers converging to zero. 
Let D, be the set of all points of Y whose least distance d from F(X) satisfies 
the inequality d == d,. In general, let D; be the set of all points of X whose 
least gy d from F(X) satisfies the inequality di. Z d Z d;. Then Dj; 
j= -+-) is a closed set, and may therefore be covered by a finite 
nl 7 eee Ut, UA, > +, Usp all of diameter < 1/ j. Let 
T = 5 5 X: F(U;). Then T is countable and closed in X... Any com- 

j=1 i=1 
ponent of X—T lies wholly in some region Ui’, and therefore lies in a 
K-curve in ©. If X —T possessed infinitely many components of diameter 


greater than some positive e, it would follow that infinitely many of them lie ` : 


* P(X) = X—X. 

t That a perfect curve is a rational curve cf. G., T. Whybifrn, A Concer ning heredi-. 
tarily locally connected continua,” American. Journal of Mathematics, vol. 53 (1931), 
pp. 374-384. - Note also, on. page. 377, that the components of any subset of a perfect 
curve form a null family. We use this fact in the sequel, 

t For the existence of such an open set see, for example, K. Menger, Dimensions- 
theorie, p. 31. 
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interior to some region U;. But X> Ọ;/ lies in a K-curve; so this is impos- 
sible. Hence the components of X — T form a null family. Let Pi, Po, Ps, +: 
be the points of 7. There exists a U-region U, containing P, of diameter 
<1. Since T is 0-dimensional, there exists a neighborhood V, of P, euch 
that U, 2 V, and T. F(V,)=0. Then X- Vi is a K-curve-set having no 
~ component of diameter > 1. Let Pr, be the point of lowest subscript of T not 
contained in V,;. There exists a Y-region U. containing Pn, of diameter | 
< 1/2, and such that U.-V,==0. And there exists a neighborhood V, of 
Pa, such that U; > 7, and T- F(V;)=0. Then X- V, is a K-curve-set 
having no component of diameter >1/2. We assume as defined the regions 
Vi, Vo, +++, View Let Pa, be the point of lowest subscript of T not con- 


k-i 
tained - in 2 Vi. There exists a U-region Uy, containing Pn, of diameter 


< 1/k, and such that Up: by V;==0. And there exists a neighborhood Vx 


of Py, such that Ur D Vi, and T-F(Vx)=0. Then X- Vy is a K-curve-set 
having no component of diameter > 1/k. Set 


00 z 00 
_$x-7, and S.=X—DX' Vi. 
1 1- 


Since V; V; = 0 (isj), the components of S, are points or self-compact 
-curves, and they form a null family. Furthermore 8, is closed in X. For, 
if P were a limit point of S, in X but not contained in S,,,P would be a limit 
point of F since the diameters of the regions V; converge to zero. But T is 
closed in X, and S, contains T; sc this is impossible. Thus S, is an open 
K-curve-set which is closed in X, It is obvious that S» is closed in X. Since 
T'- a = 0, every component of S, lies in a component of X — T. From this 
it readily follows that the components of S, form a null family, and each such 
component is a point or a self-compact K-curve. ica X = + So, 
and the lemma is proved. 

It should be observed that the argument of Lemma 1 still holds even 
though the set X is closed. Should this be the case, the sets 8, and S2, being - 
closed, will be K-curve-sets. | 

We have need of one more lemma before proceeding to the proof of our 
principal theorem. 


Lemma 2. Let B be a closed subset of a continuous curve O; let ay, ae, 

-, a, be a finite number of closed subsets of B, and let N denote thew sum. 

Then B can be expressed as the sum of h closed sets Ay, Aa,’ © +, An such that, 
for every 1, N-Ay= i. 
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{Tet 6, = > aj. Let U be an open subset of 0 such that U =i — a; ` bz) 
and Ọ. = =: Set Aes Bs U> B, and Bı = b: + a: - B. Then 
B= A, HB, N- A, =, and N > ' Bı =b. Let AES a;. We repeat the 


j=3 
argument and express B, as the sum of two closed sets A,'and B, such that 
(as + be) As = dy and (ds + b2)+ Ba — ba., It readily follows that 
N-A,—a, and N- B, = bdo. Continue in this manner. At the (h —1)st 
step we shall have defined ‘two closed sets Arı and Bry such that 
Bro = Ara HBr N Ara = ar and N+ Bra = bri =a. Now set 
An = By. and the lemma ‘follows as stated. | | 
We are now prepared to state and powe our jaca theorem. ' 


THEOREM 1. Let K bea class of continuous curves, and let O be a con- . 
tinuous curve such that Cg" = 0 where n is an integer. If K is the class of 
perfect, regular, or baum im kleinen curves, then O may be expressed as the 
‘sum of 27 K-curves. If K is the class of acyclic, or boundary curves, then C 
may be expressed as the sum of 2" K-curves; and if, as a special case, Cg”™ 
is a K-curve-set, then C may be expr essed as the sum of 2" K-curves. 


We may suppose that n is the least integer such that Cg” =0. If K is 
‘the class of perfect, regular, or baum im kleinen curves, then Cx" is a 
K-curve-set. For, if we assumed the contrary, we would find that Cx** con- 
` tains a point P possessing no neighborhood U such that: U-Cx*+ can be 
imbedded in any K-curve whatsoever. But this contradicts the fact that the 
K-derivative of Cr" is vacuous. Thus, in these three cases, Cx” * may be © 
imbedded in a K-curve lying in ©. If K is the class of acyclic-or boundary 
curves, Cg”! may fail to be a K-curve-set. We then set X == Cg”™; from 
Lemma 1'we find that Cx** may be expressed as the sum of two K-curve-sets. 
- Then, for these two cases, Cz” may be imbedded in the sum of two K-curves 
lying in 0. | 

We now assume that Cx (i +15 —1) may be imbedded in the 
sum of a finite number h of K-curves lying in C. Let these curves be ai, 
do, © © * 5,Qn, and let N denote their sum. Then N contains the K-derivative 
Ox‘? of Og?. Set X — Cgi — N : Og’: Then Z is open relative to ¥. Fur- 
thermore the K-derivative of X lies in Cx‘, therefore in N, and finally in 
F(X). By Lemma 1, X can be expressed as the sum of “two open K-curve-sets 
S, and S, which are closed in X. Evidently B == N + S, isa closed set, and 
fy, Qo, © ° * , Qa are closed subsets. By Lemma 2, B may be expressed as the 
sum of h closed sets Ay, A2,-- + , An such that, for every i, N Ar= ay. 
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Then every component of A; is either a; or a closed connected subset of a com- 
ponent of 8,. Hence the components of A; are points or K-curves, and they 
form a null family. If K is the class of baum im kleinen curves, we note 
that a; is the only component of A; which can contain a simple closed curve. 
Thus, in every case, A; is a K-curve-set, and may, therefore, be imbedded in a 
K-curve lying in C. It follows that N -+ S, may be imbedded in the sum of 
. h K-curves lying in C. The same being true of N + Sa, we obtain finally that 
Cx*, which is contained in N -+ Sı + 8;, may be imbedded in the sum of 2/ 
K-curves lying in C. Having established the initial and the general step in 
the induction, the proof of Theorem 1 is complete. 
Theorem 1 together with Whyburn’s Theorem B gives us the characteri- 


zations we have been seeking. 
t 


THEOREM 2. In order that the continuous curve C should be the sum of 
‘a finite number of K-curves, where K ts the class of perfect, regular, baum im 
kleinen, boundary, or acyclic curves, tt is necessary and sufficient that there 
should exist an integer n such that Cr" = 0. 


3. The classification. A continuous curve which is the sum of a finite 
number of K-curves we shall call a finite K-curve-sum. Since, in the five 
cases considered, a K-curve is also a rational curve, we have, by the theorem 
of Urysohn, mentioned in the introduction, that a finite K-curve-sum is always 
a rational curve. Furthermore, this is the most that we can say; for, as 
noted in the introduction, the sum of two acyclic curves, and, consequently, 
the sum of two K-curves may fail to be a perfect curve. 

There exist just two inclusion relations which are not immediate conse- 
quences 0. the definitions of these new classes. 


THEOREM 3. Every continuum containing no continuum of condensa- 
tion may be expressed as the sum of two acyclic curves. 


By a theorem due to Urysohn,* a continuum containing no continuum of 
condensation is the sum of a closed 0-dimensional set F and a countable set 
of free open arcs which form a null family.. Evidently the acyclic curve deriva- 
tive of such a continuum is a subset of the 0-dimensional set F. But F is an 
acyclic curve-set. Thus the second derived aggregate ig vacuous, and the first 
derived aggregate is an acyclic curve-set. This is the exceptional case noted 
in Theorem 1. l 

It follows from the definition of baum im kleinen curve that the acyclic 
curve derivative of such a continuous curve is vacuous. Thus we have 


* P, Urysohn, loc. cit, p. 57. 
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THEOREM 4. ‘Every baum im kleinen curve may be expr essed as the sum 
of two acyclic curves. 


1t follows from Theorem 4 that two of these five classes of finite K-curve- 
sums are identical. That is to say: finite acyclic curve-sums and finite baum 
im kleinen curve-sums form identical classes. 

It might be thought, in view of Theorems 3 and-4, that it would always 
be possible to express an arbitrary rational, perfect, or regular curve as the 
finite or cotintable sum of a number of K-curves of a more restricted type than 
itself. . This is not true, and we establish the fact by-a series of examples. 
The constructions used in these examples are all similar, and are special cases 
of a general construction. This general construction follows. 

We suppose given a 1-dimensional cyclicly connected continuous curve 8. 


In every case the curve 8 will have all the properties necessary for making the . ` 


construction. We start with a 2-dimensional sphere 8, lying in a 8-dimensional 
Euclidean space. Let Io be the interior of Se, and Py a point of So Set 
Co = So + Io. As a first step, we construct a curve 8, similar to 8 (i. e. 
homeomorphic with 8, and distances altered proportionately) which has only 
P, in common with So, and otherwise lies wholly in J). We now. construct a 
countable set of spheres 9,7, 9,7, S13," - - such that (1) 8,* and S: (1547) 
have no points or interior points in common, (2) S,* has exactly one point 
P.t in common with £., and has ne point of By in its interior, (3) S,* lies 
wholly in Io and has a diameter < 1/2 the diameter of So, (4) the point set 

XP? is everywhere dense on 8, We note that the diameters of the spheres 
| ıt necessarily converge to zero. Let I? denote the interior of 9,*. Now set 


=A +3 (Si +h). 


This completes the first step.. As the second step, we perform, for each +, the 
same construction, on 8,* with respect to the point P-t as we performed on 
Ko with respect to the point Pe. Let 8t be the curve gimilar to 8 which lies 
„interior to S,* save for the point P;*. Let S: (71, 2,- ++) denote one 
of the spheres lying in the interior of 9,', and let P4 denote its point of 
contact with 8-4. Let I.4 denote the interior of 8,4. Then set | 


C2 —= Bi + BB! + 2 (S2 + I). 


This completes the second step. The general step is now quite obvious. In 
this manner we define a sequence of continua Co, Ci, C2,- >- which converge 
to a continuum Ọ. For a given e > 0, there exists an integer n such that no 
sphere S,*---* of Cy, has a diameter > e. From this fact two propositions 
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follow (1) C is a continuous curve, (2) every true cycltc element of C is a 
curve similar to 8. Finally we remark that any neighborhood of any point 
‘of C contains a true cyclic element of 7 

Now let æ be a class of a curves no one of which contains æ sub- 
set homeomorphie with 8. From the last remark of the preceding paragraph 


it follows that the a-derivative of C must be C itself: In view of Theorem ' 


‘A, it follows that C is not the sum of any countable number of a-curves. 


There exists a regular curve which is the boundary of a plane domain 
but which is not the sum of any countable number of acyclic curves. 


Let a be the class of acyclic curves. , Let the curve 8 be a circle. In this 
case C will be a boundary curve and therefore homeomorphic with the boundary 
of a plane domain. l 


There exists a regular curve which is not the sum of any countable num- 
ber of boundary curves. 


Let œ be the class of boundary curves. Let the curve 8 be a circle plus 
one of its diameters. C will be a regular curve since each of its true cyclic 
elements is a regular curve. 


There exists a pea ‘fect curve hagi is not the sum of any countable number 
of regular curves. 


Let a be the class of regular curves. We shall let 8 be a perfect curve, 
as the one constructed by Whyburn,* which contains infinitely many mutually 
exclusive continua of diameter unity. £8 is therefore not a regular curve. An 
application of Theorem 1 to Whyburn’s example shows that it is the sum of 
two acyclic curves. 


There eee a rational curve which 4s not the sum of any countable num- 
ber of perfect curves. i 


Let @ be the class of perfect curves. Let 8 be the rational curve, men- 
tioned in the introduction, which is the sum of two acyclic curves, but which 
is not a perfect curve. C will be a’rational curve since each of its true cyclic 
elements is a rational curve, 

It will be noticed that in every case we chose the curve £ so that it would 
be the sum of two acyclic curves, and therefore the sum of two curves of type 
a. Hence these examples suffice to establish the. following proposition : 


"Ga T: Whyburn, “Concerning points of continuous curves defined by certain im 
kleinen properties,” Mathematische Annalen, vol.-102 (1929), pp. 313-336, article 7. 
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t 


The property ofbeing the sum of a finite or countable number of K-curves, 
where K 1s the class of perfect, regular, baum im pennon boundar Y, or acyclic 
cur vee, as not cychely peepee 2 i 


i 4. Conclusion. Itis of interest to note that, if C is a continuous curve, 
we have proved the sufficiency of ‘the condition-Cx” = for all the principal ' 
classes K of continuous curves for which the condition-is sufficient. While 
the condition is sufficient for the classes K of rational and n-dimensional 
curves, the proof is trivial., For, if some countable derived. aggregate of © 
with respect to the class of rational curves is vacuous, it follows, from Theorem | 
A, that C is the sum of a countable number of rational curves. Then C is 
itself a rational curve. A similar argument holds if K is the class of n-dimen- 
sional curves. . s T l 

For the classes. K of simple arcs, simple closed curves, node curves,* and 
continua containing no continua of condensation, the condition Cx” = 0 is not 
sufficient for the continuous curve C to be the sum of a finite number of 
K-curves. To see that this is true, we consider a few examples. 

Construct a continuous curve C by adding on to the unit interval a per- 
‘pendicular ordinate of length 1/gq for each point p/q where p and q are rela- 
tively prime integers and p < q. If K is the class of simple arcs or continua 
containing no continua of condensation, then Cx? x =0. But Č contains a 
continuum of condensation, and is therefore not the sum of any finite number 
of K-curves. 

To the unit interval ‘cis the line segment y = (0251) add on a 
sequence of line segments joining the point (1/g, 0), to the point (17g, 1/q). 
for every positive integer g. Let C be the resulting continuous curve, and let 
K be the class of simple closed curves. Then Cr? —0; but no simple closed | 
curve of O can contain more than two of the perpendicular line segments, so O 
is not the sum-of any finite number of simple closed curves. 

For the case of the node curve, we shall start with a cyclicly connected 
plane regular curve of order 3 recently constructed By Whyburn.+ Let M 
denote this curve, It.is evident that no ramification point of M is an im 


: ‘ i é 
* A continuous curve M is a node curve if, for each e> 0, M is the sum of a finite 
number of e-continua each having at most two points in common with the rest of M. 
Cf. G. T. Whyburn, “Concerning points ‘of continuous eurves defined by certain im 
kleinen properties, ” loc. cit., article 5. Note, in particular, Theorems 20, 22, and 29 
which we use in the sequel. 
tG. T. Whyburn, “ On the existence of totally imperfect and punctiform connected 
subsets in a given continuum,” . American Journal of Af athematics, vol. 55 (1933), 
` pp. 146-152. | l g 
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kleinen cycle point * of M. Thus M is a node curve. Also the im kleinen 
cycle points of M are dense in'M. Let us select a countable dense set 
Pa, Pa, Ps,: © © of these im kleinen cycle points. Construct, for every integer 
n, perpendicular to the plane of M, a line segment of length 1/n with one end 
at Pa. Let C be the resulting continuous curve. Then Cg? = 0-if K is the 
class of node curves. Suppose (‘is the sum of a finite number of node curves 
N,,: ++, Nn. Then there exists a point P of C lying in M, an open subset 
U of C containing P, and an integer z such that N: > U. But this is impossi- 
ble since C is not a node curve im kleinen at any point of M. l 

Finally it should be remarked that the numbers 2% and 2”, obtained in 
Theorem 1, are not the least numbers which would in general suffice for the 
purposes of the thzorem. In view of Theorem B, it is apparent that this least 
integer is not lese than n. If K ie the class of acyclic or boundary curves, 
examples may be found to show that this least integer is not less than n + 1: 
It seems quite possible that Theorem 1 would still be true if the numbers 
2+ and 2” were replaced by n and n -+ 1, respectively. 
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* A point P of the continuous curve Jf is said to be an im kleinen cycle point of M 
if, for each e > 0, P lies on a simple closed curve of M of diameter < e. 


PROPERTIES OF PLANE SETS AND FUNCTIONS 
OF TWO VARIABLES. 


By DEANE MONTGOMERY.” 


Recently mathematicians have been interested in a certain opergtion on 
plane sets and in the types of sets which may be obtained by means of its use.t+ 
This operation, which is an extension of the concept of projection, may be 
defined as follows. If # is any plane set and if p is any property of linear sets, 
T,(#) is defined to be the collection of all points on the z-axis such that 
vertical lines through these points cut Æ in a set having property p. For 
various types of sets HZ and various properties p, it is an interesting problem 
to determine the nature of the set T,(//)}. This is done in the present paper 
for certain properties additional to the ones already considered, and a condition — 
is found under which the projection of a Borel set is a Borel set. A similar 
operation on functions, which has so far not been used, is also considered. 
If f(x,y) is any function of two variables and p is any property of functions 
of one variable, T (f) is defined to be the set cf all points # on the z-axis such 
that f(%,y) has property p. When f(z,y) is in the Baire classification the 
nature of the set Tp(f) is determined for several different properties p among 
which may be mentioned the property of being Riemann integrable, the 
property of having limited variation, and the property of being of class one. 
_ Some of the methods are applied to obtain a result concerning the measura- 

- bility of functions used by Tonelli in his definition of bounded variation of 
functions of two variables. 

Instead of defining these operations on plane sets and on functions defined 
in the plane one might define them on a set Æ which is a subset of the com- 
binatorial product of two metric spaces suitebly restricted and on functions 
defined on such a product space. Many of the theorems which retain meaning 
in this general case could be proved essentially as they are here. A generaliza- 
tion in a different direction could be made by considering functions whose 
values are points in a metric or vector space. In this case also some of the 
present proofs would be adequate. 


bd 

* National Research Fellow. 

+ The references given here, and the articles to which they in turn refer, include 
most of the known results on this type of operation. Sierpinski, Mathematica, vol. 5 
(1931), p. 49; Kuratowski and Szpilrajn, Fundamenta Mathematicae, vol. 18 (1932), 
p. 160; Hahn, Reelle Funktionen I (1932), p. 368; Kuratowski, Topologie I, p. 262. 
The notation used. here is due to Sierpinski. 
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2. The property p in this section is the property of being of the second 
category.” In-some of the proofs it. is convenient to use the symbol 4 X B- 
as indicating all points in the plane whose abscissas are in A and whose 
ordinates are in B. The set A is occasionally a single point. The symbol 
(x= a) méans all points lying on the line z = 4. 


THEOREM 1. If Eis open, T(t) is open and if E is closed, (E) 
wan Fo. -o g 


When # is open, rp(Æ) is merely the projection of Ẹ and this is open. 
‘Tf F is closed, («== q) - E is of the second category: when and only when it 
contains an interval. From Theorem 9.of a previous paper,f it can be deduced 
that the points of Æ which lie on vertical intervals containing only points of E 
form an Fe. Since the projection of an Fe is an Fe, the theorem follows. 


THEOREM 2. If E as an Og, te) is an Oa; and if E is an Fa, To (E) 
as an Oanh. 


That the theorem is true when «œ is zero follows from the preceding 
theorem. The proof for the general case is by transfinite induction. There 
` are two cases to consider and in each case the theorem is assumed for ordinals ` 
less than « and on that basis is proved for œ. The first case is that in which 
a is of the first kind. 

If # is an Oa, E = È, En where En is an Fo... By assumption, Ly (En) 


is an Og, and from the fact that Ép (E) = S'T)(Hn), it follows that T,(Z) 
` _% a 


is an Oa. 

If # is an Fa, CH is an Og. Let all open intervals on the y-axis whose 
end points are rational be arranged in a sequence {dm} and let Em be the set 
ofall the points in the plane whose crdinates lie in the interval dm. Let Hm 
be the complement of Ty [Rim (CE) |, the set Hm, being therefore an Fa. For 
each point of q of Him, (CH) -\(q.X du) is of the first category so that 
i+ (q X dm) is of the “second category. Hence 2 Hn <T,(#), and it will 


now be shown that aA < $ Hm. For this purpose let g be any point:in 


u 


* The term “seccnd category ” is not as descriptive as the term “ inexhaustible ” 
suggested by Denjoy, but because of its very general usage the first term is preferable. 
t Transactions of the American Mathematical Society, vol. 35 (1933), p. 915. 

For a discussion of Sets O, and F, see de la Vallée Poussin, Intégrales de 
Lebesgue, pp. 132-139. It should be noted that by a set of a given class de la Vallée 
Poussin means a set which is at most of this class. The same: convention is used in 
this paper, and a similar convention is followed with regard to the class of a function. 


i 
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T,(#). The set E'must then be uniformly of the second category * in some 
interval on «= q. There is then some d, such that Z*(q X-dn) is of the 
second category uniformly in (q X dy). Since évery Borel set possesses the 
property of Baire,} the set CE must be of the first category in' q ‘dn. There- 
fore g is in Hn and T(E) < 2 Hm. It follows that TAG 2 Hm and that 


Tp(#) is an Oane This. anad the proof in case g is of the first kind. 
Suppose now that a is of the second kind and that the theorem is true 
for all ordinals less than a. According to de la Vallée Poussin „i sets Fa and sets 
Og, where œ is of the second kind, are constructed as follows. From sets A 
already defined,§ form all sets A’ == A and all sets A” == TIA, the sum and 
product being taken over all enumerable collections of sets A. Then 


Oa = 340” and. Fa = UA’. 
Let Q be any Aa Since an Ag is also an Fg, Q = 2 Qn Where’ Qn is an 


F's, (Bn <a). Since T,(Q) = E Tp (Qa) , dnd since Ty(Qn) is an Ogu and 


an Fg. it follows that T,(Q) is a set A’,. By taking complements in a 
manner analogous to the one already used.it can be shown that in case Q is 
an A,” that T,(@) = 34,” > that is, it is an Og. Now if E is any Og, 
E=SE, Where En is an A”, Since T,(#,) is an Og, and since 


T(E) = 2 Fp(#n) it follows that r (Æ) is an Oa. _ By taking complements 


as before it can be shown that when # is an Fa, that Ty a ne is an Qanı- This 
completes the proof of Theorem 2. 

If T is any linear Oa, there is'a plane set E which i is an Oa and for which 
T(E) =T. In order to obtain such a set F, it is only necessary to take all 
the’ points on all vertical lines passing through points of T.. 

If T is any linear Oa, there is a plane set E which is an Fa and for which 
T(E) =T. To demonstrate this fact let i, be the closed interval on the y-axis 
whose end points are n + 1/4 and n -+ 3/4. Sinée T i is an Oust; T = > Ts 


where 7, isan F,. A set Æ having the desired properties isthe set X; (Tn X tm). 
The above examples show that the determination of Ty (#) given in the 


“That is, of the second category at every point of the interval. See Banach, 
Théorie des operationes linéaires, p. 13. 

t A set Æ is said to possess the property of Baire if iari is no perfect set in which . 
‘both E and CE are uniformily of the second category. For a proof that Borel and 
analytic sets possess this property see Lusin, Legons sur les ensembles analytiques, 
p. 88 and p. 153. 

ł See the previous reference. . 

§ An A a i8 & set which is both an F, and an 0, 


8 x 
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theorem is the best * determination that can be given. It would be interesting 

to know the best determination of T(E) for analytic sets and their comple- 

ments. The following theorems give a determination of I',(#) in these cases 
but it is not known whether or.not this determination is the best one. E 

In some of the remaining proofs it is convenient to use the method of 

evaluating classes which has been invented by Kuratowski and Tapki + This 

method makes use o the logical symbols II meaning “for all s”; >) meaning 


“there exists an x? ’ meaning “ not.” “here a set is defined in terms of 
these symbols one en obtain the class of the set by replacing these logical 
symbols by certain other symbols, which operate on sets. Thus (where P means 
projection and C means complement) U is replaced by CPC; 2 i is replaced 


by P; and” is replaced by C. In zase n runs over an aai abe set, 2i is 
‘replaced by o and H by 6, o and meaning the sum and product of an enu- 


merable number of sets. ~ The symbols + and - have their usual logical meaning 
and replace themselves. In this symbolism the inclusion of A in B is written 
[(reAY + (ve B)] € denoting the inclusion of an element in a class. For 
brevity, an analytic set is written as A, the complement of such a set as: CA, 
and so on. The letter A in this sense should not be confused with the 4 used 
previously which referred to the sets A of de ia Vallée Poussin. 


THEOREM 3. If E isa CA, I,E) isa PCA. 


Let U be a universal Gsf that is a plane Gs such that for any linear Gs 
there is a q such that U- (x = q) is the given linear Ge. If B+ (z = q). is of 
the. second category, it must contain a Gs of the second category. § The formula 
for the set T(E) may now be written. 


seD(E) =2 Ce { II ened «U e (2, y) eE y) T). 


Therefore T(E) = P [Gee] [CPC (CG@s + CA)]. A set which is a o Gs 4 CA 
isa CA. The complement of a CA is an A, and the formula is thus reduced 
to P[Gsc] [CPA]: The projection of an A is an A and a Goo multiplied by 
a CA is-sa CA. Therefore T (F) is e PCA. f 


* The word “best” is here used as by Kuratowski to mean that la (E) has been 
shown to belong to as stmple a class as possible. 

t See Kuratowski and Tarski, Fundamenta. M aticwatitae: vol, 17 (19831), p. 240, 
and Kuratowski, Fundamenta Mathematicae, vol. 17 herons p: 249; also SA 
Topologie I. ; i 

t For the existence of universal sets see Sierpinski, Fundamenta Mathematicae 
vol. 14, (1929), pp. 88, 89. i 

§ See Sierpinski, Fundamenta Mathematicae, vol. 4, p. 319. 
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By taking complements in a method analogous to one ies used, it can 
be shown that if Bi is analytic, Tp(#) is a OPCA. 


THEOREM 4. If E has the property of Baire, T(E) has the property 
of Baire. 


The proof is by contradiction. If the theorem is not true there is a 
perfect set H on the z-axis on which T(E ) and OT3(E) are both uniformly 
of the second category. Let q be any point of H-T,(#). Since E` (s == q) 
is of the second category it must be uniformly of the second category in some 
vertical interval dg. Let K be the,.set of points on all such vertical intervals. 
By Lemma 2 of.my previously cited paper, there exists a vertical interval d 
and a set M,, uniformly of the second category in H,, a portion of H, such 
that M, X d< K. It follows that F is uniformly of the second category in 
H, X d.* But H,:COT,(E) is also uniformly of the second catégory in Hi, 
and therefore [H Cr (E)] X d is uniformly of the second category in 
H, X d. . For each qeCUp(F), E- (qX d) is of the first category; and 
therefore (CH) “(q X d) is of the second category (in q X d). Hence the 
set CH is uniformly of the second category in H, X d. - The fact that both 
E and CE are uniformly of the second category in H, X d, a perfect set, is a 
contradiction to the hypothesis that H.possessed the pene of Baire, and 
the theorem follows. 


8. ‘In this section p, is the aon of having measure “greater than or 
equal to r, p'r is the property of having measure greater than rand p is the 
property of having positive measure. In some of ‘the following theorems it is 
assumed that Æ is bounded and for convenience it will be assumed’ moe E is 
in the square S whose corners are (0, 0), (0,1), (1,0), and G. T: 


‘THEOREM 5. If E is closed and in S, Tp, (E) is closed.t 


- Let am be a sequence of points in Ip, (F) approaching a point Ta and ` 
suppose that x is not in Tp, (F). Since fo is not in Lp, (8) the set E: (a = zo) 
is in a set £o X O where Ọ is a set of points lying on open intervals of total — 
length less than r. Since E- (z = £n) has measure greater than or equal to r, 
there must be a point of E, say gn, which is in E> (t = Ln) but which is not 
, fn X O. The set {qn} must have a limit point q on s = £o. The point q 
is in # because # is closed but this point cannot be in Zo xO. From this 
contradiction ‘the theorem follows. 


* See Kuratowski and Ulam, Tindra Mathematicae, ar 19 (1932), p. 249. 
ł For a similar theorem concerning content see Hobson, Theory of Functions of a 
Real Variable I, Third Edition, p. 198. 
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' THEOREM 6. If E is open and in 8, Tp,(E) is oper. 


The set Ty,,(S— E) is closed. Tf a is any point in this set, then 
m| (8 — E): (@=-%)]=1—r. Hence m[ HB: (x == 2o)] Sr. If zo js in 
CT,,,(S — E), then m| (S — E) - (£ =a) |<. 1—r, and m[#: (£ = t) ] >r. 
Therefore Tp, (E) = Crp, (5 — E) and the theorem follows. 


Tunorem Y. If Eis an Fa and in S, then Ip, (E) is an Fa; if E is an Oa 
and in Ñ, then Dy, (E) ts an Oa. 


The proof of the theorem when « is zero follows from Theorems 5 and 6. 
The proof in the general case is by transfinite induction. Assume first that a 
is of the first kind and that the theorem is true for all ordinals less than g. 
If E is an Oa, E = > En where #, is an Fa-ı and where for convenience the 


n : 
sequence of Exs has been chosen as monotonic and increasing. If q is any 


point of Ty,(#), q must be in Ip, En) for a sufficiently large n. Therefore 
Tp, (E) = $, Tp, (En), and from the fact that Tp, (En) is an Po. it follows 
n 


that Ty,(H) is an Oa. If E is an Fa, Dp, (E) = Crp, (S3 — E) which proves 
that Ty,(#) is an Fa. The proof in case «œ is of the second kind is omitted 
because it can be made by a combination of the methods already given. 


COROLLARY 1. If E is an Fa, Tp(H) 18 an Oan; tf E is an Og, lE) 
as an Og. 


If # is an Fa, divide the plane into an enumerable number of squares Sp 
whose edges are parallel to the axes and have length 1. Let {7;} be a sequence 
of positive numbers approaching zero. Then D(F) = X, > Ipu (E; Sa). 

i n 


Since rp, (E ` Sn) is an Fa, the corollary follows. The oe in case Æ is an Og 
is similar. 

Hor the statement of the ext two corollaries, let pi be the property of 
being of the second category and p, be the property of having positive measure. 
In general the projection of a Borel set is not a Borel set, but Corollary 2 
gives a condition under which this is true. 


COROLLARY 2, If E is an Fa (Og) such that every point of E lies on a 
vertical line on which E has either property p, or property pz, then the pro- 
jection of E is an Oona (Og). 


This follows from the fact that the projection of # equals Tp,(#)+ T,,(£). 
The conclusion of the corollary obviously remains the same if the vertical lines 
which cut F, but on which Æ does not have property p, or pa, cut the z-axis 
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m an Oan (Oa). This corollary has an application to the theory of implicit 
functions.* If F(2,y)-is a Baire fonction, F(a, y) = 0 defines y implicitly 
as a function of s. The field of definition of the implicit function is the pro- 
jection of E[F (s, y) = 0], this projection being in general not a Borel set. 


COROLLARY 3. If F(x,y) is a function of class « such that every point 
of ETF (x,y) = 0] is ona vertical line on which B| F (£, y) = 0] possesses 
either property p, or property po, then the field of definition of the implicit 
function is an Uai 


THEOREM 8. If His aA, r4(B) is a PCA. 


Every linear set of positive measure contains a closed set of positive 
measure, and therefore to make the proof, choose a universal closed set and 
proceed in a manner analogous to the proof of Theorem 3. Similar theorems 


can be proved for the properties pp and p'r. 
If a set is of measure zero it is included in a Gs of measure zero, There- 
fore if U is a universal Gs, we have for any analytic set F,- 


s e0 T(E) =X [meCT,(U)] (I ey) E + (ayy) U]. 


Therefore C T(E) is a PCA, and r, (E) is a CPCA. 

In case # is a set having closed vertical sections, it is possible to draw a 
somewhat stronger conclusion. The reasoning is based on the lemma given 
below. l 


LEMMA 1. There exists an sane family of open sets {On} each On 
of measure less than r such that any closed set of measure r is in some one 
of them. . 


In order to define the family {On} let {dk} be the set of all open intervals 
having rational end points. An On is obtained by adding together a finite 
number of dxs of total length less than r and all Ox 8 may be obtained in this 
manner. This follows from the Heine-Borel theorem. 


THEOREM 9, If E ts an analytic set having closed vertical sections, then 
Tp, (E) is an analytic set. 


The proof is obtained from the formula below. P 


ze Tp, (E) =U 2 [e y) cE] [(ye On)’]. 


* For the theory ‘of implicit functions see Lusin, loc. cit., “p. 222.. 
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l 4, In this section p is the proverty of being eae ‘dense and p’ is 
the property of being nowhere dense. 


THEOREM 10. If E is any set, Tp(£) =[P(O-#)]s where O is the 
symbol for an open set. | ° 


‘Let: {dy} be the f of àll o a i with cational end points. s 
ze Tp(E) = IDHE [y e de] [ (2,4) e£]. 


On application to special cases, this theorem yields such results as: if F is 
analytic, Pyp(#) is analytic; and if H is a CA, T(E) is a PCA. ` Examples 
are-easily constructed to show that taese results are the best obtainable. By a 
slight variation of the above formula, it can be shown that if Æ is a Borel set 
or an analytic set, that T,(#) is a CA, and that if E is a CA, T(E) is á 
CPCA. Examples show these also to be the. best results possible. 


5. The property p is here the property of being at the’ same time an Fo 
and a Gs. The’ necessary and sufficient condition that a set W be at the same 
time an Fo and a Gs is that for every perfect set H, there is some portion Hy, 
of H, which is contained entirely in either Æ or CE.+ The truth of this 
condition is unchanged if the word closed is substituted for.the word perfect. 
It is in this last'form that the condition is used here. Let P denote any 
element of the space of all closed linear sets,{ and let {dy} denote all.open 
intervals with rational end points. Then the formula for determining I,(2) 
is given below. . 


reTp(B) = ZE (nF a) 
x IL Ph dy + (ey) F] y) <E] +I [y eF dh dy “+ (a, y) e 0E]}. 


From this formula, Theorems 11 and 12 follow. In the case of Theorem 12 
it should be remembered that an A is a PC'A.S 


“Tuxorem 11. If E is a Borel set, T(E) is a 0A. 
THEOREM 12. If E isan A or a CA, T(E) is a OPCA, 


. These iheovems give the best eraugtoi of T (#). as is shown a by the 
theorems below. , 


* By taking closed intervals the O of the theorem could Dg doet to an F. 
t Blue, Mathematische Annalen, vol. 102, p. 628. 5 


ł For a definition of this space see Kuratowski, loc. eit., p. 259. 
§ Lusin, loc. cit., p. 284. 


l 
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o 13. I f Mi 4s any linear set GA, ther o is œ Bor el set E such that 
(£) = 


Since M is a CA, it follows that CM.is an A, and as such, must be the 
set of values taken by a function v= f(y) defined and continuous on the 
irrational points on the y-axis.* Let J be the image of this function, that is 
the set of all points (£141) such that vı = f(y). The set [is a Gs and the 
projection of I is CM. Every point of I has an irvational ordinate. Let {r n} 
be the set of all positive rational numbers. From the sèt 7 form the set In by 
adding T to each ordinate of J and form. I, by subtracting Ta from each 
ordinate of T. More explicitly if (2, y) is in I, (x,y +t) 18 in In and. 
(2, Y — Tn) is in In. Let Io == >> (In + Ln). The set Iois a Gao and every 


point in J) has an irrational ddinaa Tt q is any point of CM, I, is every- 
where dense in (t==q}, but CZ) which includes all points on this. line 
having rational ordinates, is likewise everywhere dense in (g == q). Therefore 
Io: (z = q) cannot be an Fo and a Ge, and the same is true of (Cl), (z = q). 
In letting H be either Ie, or OI, one has (E) =M. In the one case H isa 
@so and in the other iti is an Fes. 


THEOREM 14. I f M isa CPCA, there is a set he which ts an A and a set 
E, which is a CA such that T(E) = Ty (Z2) = 


Sierpinski ł has shown that CM, Da a PCA, must be the set of values 
taken by a function æ = f (y) on a set K, where K is a CA which is a subset 
of the irrational numbers. The function f(y) is continuous on K: Letting I 
be the image of the function, form the sets I, and I.» as before and from these 
the set Ip. Since T is a CA, Io is a CA. If E= CI, and. E, == Io, te sets 
E, and E; satisfy the theorem. 

Suppose that p’ is the property of ane an Fa es U be a ‘universal Fy 
„in the plane. If Æ is any set, 


vey (8) mE LU (9) ed y) eB + (mH) 0) 
X [IL (Gey) 0 “+ (ay) © BY]. 


Fis if Bi is any Borel set, ',(H#) is a PCA. The formula also enables us 
to show that if # is an A or a CA, that T,(#) is a PORCA. It is not known 
whether or not these evaluations of T(E are the best possible when æ is any 
transfinite ordinal. ` 


* Lusin, loc. cit., p. 135. 
_ + Pundamenta Mathematioae, vol. 11, p. 117. See also PEN loc. cit., Pe ae 
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Let K denote the property of being connected. _ Assuming that null sets 
and sets of a single element are connected, one has for any set FẸ, 


GUN) =2 > 2 [(@, y1) € E] [ (2, ya) « E] [ (#, y2) e [n < ye < ul 


Hence if Æ is a Borel set T(E) is the ameni of an analytic set and if 
E is analytic or the complement of an analytic set, [(#) isa CPCA. Simple 
examples show that thesè evaluations are the best possible. 


6. - Let us turn now to operations on functions. In this section and in 
the seventh and ninth sections f(z, y) is assumed to be defined on the finite 
rectangle a Sg Sb, cS y 5S d. ‘In the remainder of the paper f(2,y) is 
assumed. to be defined throughout the entire plane. Let (Yo, ¥1,° °°, Yner) be 
‘any finite system of points in the interval (c,d) such that yo = d, Ynn = d, 
and Yo S Yı SS Yat t E Yn. The total variation of a function ¢(y) defined 


gate n+i z 
on the interval (c, d) is the least upper bound of the sum > | ¢(yi) — (Yi) 
: . q=1 g 


for all such finite systems of points asthe one above. When the total variation 
is finite the function is said to be of limited variation, abbreviated as LY. 


THEOREM 15. If f(a, y) is in the Baire classification, Tey (f) ts a CA. | 


“It is convenient to introduce a function gn oo as foliowe (where 
Y~ =c and Yran = d): 


Jn (T, Yis Y2` ` Yn) -7 | f(z, Yi) — f(z, Yi-1)|. 


This function of the variables (T, Yas Yas" ` * > Yn) a be of the same Baire- 
class as f and it-is defined for all points- of an (n -+ 1) dimensional cell, 
aX<aSb,cSyXd (6=1,2,---,n). Let Aim be the points of this cell 
at which gn is greater than the integer m, and let F be thé points of this cell 
for which yo & y1 S yo° + © Ymae The set En is closed and Amn is a Borel 
set. Consequently the set Bin, which is the projection’ of Amn’ En on ‘the 
a-axis, is an analytic set. Let Bn = 2 Bunn. The set Bm consists of all points 


for which the total variation of f (4, i is greater than m. The set B.== I Bm 


is therefore the set of all Zs such that f (4, y) is of unlimited variation. "The 
set B is analytic and since Tr v(f) is the complement of B (with respect to the 
interval from a to a git i that Tuv(f) 18 the complement of an analytic 
set.” 


*In the proof of this theorem and some of the following theorems the method of 
Kuratowski and Tarski might conveniently be used. The methods which are-used were 
chosen because oi their simplicity and hecause they involve little if any. sacrifice in 
space. ` 
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COROLLARY 4: , If f(z, y) is a function of class. one, Tuy (f) 18 a Gao. 


The set Amn is in this case an Fe so that Amn Hn and its projection Bonm 
are also Fo’s. Therefore Bm is an Fo and Bis an Fos. By taking complements 
it fellows that Tzy (f) is a Geo. 


COROLLARY 8. If f(x,y) is lower semi-continuous, Try (f) is an Po. 


In this case Amn is open or at least it is open if the end points of intervals 
are neglected and the exclusion of such points will not affect the conclusion 
of the corollary since a finite number of points added to a Gs gives another Go. 
For the proof of this PE let Hn be all points of the (n -+ 1) dimensional 
cell for which Yo < Y1 << Yor © © < Ymr The set En is open (except for end 
points) and therefore Bn, and By are open; it follows that B is a Gs and 
that Tzy(f) is an Fe. a 

In §5 it has been shown that there exists a plane Borel set Mz whose 
projection on the z-axis is any specified analytic set E and such that for any 
point ¢ in FE, both Mg and its complement are everywhere dense in the line 
z= t Let # lie in the interval (a, b) and let Hz be the part of Mg which 
lies between the. parallels y =c and y =d. The characteristic function 
hu(z,y) of Hp is in the Baire classification, and from the nature of Hz, 
it follows that Izy (hn) is equal to the complement of E. This fact together 
with Theorem 15 is formulated in Theorem 16. 


THEOREM 16. A necessary and sufficient condition that a set E on the 
interval (a,b) be the complement of an analytic set is that there exist a func- 
tion f(x,y) inthe Baire classification such that Try (f) = E 


Tonelli { defines the function ¢(Z) as being the total variation of the 
function f(z, y) and gives a corresponding definition of y(¥). 


THEOREM 17. If f(x,y) is in the Baire classification, (2) and (9) 
are measurable in the Lebesgue sense. . | 


It is evidently sufficient to. give a proof for the.ca8e. of (2). Define the 
set. Bm» in the same manner as Bmn was defined.in Theorem 1 except that now 
the number * may have any real value instead of being restricted to integral 


- “In the proof of this corollary it is assumed that no two successive points of the 
Anite set used in defining total variation are identical. This can be done without 
altering the value of the total variation. 

+ Tonelli, Academia dei Lincei, Rendiconti (6), vol. 3 (1926), p. 357. For a 
discussion of this and other definitions of limited variation see the paper by J. A. | 
Clarkson and C. R. Adams, Transactions of the American Mathematical Society, vol. 35. 
(1933), p. 824. Iti is there shown wet ¢$(#) and 4i? y) are lower semi- -continuous when 
flaw,y) is continuous. 
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t 


values as m was. As before let. Be — Si Bm. The set By is the set of all 2s 


such that f(#,y) has total variation greater than r, that is, it is the set on 
which $(£) is greater than r. From the fact that B, is analytic it follows that 


5 B, is measurable in the Lebesgue sense and hence that ¢(#) is a measufable 


function. ; 

The function. (2). may be outside the Baire classification even “hough 
f(z, y) is in the Baire classification as. is shown by the example leading up ‘to 
Theorem 16. However it is possible to prove that (Z) is in the Baire classi- 
fication in a certain special case. | 7 en 


COROLLARY 6. If ii y) is of aliss one, the function o(#) and y(i) 
are of class two. 


The set Ar, is here an Fo. ‘Therefore Arn’ En and its projection Bmx are 
Fas, and it follows that B, is an Fe. The set at which $(#). is greater than 
or equal to r can be shown on the tasis of this fact to be an Fos. Therefore 
the set at which (2) is less than r-is a Go. Since the set at which (2) is 
greater than r is an O, (in the notation of de la Vallée Poussin), it is also . 
an Oz; since a Gao 1 is an Or, (4) must. be of class two at most. 


7.. A function t(y) defined on the interval (c, d) is said to be absolutely 
continuous if for any positive e there is a positive è such. that for any finite 
set of non-overlapping intervals (Y1; 42), (Ys, Ya) © ts (Yon-ty Yan)” lying in 
(c, 2) and of total length less than cr equal to 8, the sum 


‘ | J = > | ECY) — (yet) | 
is less than e. The abbreviation AG will be used for this property. 


THEOREM 18. If f(%,y) is in the Baire classification, Tac(f) 4s ue 
complement of an analytic set. 


. In making the proof of this theorem it is convenient to define a function 
gn somewhat like the function used in proving Theorem 1. | 


gn (2, Vi, Yor’ * | 9 Yon) = > | f(z, Y2i) — f(a, Yzi-1) E 


This function is of the same class as f(z, yy and is defined at all points of a 
(2n + 1) dimensionat cell aS aS b,¢Syi,S d for alli from 1 to 2n. Let 
em and § be sequences of positive numbers approaching zero. Let Amn'be the 
points of the (2n +1) dimensional cell at which gm is greater than em, 


* There is no loss of generality in assuming Vy Sn SI 
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and let Ens be the points of this cell for which y = 2 re) Yon and 
5 | Yz: ii | <= 8. - Let . be ae projection on tiie g-axis of the set 
q4=1 


Ense Amn. Since Ene and Amn; are both Borel sets, Bans must be ‘an analytic, 
set: ‘The set Bms = = Bmns is the set of all 4s for which the sum S: [taken 


for f(z, y)] is greater than én on some set of intervals of total length at 
most ôs. Let Bn = II Bms; this set is the set of all’ P's for which the sum § 


is greater than em ir a set of intervals of total length at most.equal to any 
preassigned 34. ‘The set B == 2 Bm is therefore the set of all ds such that 


f (2, y) is not eels eer This i is an analytic set and consequently 
its complement, Ta0(f), is the complement of an analytic set. 

A special result which may be proved in a similar manner ig embodied 
in Corollary 7. segs A TE 


COROLLARY 7. If f(x,y) is of class one, Vio(f) is a Gos. 


The example aed to prove Theorem 16 together with Theorem 18 makes 
it possible to state Theorem 19. 


‘THEOREM 19. A necessary and sufficient condition that a set E on the 
‘interval (a,b) be the complement of an analytic set is that there exist a func- 
tion f(x, y) in the Batre classification such that Tac(f) = E 


8. Two lemmas will be established in this section.and because of a later 
application they will be formulated for metric spaces in general ‘instead of for 
Euclidean spaces only. If X and Y are two separable complete metric spaces,* 
their combinatorial product is denoted by X X Y, and is the collection of all 
pairs of elements (x,y) where v isin X and y isin F. If (21, y1) and (z2, yz) 
are any two elements of this product space the distance between them is defined 
to be [ (122)? + (y: y2)7]* where, (pq) is a symbol denoting the distance 
between. the two elements p and q of a metric space. Functions may be defined 
on metric spaces, and their theory is in many respects similar to the usual 
theory.t The functions used here’ will be defined on subsets of XXY and, 
will have real numbers as functional values. The necessary and sufficient 
condition that such a function be of class a is that the set at which the function 
is greater than (and smaller than) any real number is an Oa. A point (#, ¥) 
is a y-discontinuity of a function if y is a discontinuity of f(z, y) It i 
gs that a; function is defined guia on | some closed subset of X X Y. 


. * For definition of terms concer ning ‘metric spaces see Hausdorff, M RIE EBT 
(1927). 
+ See Kuratowski, Fundamenta M athematicaie, vol. 17, p. 275. ' 
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Lemma 2.. If f(a, y) is any function in the Baire classification defined 
on a closed subset E of X X Y, the set D, of points at which f(x,y) has a 
y-discontinuity greater than or equal io r (any positive real number) is an 
analytic set with closed vertical sections.* | re 


Let g(a, ¥, y) == = | f(x,y) —f(#,4.)| where g is defined on all poińts 
(£, Y, Y1) of (X X Y) X Y which aze such that (s, y) and (z, yı) are in H.+ 
The range of definition ôf the function g is therefore a closed set. Let Fm be 
the points of this closed set at whick g(a, Y, yı) is greater than r—1/m and 
let Ea be the points of this closed set at which (yy.)<=1/n. The: pro- 
jection of the'set Rm: Hy, on X X Y is an analytic set which will be denoted 
by Ban. The'set Bmn is the set of all points (s, y) such that there is:a point 
(x,y:) in E for which (yy) S 1/n and | f(2,y) —f(2,4:)| > r—1/m. 
If Bn = I] Ban, Bu is the set of all points (s, y) such that for any m, there 


is a point (2, y,) for which (y y1) = 1/n and | f(z, y) — f(z, y) | >r— 1/m. 
Therefore D, =. [| {| Bx, and Dris analytic. .The fact that Dr has closed vertical 


sections is demonstrated in the usual manner. 


Lemma 3. If f(a, y) is any function in the Baire classification defined 
on a closed subset E of X X Y, the set D at which f(x, yy has a PORAN 
is an analytic set. 

If en.is any sequence of positive numbers approaching zero, then D == 2 ZD 
which, in view of Lemma 2, completes the proof. 

The symbol ( T == 0) is used to denote all points of XX. y of the 
form (a, y). 

The following lemma’ contains a sharpened form of a statement made 
in§4. i 

LEMMA 4, If R is any analytic set included in a closed subset E of 
X X Y, the set A of points a in X such that (x = a) - R is nowhere dense imn 
(2 == a) ` -E isa CÀ. 

Let 0O: be an enumerable family of open sets in Y ‘such that any open 
set in Y is the sum of some combination of them. Such a family exists since 
Y is a metric separable space. For any ain A it is necessary, if-there is an O; 


* A vertical section pf a set consists of all. those points of the set which have a 
fixed “ abscissa,” 

t The function g (2, Y, Yı) can be shown to be in the Baire classification as follows: 
The functions f(a, y, y,) =f(#, y) and h{a,'y, y,) =f (æ, y,) are in the Baire. classis- 
fication on the space Æ X F, and therefore the absolute value of their difference is in 
the Baire classification on this set. The set on which g(a, y, y,) is defined is a closed’ 
subset of E X Y, and therefore g(a, y,y,) is in the Baire classification on this set also. 


` 
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‘such that a X O; tncludes a point of E, that there is an O; in O; such that 
a.X O; includes a point of # but includes no point of R. Let On; denote the 
collection of O,’s which lie in On», and let. A, and Ani denote the projections 
on*X of (X X On): E and (X X Oni) +H. The sets An and An are Pos. 
Let Bui be the projection on X of (X X Oni) -R; the set Bni is analytic. 
If a point a is in Ani — Bni, then a X Oni includes a point of F but does not 
include a point of R. Therefore if a point a is in A, = È (Ani — Bni) there 


is some On; such that a X On; includes a point of E bii not a point of R. 
Since Ani — Bn; is the complement of an analytic set, An is also the comple- 
ment of an analytic set. If a point a is in JJ An, there is, for every On such 


that a X On includes a point of #, an Oni (in On) which includes a point of # 
and does not include a point of R. It is seen that A = [J A, and therefore A 


is the complement of an analytic set. 


9.. It is assumed in this section that f(x,y) is defined on the rectangle 
aSr Sb, ce Sms Sd. The property of being integrable in the Riemann sense 
will be denoted by R. 


THEOREM 20. If f(x,y) is bounded and in the Baire classification, 
Tr(f) isa GA. | 


Using the notation of the proof of Lemma 3, f(#,y) will be integrable 
in the Riemann sense if and only if (x == 7@)-D has measure zero; this will 
be true if and only if (x == ë) - De, has measure zero for all n. Since vertical 
sections of D,, are closed it is possible to apply Theorem 9. It may be deduced 
from this theorem that the set of Z's for which (s == 2) - De, has measure zero 
is the complement of an analytic set. By multiplication it follows that the 
set of zs such that (s==2)-D has measure zero is the complement of an 
analytic set. This set is exactly Te(f) so that the theorem is proved. 

The example used in the proof of Theorems 16 and 19 might be used to 
-prove a similar theorem for the property R. à 


10. From this point on the function f(a, y) will be assumed to be ded 
in the entire plane. The property of being pointwise discontinuous will be 
indicated by PD. By definition f (Z, y) is point-wise discontinuous if and only 
if points of y-continuity are everywhere dense on (s = ï). The necessary and 
sufficient condition for this is that (s == %)-D,., be néwhere dense for all n, 
If f(x,y) is in the Baire classification it is possible to apply Lemma 4 where 
X X Y is now the Euclidean plane and the closed subset Æ in which De, lies 
is also the entire plane. According to this lemma the set of Zs for which 
(s = %)-D,, is nowhere dense in (e == #) is the complement of an analytic 
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set. By multiplication the set of #’s for which (z = Ë) - Pe is nowhere dense 
in (s == 2) for all n is the complement of an analytic set; this is exactly the 
set Tp zk f), so. that Theorem 21 may be stated. 


. THEOREM 21. If f(z,y) is in the Baire lssifetion, Ceol) is” the 
complement of an analytic set. y 


For this property also a theorem similar to Theorems 16 ang 19 -might 
be stated. 

The set of z’s such that f(z, J is continuous is also the complement of an 
analytic set. This. follows from the fact that this set is the eas ae of the 
projection of the set D. 

Let M genote the property of bing non-decreasing, 


THEOREM 22. Tf f(z, y) isa function in ue Barre . deao Ty P 
s aCA. 


_ Let A denote those points of (2, y, Y1) space for wich F es i > e Y) 
and let B denote the`points of this space for which y < yı. Since A and B 
are both Borel sets the projection,. W, of A-B on the (x,y) plane, is an 
analytic set. Let V be the projection of W on the z-axis. If v is in V there 
is some y such that (Z,y) is in W, and therefore there is some y, such that 
(2, y,41) isin A-B. This means that y < yı, and f(z, y) > f(z, Yı). It is 
seen that Ty (f) is the complement of V. Since V is analytic ra) is the 
complement of an analytic set. 

If f(x,y) is continuous, Ty(f) is closed; and if ‘ite. y) is aidas one, 
Ta (f) is a Gs- These facts follow as corollaries from the above method of proof. 


l THEOREM 23. If f(z, y) is in the Baire classification the set L of points 
(f, i) at which f(z, y) has a unique finite y- -limit is a OA. 


Let PER h, k) = | f(z, y +h} — f(z, y -+ k)| where the function is de- 
fined at all points (z, y, h, k) of four dimensional space. This function is of the 
same class as f(z, Y). elf em and òn are two sequences of positive numbers ap- 
proaching zero, let Am be the set of points (x, y, h, k) at which g(a, y, h, k) > en 
and let Hn be all points (z, y, h, k) such that O <|h| <in and O < |k | < br 
The set Bmn which is the projection on the (2, y) plane of Am: Hy is an. 
analytic set. If Bm =I Binn then Bn is the set of all points (z, y) for which 


g(x,y, h,k) > em for'some h and some k. where the absolute values of h and k 

may be made less than any preassigned n. A unique finite y-limit can. not 

exist at such points. The set of all points at which a unique finite y-limit fails 

to exist is the set B == X Bm. The set of points L at which a unique finite 
m i : 


Pon 
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y-limit does exist isthe complement of B and is therefore the complement of 
an analytic set., | = 

By projecting the set L and its complement on the z- axis. it is possible 
to obtain theorems concerning the set of 4s for which f(4, y) has a unique 
finite limit at some point, at no point, or at every point. A special result 


concerning L may be obtained when f(z, y) is of class one. 


Lemma 5. If g(x,y, h) is in the Baire classification, the set of points 
(2,9) for. which g (2, Y, h) has @ unique finite h-limit as h approaches zero 
is a CA. 


By the method, of the prooi of ienen 23, at can a shown i the 
set K of points (s, y, h) at which g(x, y, h). has a unique finite h-limit.is the 
complement of an analytic set. The section of K. by the plane h = 0 gives the 
set desired in the lemma. . 


- THEOREM 24. If f(z, i is in the Baire anes the set M of porinis 
(Z, a) at which this iat ada a unaque ade y-derivative 1s a CA. 


This faiciem if we assume it is 


equal to’ any constant value, fe 1, when h = 0, is’ definéd on all of three 
dimensional space, and is in‘ the Baire classification. By Lemmia 4, the set 
(4,9) at which g(a, y,) has a unique finite h-limit-as h approaches zero is 
the complement of an analytic set, and’ this is the set at which f(z, y) has a 
unique finite derivative. | 

By projecting the set M and its complement on the ©-axis it is Joi 
to obtain results concerning the set of Z’s for which f (2, y) has a unique finite 
y-derivative at every point, at no point, or at some point. 

In the proof of the next theorem use will be made of the space % of all 
closed point ‘sets on the y-axis: Elements of this space will be denoted by F. 
The property of being of the first class will me denoted by I. The z-and y- -axes 
will be denoted by’ X and Y. o 


THEOREM 25.. If f(x, y) is in the Baire classification, ry (f) ts æ CA. 


Let Q be all points (x, F, y) of the space (X X Ẹ) X Y for which-y is 
in F. The set Q is closed. The function. g(a, F, y)-is defined: everywhere on Q 
and is equal to f(z,y). In order. to'prove that this function is in -the 
Baire classification consider the function h(s, F, y) deftned on the whole of 
(X XF) XY and equal to f(z, y). The function h fs obviously in the Baire 
classification and therefore that part of it which is defined on Q is in the Baire 
classification. But that part of h which is on Q is the function g and therefore 
the function g is in the Baire classification. 
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If en is a sequence of positive numbers approaching» zero, let De, be the 
points of (X X F) X Y at which g(x, F, y) has y-discontinuities greater than 
or equal to en. The set De, is an analytic set lying in the set Q. From Lemma 4 
the set A» of points. (2, F) in (X X Ẹ) such that* (s = z, F =F) De is 
nowhere dense in (c=, FP = F) - Q, is the complement of. an analytic set. 
The set A = [J] An is the complemen: of an analytic set and it is the set of 


points (#, F) in X X % such that 7(4, F, y) is pointwise discontinuous. Let 
B be the projection on X of the complement of A in X X ¥. The set B is 
analytic. The complement of B, denoted by H, is the complement of ‘an 
analytic set. If Zis in H, then for every F, g(%,F,y) is pointwise dis- 
continuous in y; that is for every P, (4, y) is pointwise discontinuous on F. 
‘This is exactly the condition that f(Z,7) be of class one, and therefore 
T:(f) == H which completes the proof of the theorem.. 

This theorem contains Theorem 11 as a corollary, but it does not contain 
Theorem 12.. It would be interesting to know more concerning Te(f) where 
_a@ is the property of being of class « and @ is greater than one. If f(x,y) 


' is, a Baire function, Ta(f) is a projective set but it appears difficult to show 


‘that a given evaluation is the best possible. The example used in Theorem 16 
shows that the evaluation in Theorem 25 is the best possible. 

The remaining theorem treats a case different from the preceding ones 
in that the condition on f(a, y) is of a different nature. 


3 


THEOREM 26. If f(2,y) is pointwise discontinuous, CI'pp(f) is of the 
first category. 


If ē is in OTpp(f) there is some positive lee eg and some interval dj 
on the line z = Z, such that f (æ, y) has a discontinuity greater than ez at every 
point of the interval dz. Let Qna be the points of CI'py(f) for which the 
chosen ez is greater than 1/n. Suppose that CI'pp(f) is of the second category. 
Then there is an n such that Qn is of the second category. Let Dn be all the 
points of all the d3’sewhich are associated with the z’s in this set Qn. By 
Lemma 2 of my previously cited paper it follows that there is some open set 
in the plane in which Dn is everywhere dense; and the function f(s, y) can 
have no point of continuity in this open set. This contradicts the hypothesis 
and therefore the assumption that CTpp(f) was of the second category was 
wrong. e 
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'* (@ = 2%, F= F) denotes all points of (X X) X Y such that æ =@ and F = F. 


MATRIX DIFFERENTIAL ‘EQUATIONS.+ 


By Wiut1am M. WHYBURN. 


Sods of first order, linear, ordinary differential equations have been 
studied extensively through the use of matrix algebra. ji This algebra provides 
a simple notation for the differential systems and affords useful tools for work 
with the systems.’ Some recent work on non-linear systems of differential 
equations lead me to a linear system of the matrix form dY/(dr)+ A(a2)¥ - 
+ YA(z)==0, where Y, A, d¥/(dz) are square matrices of n-rows. This 
equation naturally leads one to study the more general matrix equation 


d¥ / (de) +S Ai(2)¥ Bi(z)= R(£). The present paper is designed to indi- 
{=l 


cate the essential relations between matrix equations of the above type and 
equations of the usual matrix form, namely, dU/(dr)+ A(z)U =—K(z). 
Analogous algebraic equations have been studied extensively by: a number of 
authors § and applications of this work have been made in quantum mechanics. 
The present paper includes some, applications to non-linear differential sys- 
tems. The notation and terminology of the paper are in agreement with Mac- 
Duffee’s recent treatment of matrices in Ergebnisse der M athematik, vol. 2, 
heft. 5. The work of the paper is confined to the real domain. 
Consider the differential system 


Qo AY /(de)+ $ Ai(a)¥ Bi(2)—R(z), 


where’ Y, R, Ai(z), Bi(x), are square matrices of n-rows. The elements of 
the coefficient matrices R(x), Ai(v), Bi(x), (@=1, 2,- - -, m), are Lebesgue 
integrable on X : a@Sa2Xb and a solution of a derana equation is 
understood to mean a matrix with absolutely continnoug elements that satisfies 
the differential equation almost everywhere on X. Let J, be the unit matrix 


{ Presented to the American Mathematical Society December 2, 1933. 

t Volterra, Memoria della. Societa Italiane delle Scienze, t. VI (1887) and t. XII 
(1899), developed the infinitesimal caleulus of matrices. H. F. Baker, Proceedings of 
the London Mathomaticai Society, vol. 34 (1902), pp. 347-360, and vol. 35 (1903), pp. 
333-378, used matrices extensively j^ a study of linear differential systems.’ See also 
an article by Birkhoff and Langer, Proceedings American Academy of Arts and Science, 
vol. 57 (1922), pp. 51-128, where other references to work along these lines are given. 

§ See -C. C. MacDuffee’s article in Ergebnisse der, Mathematik, Vol. 2, Heft 5, 
Springer, 1933, for references to this work, 
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of n-rows and let 0 represent the zero matrix of proper order when'it is used 
in an equation. The equation 


(2) d¥/ (de) + As(x)¥ Bs(z)=0 
is the homogeneous equation corresponding to (1). We define 

(3) dB / (de)— Bi(2)Z As(2)=0 

to be the adjoint E of equation (2). We form the equations 

(4) dd (aa) + [ÈB a) X Asla)] U= S(2) | 

5) sa (de)— V [> Bi? (x): X Ai(z)] =0, 


Where U, V, and S(x) are square matrices of n? rows. ‘The notation 
BP (2)- X Ai(2) means the direct product (or the left direct product) of 
B;T with A; The matrix S(z) is formed+ from R(x) by letting 
Sij = Tku, izn (4 7 = 1, 2,:°-+,.n*), where k Z0 is a whole number such 
that kn <t& (k -4+ 1)n. Equation (5) is the adjoint of the homogeneous 
equation corresponding to equation (4). 


.THuorem I. Let U(x) be any solution | of equation (4). There ‘cor- 
responds a solution Y(s) of equation (1) such that wij(@)= Yuur,twm, 
(i g=1,--:, w), where k=20 is a whole number such that kn <1 
S(k+1)n. Conversely, if F (x) 48 any solution of (1), the matric U(x) 
defined in the above manner is a sorution of equation (4). 


Proof. Both parts of the theorem follow immediately from an examina- 
tion of the equations satisfied by U(x) and Y (x). We observe that a solution 
matrix U(x) of equation (4) has its columns alike. 

An examination of equations <3) and (5) -along with the observation 
that a solution matrix V (æ) of equation (5) has its rows alike yields 


‘ Turorem II. For each soluticn V(x) of (5), there corresponds a solu- 
tion Z (x) of (8) such that vj; (e) = Zang (T), (i 7 = 1, 2, > +, nè), where 


_t We denote the element of the i-th row and j-th column of any matrix by the corre- 
sponding small letter with subseript ij. This is further indicated by the fact that in 
the equations specifying the quantities s, uw; (2), Vii (æ), the suffix j does not occur 
on the right hand side. 

t U, V, and 8 represent degenerate matrices in that they either have their columns 
alike or else their rows are alike. l 


ij? 
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k= 0 is a whole number such that kn < i& (k 41)n. Conversely, if Z (2) 
is any solution of 18); the matriz V (s) Pe m the above manner is a 
solution of (5). 


Fundamental Existence theorems and many properties of the solution 
functions for systems (1) and (3) follow directly from well-known theorems 
concerning systems.(4) and (5) when Theorems I and II are taken’ into 
account. We show by ‘direct substitution that if Y is a solution matrix for 
equation (2° |then cY is also a solution of that equation, where c is an arbi- 
trary constd..t. However, it does not follow that the product of a constant 
‘matrix by a solution of (2) yields a solution of that equation. It 1s well- 
known that there exists a matrix U* of solutions of thé homogeneous equation 
corresponding to (4) such that d(U*) 0 on X dnd such that the ‘general 
solution of this homogeneous equation may be éxpressed in the form U = U* C, 
where C is a constant matrix and ad(U*) means the n?-rowed deomn of 
U* [the matrix U* is composed of n? i aR of the equation]. It 
follows at once that there exist n? solutions F, - nm? of (2) such that it 
Y* isa ae solution of (1) and Y is the oon pave of (1), then 


F(x) = ¥* (a) +- Sar, (2), where Gie + On? are arbitrary (scalar) 
constants, | a oe 

We note that the special case m = 1, A, (£) = A(z) , Bi(t) = I, allows 
system (1) to break up into n systems (identical in form) of the type 
dY/(dx) +-A(z)¥ = R(x). In this case; system (3) breaks up into n 
systems each of which has the form dZ/(dx)— ZA(x)==0 and the adjoint 
relationship is consistent with the usual form of this relation. ‘However, it 
is important to observe that the linear system remains of order n? and that a 
single equation dY/(dr)+ A(x)Y== R(x) cannot properly be regarded as 
completely equivalent to the original equation. This indicates that the matrix 
forms dY/(dz)+ A(2)¥ == R(x) might be regarded as degenerate cases of 
the symmetric matrix equation (1) [despite the fact, 4s shown in Theorem I, 
that equation (1) may- be regarded as equivalent in a sense to an equation 
of the form dY/(dz)+ 4 Y =R]. This degeneracy offers a good explana- 
tion of the vector character of the matrices Y and R that occur in 
adY /(dx)-+ AY =R. 


THEOREM III. Let Y (2) ha Z ai respectively, be any solutions of (2) 
and (3). There exists a constant c such that > RE (z); (2)=c for all 


von X. -This may also be stated by saying that the sum of the main + diagonal 
elements of YZ is constant on X. . 


i 
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Proof. Let U and V be the sclutions of (4) and- (5%, respectively, that 

correspond under Theorems I and II to Y and Z. Direct computation from 
(4) and (5) shows that d(VU) /(dz)==0 on X. Integration of this equation 
yields VU = C, a constant matrix, and interpretation of this result in terms 
of Y and Z yields Theorem III. This theorem may be proved without using — 
(4) and (5) if one makes use of the component equations for (2) and (3). 
This proof, however, 18 stightly. more complicated in detail. 
_ We shall not pursue the study of equation (1) further although ‘many 
interesting questions present themselves for investigation. For example, the 
distribution of the roots of d(Y) on the interval X is of interest. An exami- - 
nation of the equation dY/(dx) — AYA = 0, where all of the elements of A 
are equal to unity, shows that it has a family of solutions such that d(Y ) has 
exactly one root on the real axis. Cther examples may be given to emphasize 
the fact that the non-vanishing of c(Y) at one point fails to insure its non- 
vanishing at other points of an interval (contrasting the. well-known result 
for systems of the type dY / (dx) + AY ==()). We conclude the paper with 
some theorems which make use of systems of type (1) in a study of non- 
linear differential systems. 


THEOREM IV. Let Yi, >, Yna be solutions of the Riccati type + non- 
linear differential system | 


(6) g “aY/ (dx) + YY =R(s), 


where R(x), Y, and dY/(d«) are square matrices of n-rows and where the 
elements of k(x) -are Lebesgue integrable on X : aS eS b. If d(¥i—Y;) 
0 on X, (i, j=1,---, n? +3), (154 j), there exist constants c(i, j, k) 
, such that . p 2 


(7) $. C(t, j, ee E [¥i— Yn] = 0, (J, k= 1, - -, n? + 3), 
(ijzkzi) i A 


hold as identities on X “ind at least one of the constants elt, f, t) in each equa- 
tion of (7) is dif erent from zero. 


Proof. Let V; = Y; — Y., (t4), hence Y: = Y; + Va, and substi- 
tute Y; into equation (6). When use is made of the fact that Y; and Y; 
are solutions of (6), ït is found that VF, satisfies 
(8) (dVi)/(de) + Va¥ + Fi Vi + ViVi = 0 


«4 


f See a paper of the author’s in part 2 of the Commemoration Volume of the 
Tóhoku Mathematical Journal, vol. 38 (1983), pp. 447-450, concerning this equation. 
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while U; == V,/, the inverse of Vi, satisfies the equation 

(9) (dU;)/(dx)— Yj0,— UiY;—In =0. 

The matrix Wiz = U; — Ux is a solution of the equation . 

(10) . dW/(d«)—-Y; W—WY;—0. 

Equations (9) and (10) are of type (1). For ii. 4 ona k, Wala), 
(t= 1, 2,- -, W+3), (0547546), gives n? -+1 solutions of (11). It 
follows from Theorem I and the remarks that follow Theorem II that there 


exist constants c(i, 7, k), not all of which are zero, such that 


"743 


(11) : 2 cli, j, k) Win = 0 on X. ot 

p (igeizeh) : 

We observe that Wai Ups IEEE E = — Vil [In = ViVi] 
ae Vel a ee Fa —¥;]! [Yn — FiJ[Fs — Y;}. If this final value 


of Wix is substituted into (11) and the resulting equation multiplied on the 
right by — [Y — Y;], equation (7) is obtained. The theorem follows when 
j and k are allowed to take on all possible values such that 14 7 s£ kb 541, 


CoroLLARY I. If Yi, Yo, +t, Yue, are solutions of (6) such that 
a(Y; jag ji) 0 on X and of F is the ee: anit of (6), then 


age Y;]? pene. el¥i— Yi]! [Yı — Yu], 
(ise igéhezet) 
where 1," ° `, Ca, are arbitrary constants and j and k are fixed indices. 


_ Corórrary II. The case n= 1 in Theorem IV and Corollary I yields a 
well-known theorem concerning the anharmonic ratio of four solutions of the 
Riccati type diferential equation. : 


THEOREM V. If equation (6) has a nn re such that each element 
of Y* is an even function of x, thus Y* (x#)+= Y*(— a), and tf Yi, Yo, ee Ya; 
are any four solutions of (6) such that d(¥,— ¥*) 70, (@=—1,:°-,4), 
then the matrices Wij(x) = [Yi.—Y¥*}!— [¥,;—Y*]! = [F; — yay 
X [FY; — FY: ][Y; — ¥*]! have the property that the sum of the main diagonal 
elements of Wi;(x)Wre(— 2) is constant on X, (4, j h, k = 1,: >+ ,4). 


Proof. An examination of the, proof of Theorem IV shows that Wi; (£) 
is a solution of the equation 


f See Ince, Ordinary Differential Equations, London (1927), page 24. 
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(12) dW/(de)—Y*w--WY*—0 > 

while Vi; (2) == Wi;(— z) satisfies the equation 

(13) dV /(de) +} V¥* + Y*V=0. f 


A comparison of equations (12) and (13) with equations (2) and (3) shows 
that: these equations are adjoints. An application of Theorem III yields 
Theorem y, Í 


E VI. If equation (E) has a solution ¥*(x) such that each 
element of Y* is an odd function of x, thus Y*(«)==— Y*(—2), and if 
Y¥,(2) and Y2(x) are any two solutions of (6) such that d(¥,—Y*)< 0, 
d(¥,— Y*)=40 on X, then the matric W (£)= [Y, —Y*]'?—[¥.—Y*]? 
= [¥,—Y*]/[¥.—Y,] [V2—Y*]? is such that W (z)=W(— rz) on X. 


Proof. The matrices W(x) and V(c)==W(—2) aay the equation 
(14) E dU /(de)— ¥*U —UY* = 0. 


Furthermore, W(0)—V(0) and equation (14) has a unique solution: which 
takes on the initial values U(0\== W(0). It follows from this that 
W (¢)s= V(c)== W(— 2) on X. 

The special cases of Theorems V and VI where n = 1 are of interest since 
equation (6) then becomes the generalized Riccati equation (after this equa- 
tion has been subjected to suitable changes of the independent and dependent 
variables). Interesting examples can be constructed by building the Riccati 
differential equations satisfied by specific even or odd functions and applying 
Theorems V and VI to these. l 

In conclusion, it may be stated that the present paper malaise the point 
of view that the algebraic form of a differential system is important and that 
canonical forms for the system are not always desirable or obtainable.t+ 


o 
THE UNIVERSITY OF CALIFORNIA AT LOs ANGELES. 


+ This point of view was definitely stated by Ritt on page iii of the introduction 
to his Colloquium lectures (American Bz ee neers: ee ae A UBUNGOONS 
vol. XIV, New York, -1932). . nTa 


SOLUTION OF f(x, Pepe ix = as g(x, ” 5 "= _.9 IN'A NEIGHBORHOOD 
OF A jaunt POINT. 
By H. H. ALDEN. 


I. The problem of solving ĝz/ðs + F(x, y)ðz/ðy == 0, where the real 
function F(z, y) is continuous and has a continuous partial derivative with 
vespect to y in an open region R, is equivalent to the problem of finding an 
integral * of dy/dsz = F(s, y) having partial derivatives with respect to x 
and y. This problem is treated in the small in standard books on differential 
equations, and Kamkeé 7 has shown that in any simply connected open sub- 
region F’ of R having no boundary points in common with the boundary of 
i, there exists an integral. 

The equation 


(1) f(a, 9) 02/0 + g(a, y)ðz/ðy =0, 


where f and g are real functions which are continuous and have continuous 
partial derivatives with respect to and y in an open region Æ can be sclved 
in a neighborhood of a point («, 8) of R if f(a, 8) and g(a, 8) are not both 
zero, since the equation can then be put into one of the forms 


4 169) ig, ott y tee) be | 
flay) wy ° sae 


in a neighborhood of (a, 8). In Picard’s Traité d’Analyse, vol. III, pp. 1-12, 
there is discussed the existence of solutions of (1) under the hypothesis that 
f and g are analytic functions of the complex variables v and y in a neigh- 
borhood of a point («, 8) at which f(a, 8) — g(a, B) 0. Under this 
hypothesis, letting f(z, y) dio G. + dni(y—B)-+:-: and g(x,y) 
== bio(t@— a) + boi(y—f) ++ °°, and letting A,*and àz be the roots of 
(dro — A) (bor — A) — obio == 0, it is proved that. there exist two anelytic 
functions u;(v,y) and ue(a,y¥), both of which vanish for s = y == 0, such 
that in a deleted neighborhood of (a, 8), wi? .u.*/ is a solution of (1) if Ay 
and A, are distinct and if the line joining the complex numbers A, and às in 
the complex plane does not pass through the origin. * It will be noted that 








* An integral of this equation is a function z(w, y) which is constant along each . 
solution‘curve of dy/dx = F (w, y); the constant may vary from curve to- curve. 
+ Mathematische Annalen, vol, 99, p. 602. 
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these conditions are not satisfied. when fea, g=— 4, or when f =y, 
g == — z, although the equation 20z/dc — y0z/dy = 0 has the solution z == TY, 
and the equation yðz/ðx —- x0z/dy — 0 has the solution z = 2? +y’. 

` In this paper we propose to discuss undèr the TOVE conditions the 
existence of solutions of (1) over (c, B): 


' (a) f(x,y) and g (z, y) are raal functions which are continuous and 
have continuous first partial derivatives with respect to x and 3 y in an open 
region F; 

(b) .f and g vanish together at only one point (a, 8) of R; 

(c) by a solution of (1) shall be understood a continuous function 
2(z,y) which is constant in no c:rcle in R, and for which first partial 
derivatives exist and reduce (1) to an identity in x and y. 


We note that an integral of the system 
(2) da/dt = f(z, y), dy/at = g(a, y) 


which is a function of x and y alone is a’solution of (1) if it has partial 
derivatives, and conversely a solution of (1) is an integral of ( 2). We are 
therefore to consider the existence cf integrals of (2) in a neighborhood N 
of (a, 8), where by an integral we shall now understand a function J (x, y) 
satisfying the following conditions: 


(i) J is continuous and has partial derivatives with respect to © and y; 
(ii) J has the same value at all points of each orbit * of (2); the value 
may vary from orbit to orbit; 
(iii) J is not constant T any circle in N. 


From condition (a) above, we find that through each. point of R there 
passes one and only one orbit of (2), and the unique orbit through (a, 8) is 
x= &,.y = ß; i.e, the point itself. The orientation of the orbits about 
(a, 8) will largely determine wheth2r or not an integral of (2) exists in a 
neighborhood of that point. Supposs first that each of the orbits in a neigh- 
borhood N of (a, 8) ‘has (a, 8) as a limit point, as is the case when (4, 8) 
is a knot point or a spiral point of (2). Then no integral exists in N. For - 
suppose J (x,y) satisfies (i) and (ii). Since (a, 8) is a limit point of each 
orbit in N, J(@, 8) is the limit of values of J (x, y) for (z, y) on any orbit 
in N, according to (i); Hence on eazh orbit in N, J (x, y) = J («, B), accord- 
ing to (ii), and hence in N, J (£, y) =v (a, B), whence condition (iii) is not 
satisfied. 


* An orbit of (2) is the projection on the a, y plane of & solution curve of (2) in 
t, x, y space. 
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Suppose next that among the orbits there is a sequence of closed curves _ 
converging to («, 8), each being interior to the area bounded by the pre- 
ceding one, and suppose that in the area between any two consecutive closed ` 
curses of the sequence the orbits are spirals asymptotic to the closed curves. 
Then no integral exists in any neighborhood of («, 8). For suppose J (z, y) 
satisfies conditions (i) and (ii) in N, a neighborhood of (a, 8). Let Oz be a 
closed orbit entirely in N, and let 7 be the value of (x,y) on Ox Then also” 
J (z, y) = j for (x,y) on a spiral asymptotic to Oz, and hence J (s, y) == 
‘mn the entire area bounded by Ox and Oxs1y Whence condition (iii) is e 
` satisfied. 


Il. Two simple orientations remain to be discussed; namely, that in 
which all the orbits are closed curves with (a, 8) interior to the area bounded 
by each, and that in which the orbits form a saddle. We shall prove here that 
if all the orbits are closed, and if A denotes a subregion of & bounded by one 
of the closed orbits, then there exists an integral in'all of A. Without loss of 
generality we may assume that the point (a, 8) is the origin. Let r(a, y) be 
the greatest lower bound of (2 -+ 9?) for all points (4, 9) on the orbit 
through (#,y); i.e. let v be the least distance from the origin to the orbit 
through (s, y). Now r itself is not a solution of (1), for in the case where 
f =y and g =—z, the orbits are circles and r is (a? + y*)*, so that the 
surface z==r(a,y) is a cone with its vertex at the origin, and hence the 
partial derivatives of r(z,y) do not exist at the origin. We shall prove, 
however, that 7? is an integral J (x,y) satisfying the three prescribed con- 
ditions. That this is a function of v and y is apparent from the fact that 
through every point (z, y) of A there passes an orbit entirely in A, and this 
orbit has a least distance from the origin. It is also evident that for each 
orbit of A, J(z,y) has the same value at all points (#,y) of the orbit. 
Hence condition (ii) is satisfied. . ! 

Also condition (ili) is satisfied. For take any circle pin A, with center 
(21, 41), and let (22, Y2) be any point in p within the orbit O; through (2, Y1). 
Then the orbit O. through (#2, 42) is within O,. Since O, is a closed point 
set, there is at least one point p, on O; such that the line op, joining the. 
origin ‘0 to px is of length rı, where r, is the least distance from the origin 
to Ox. Now Os cuts op; in a point Pa, and hence op. <1. Also, ra, the least 
distance fromthe origin to Os, satisfies the inequality T2 = 0p2 Hence 
Ta < Tı, and condition (iii) is satisfied, since every circle. P in A contains two 
points for which J has different values. We have now only to show that 
J (2, y) is continuous and has partial derivatives with respect to s and y in A. 


IHI. J(a#,y) is continuous. At the origin, r= 0, and for a point (2, y) 
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other than the origin. we have 0<rX|a2|-+|y-|; whence lim 7? = 
24-7050 


Hence at the origin we have continuity. Consider next J (x,y) at a point 
(T Yı) in A, other than the origin. Let O, be the orbit through this point, 
and let rı be the least distance from the origin to Oi. Let {(an, yn) i? 
n == 2,3,: - - be any sequence whatever of points of A convergent to (21, 41) ; 
let On be the orbit through (an, yn), and let ra be the least distance from the 
origin to On. It is known that for every e > 0 there exists a 8 such that for 
every (x, y) satisfying | s — %1 | < 8: | y— Yı | < 8, it is true that within e of 
any point on O, there is a point on the orbit through (s, y), and within e of . 
any point on the orbit through (v, 4) there is a point on Oi. Let «> 0 be 
given, and let n be so large that | £n — T1 | < èe and | Yn — yı | < e Since 
there is a point on Q, whose distance from the origin is 7, we have that there 
1s a point on On whose distance dn from the origin satisfies | da — r | < e. 
Hence, from Ta = dn, we have 


(3) . tn — f €. 


Also there exists no point pn on On whose distance In from the origin satisfies 
ln <7,—e. For if d is the distance of any point whatever on O, from the 
origin, then 7, = d, whence 7; —e=d—e. Hence from ln < rı —e would 
follow ln < d—ge, so that there would be no point on O, within e of pn, which 
is false. Hence i, <2 rı — «e, where 1, is the distance of any point whatever 
on On from the origin. From, “his follows mn = rı — e, and this, with (3), 
gives |7,;—‘n | Se Since the sequence {(tn, Yn) } was any sequence what- 
ever in A converging to (21,4), it follows that J(2,y) is continuous at 
(2,41), and since (a1, Y1) was eny point of A other than the origin, J (x,y) 
is continuous throughout A. 


IV. At the origin, Ja and Jy exist and are zero. For Jz2(0,0) 
== lim +‘ (r/z). Now || is the distance from the origin to some point 
20 


on an orbit, and 7 is the least distance from the origin to the same orbit. 
Hence surely rS |v], whence lim r==0 and lim |[r/e7|=1. Therefore 
l x20 2-0 


lim r-(r/z) =0. Similarly J,(0,0) = 0. 
e->0 


' Considerable difficulty is‘encountered in proving that the partial deriva- 
tives of J (z, y) exist at points of A other than the origin. In the next eight 
sections of the paper we shall be concerned with establishing facts which when 
collected in section XIII will constitute a proof that Js (x, y) exists at every 
point (2; y) of A other thai the oe 


t ' 
¥ 
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V.. Consider dhe: differential equations 
(4) | af dr ——4(29), dy/dr = f (z, y). 


These have an orbit eres each point of A, and have the origin for their 
only singular point. At all other points their orbits are perpendicular to the 
orbits of (2) through those points. We shall continue to speak of the orbits 
of (2) as'orbits, and shall call the orbits of (4) trajectories. Let the orbits 
be given by 
i T = h(t, Los Yo), ` y = Y(t, Lo; Yo) 

©) = AE DR a ee 

i To (0, To, Yo); Yo y (0, Lo; Yo) 


and- let the trajectories be given by 


(6) . T == À (T, To Yo)» y =b (7; To, Yo) | 
` Zo = À (0, Lo; Yo)» yo = 6(0, Tos Yo). 


Then the functions ¢, y, A, and @ are continuous and have anua partial 
derivatives with respect to each of their arguments for (£6, Yo) and (m,y) 
and the are of the orbit or trajectory joining them in A. In particular ¢ 
and y have this property for (a, yo).in A, and — œ <t < + œ. 

Suppose an are C of a trajectory lies entirely in A. Then C cuts no orbit 
in more than one point. For suppose an orbit O is cut by C in at least two 
points P, and. Pe. Letz, and 2 Yo in (6) be the codrdinates of Pı, ‘so that 
(6) with 7 = 0-give the point P,, and let P, be given by (6) with t = 72. 
Without loss of generality we may assume rs > 0, for if ra < 0, an interchange 
of the subscripts of P, and P: renders the statement true. Now let rs be the 
least positive value of r for which equations (6) give a point on.O, and let 
this point be called P}. Then at one of the points P, and Ps, C enters the 
area bounded by O with increasing r, and at the other of these points C 


emerges from this area with increasing 7. We shall show this to be impossible. | 


Let S, be the set of points on O such that the trajegory through each point 
of S, enters the area bounded by O with increasing r, and let S2 be the set of 
. points on O such that the trajectory through each point of S> emerges trom 
this area with increasing r. Since neither S, nor 8; is empty, and every point 
of O is in either S, or 8z, there must be at least one point Q on O such that 


in every neighborhood of Q there are points of Sı and points of Sa. From 


the continuity of f and g it follows that both f and g must be zero at Q. .This 
‘is not true however, ‘since f and g both vanish only.at the origin, and Q is not 
‘the origin. Hence we have a contradiction, and hence C: cuts no orbit i in more 
than one point. 


~~ 


aw 
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Suppose next that C is a trajectory which has a point (zo, yo) in A. 
Then Č cuts each orbit in A except tne origin. For let Oo be the orbit through 
(Zo, Yo), and let ro be the least distance of Os from the origin, and let r be the 
greatest lower bound of the least distances between the origin and the orbits ` 
which C cuts. Since C cuts O., it cuts some of the orbits within Oo, and 
hence r < ra and every orbit for. which the least distance r-from the origin 
satisfies r < = fo is cug exactly orce by O. If we can show r= 0, we will 
have proved that every orbit within O, is cut just once. Suppose r > 0. 
Then we need only show that C cuts the orbit O, for which the least distance 
from the origin is r, for if it cuts Gr, it cuts orbits within Or, which contra- * 
dicts the definition of r. Now C has at least one limit point on O,, for it cuts 
every orbit between Oo and Or once and only once, and does not cut Or by 


. assumption. If P, is the only limit point which C has on Or, then P, is a 


singular point of (4); this is not true since the origin is the only ‘singular 
point of (4), and the origin is not on Or. Hence C must have at least two 
limit points P, and Pz on O+. On each of the two arcs of Or having P, and 
P+» for end points, select a point between P, and Ps. Let these two points be 
called P and P, and let the trajectory through P and that through P be con- - 
structed. Each cuts all the orbits in a neighborhood of O,.. Hence in order 
to pass from a neighborhood of P, to a neighborhood of Pa, C must cut one 
of these trajectories through’ P or P. But if C has a point on a trajectory, 
it coincides with that trajectory, and hence it cuts O,. 

Similarly it is proved that C ects all the orbits of A outside of Oo. We 
shall now be free in what follows to speak of the point in which a trajectory 
cuts an orbit, for we have shown thet oe trajectory in A cuts each orbit in 


. A once and only once. 


VI. Consider the functions l 
(7) B= p(t, A(7, a b), Ofr, a b)), y = y(t, A (r, a, b), Olr, a,b) ) 


where {a, b) is a point P.of A other than thè origin. According to A and. . 
(6), for 7 = 0 and ¢ variable the rigat members of (7) give the orbit through 
P. and for ¢==0 and + variable they give the trajectory through P. Fords | 


‘fixed and ¢ variable they give the orbit through a point Q whose codrdinates 
` are [A(r, a, b), 0(7, a,b) ], whence @ is a point on the trajectory through P. 


We shall need to examine the right members of (7) with ¢ fixed, say at t, 
and r variable. For = 0 we get a point § on the orbit through P. Hence 
for |7 | small, since the functions are continuous, we get points near 5. We 
shall show that we get a continuous are.with a.continuously turning ‘tangent. 
Let Q be a point variable with 7, ootained as above by setting t = 0, T =r 


~ 
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in the right members of fe ), and let T be the point given by zetting t= ty 
z =r in (7). For simplicity we shall write $.,(Q, T) for ds,(ti, Zos Yo) with 
To and Yo replaced by A(r, a,b) and 8(7, a, b)'respectively after the differen- 
tiation; similar a aa of the other symbols appeanny are: readily 
tade.” 

Now we have; by differentiating (7) with respect to 7, 


(8) ôz/ðr = — paol Q, T)g(Q) + du(Q; L)F(Q), 
| dy/Or = — Ya QP) g) + Yul, TIF 


` The right members of (8) are continuous functions of 7, and they do not 
yanish together, for if both were zero, the equations 


(9) tzl, T)É + bu(Q, T)n = 0 
Yal, T)E + Yuh, T)n = 0 


. would have a solution (E£ n) = (— g(Q@),f(Q)). Now 


Pal T) dn(Q,T) 
¥o(Q,T) | Yao; T) 


since it is'the determinant of a fundamental set of solutions of the equations 
of variation for the orbit through Q.t . Hence the only solution of (9) is 
(é n) = (0,0). But f and g do not both vanish at Q, since they vanish 
together only, at the origin, and Q is not the origin. Hence (0z/0r)* - 
+ (8y/dr)? > 0, and the equations (7) with ¢ fixed and r variable give a 

. continuous curve with a continuously turning tangent. 
Let a be the angle made by the curve given by (7) with t fixed at tı and 

T variable, with a parallel to the v axis. ‘Then we have 


(10) ` | ae i ' 


COs p= i 
i ` —pn (P, 8) g(P) due Ps 9)F(P) 
[ (—a,(P, jg) ten(P, CUE eke 8) g(P) Fin (P, DP YT 


sin p= 


0 


-Ya (P, 8) g(P) ho P; DP) 


[ (bs (P, 8) g (P) +ou (P, S)F(P))?-+ Wee (P; 8) 9 (P) HY (P; S)F(P)) T 


* This Poi is not entirely satisfactory, for: Py (9, T) might also be inter- 
preted as ¢, bbns gr Vo) where t, is another value of t having all the properties we have © 
demanded of be To be definite therefore let us assume that t is the least positive value 
of ¢ for hin: (t, a, b) and w(t, a, b) are the codrdinates si S. Obviously there is a 
least such value. With the adoption of this convention ¢, (Q, T) becomes a well defined 
quantity. The only exception to the convention will be “made in section XI, where 4 
quantity ¢, analogous to the above t, is explicitly defined in another way. 

+ See Moulton, Differential Equations, pp. 234-238. 
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We observe that for each point Q on the trajectory through P there is 
exactly one point 7’ on the curve through S given by (7%) with ¢ fixed at tı 
and + variable, and that Q and T Le on the same orbit. Hence if O is any, 
orbit in A, and Q is the point in which the trajector y through P cuts O, there 
corresponds to Q exactly one point T on O in which the curve through 8 
under consideration cuts O; i.e., the curve through S cuts each orbit of A 
in one and only one point. We shall therefore be able to legitimately speak 
of the point in which an orbit of A is eut eby a curve of the type considered 
here. 


VII. Consider the trajectory PQ and the curve ST of the previous 
section. Let the length of PQ be an and let the length of ST be Ac. We ` 
now prove that as Q approaches P along the trajectory through P, and T 
approaches § along the curve through S and T, with Q and T always on the 
same orbit, l 


. AC 
(11) lim 7 


An->0 


a Cees | - | aan | 
P(P)+9°(P) | | 


Let the coordinates of 8 be («, 8) aad those of T be (É, 7). Then 

= = olhs A(T, @, b), @(7, a, b)) — (tx, X(0, a,b), 4(0, a, b)) 
— B = y(t A(T, a, b), "i c,b)) — w(t, A(0, a, b), I a,b)). 

Hence by the theorem of the mean, 

E— a= [pa (P, S) (—g(P’)) + bul P’, 8’) f(P’)] «+ 

1— B= [Ya (P, 8”) (—g(P”)) + ynl P”, 9”) (PY) r 


where S’ and 8” are points on the given curve ST between S and T, and P’ 
and P” are points on the trajectory PQ between P and 7 Hence 


(4)  [(é— a) @—8)*1% 
aa KGE pe (P, S’)g(P’) sfe bu (P’, SFP) 
Fi peP E gP) F tol PS BFP 


(12) 


(18) 


‘Aiko i 
(15) m= f F (Alr, a,b), 6(r, a b)) +.g2(A(z, a b), fa a, pie 
TT =r [PP +g? (PP) 4, ji 
where P” is a point-on-the trajectory PQ between P-and o. Using the fact 


that for a curve with a continuously turning tangent, the limit of thé length 
of an are divided by the chord of oe arc is unity, we have 
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or, | —- B\2)% 
(16) Jim Ae’. [(é )? +. (n B) ] 
i n30 An An->0 . An 


Now as An — 0, 7—0, and hence P’, P”, P” > P, and 8’, 8S” > 8. Hente 
(14), (15), and (16) give (11). The right member of (11) is obviously a 
continuous function of the two points P and S on the same orbit. By the 
argument of section VI it is never zero, since P is not at the origin. Also, 
as Ac —> 0, An —> 0, since +> 0. Hence we may write 


Att 
CY) Mau i 


-=| P (P) + gP) | 
(tel P, 8) g (P) bul P; S)F(P) )?+ (bao P Sa) Fin, S)f(P))? 
. VIII. Let U be the point in which the trajectory through S cuts the 

orbit through Q, and let Al be the ae of the tr Oy SU. We now show 

(18) lim —.. 

_ —9 (8) (~pa, (P, 8) 0(P) +4, (P, S)F(P))+F(S) (Pa (PS) 9 (P) +¥y, (P: S)F(P)) 
{L (8) +9? GET za P S)G(P) toy P EFP (c n (P, Sjo (P) Fi, P, S)F(P))? 
Let v be the angle made by SU and ‘a.parallel to the v axis at S. Then.. 


—g (5) 


; A en eae AY RE 
CORTI 
ee - A8) 


As in the previous section, the ares may be replaced by. their chords, and since 
the angle 8 UT is a right angle, we have 


Al | 
lim ~~ == COS (u — v) = COS u COS v J sin p sin y, l 
i Aco Ac 


which, by (10) and (19), gives. (18). © : 
As Al—>0, +->0, whence Ac->0. Hence®jf we can show „that 
lim (Al/Ac) 50, we will have that lim (Ac/Al) exists and is finite, and 


equals the reciprocal of the right member of (18). Now we have . 

(20) | An/Al = (An/Ac) - (Ac/Al). ` . O 
Suppose that im (Al/Ac) = 0, so that i (Ac/AIY i is nih. From, (17) | 
we see, that lim ae =~ 0, since the ean member of (17) is the quotient 


of a positive pe and a finite denominator. Hence from (20) we 
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see that our assumption that lim (Al/Ac) =0 leads to the requirement 
. et 

lim (An/Al) = œ, and Him (Al/An) = 0, since as An—>0, r->0, and 

one Al— 0. However, “lim Sox ha 0, as we now prove. Let. (a, 8) 


be the codrdinates of 8, ind: (a, b) those of P. Since P is on the orbit . 
through S, and since this orbit is given by z= $(t,4,8), yy w(t, %, B), 
Where a= (0,4, 8) and 8 =y(0,« B) we have that for some ¢, say tə 

a = $ (ta &, B), and b = y (tz, &, B). Now consider the equations 


T = p (tz A(t, a, 8), 0 (T, a, B)) 


© (21) y = (te (1, % B), 6(7, @, B)). 


By section VI, these give a curve tarough P having a continuously turning 
tangent. Let Ak be the length of the arc of this curve from P to the orbit 
through U. Then Al/An = (Al/Ax) - (Ak/An). Also, as An—>0, r->0, 
whence Ak—>0. From the requirement jim. (Al/An) = Ù it follows that 


' either am (Al/Ak) ==( or a (Akan) ar Now dim (Al/Ak) = 0, 
by a eae: analogous to the ee -n section VII that lim (An/Ae) exists 


and is not zero. Also, by the method. of deducing citi T18), we have 


TCA 


Hm Ak 
Ano ÀN 


{P EEP) H —b 94S, P) 9 (8) Hoyt PIES) (Vag (Ss P)g (8) +p (8, P)#(8) 41 
IP) (4,418 Pyg (8) +4, (8, PIRI FFP) (9, (S, PIGS) FU, O, PYF 


The denominator of this expression is finite, and the numerator is not Zero, 
` for the first bracket of the numerato? is positive since P is not at the origin, 
and the second bracket is not zero by the argument of section VI. Hence 
the requirement lim (Al/ An) =0 is not satisfied, so the assumption 


lim {Al/Ac) = 0 is “tale, whence lim (Ac/AĻ) exists and is finite and is 


nae by 
(22) lim 2. j . 
; Al—0 Al ' 


{IP (S) +9 (8) 19n (P, 8) 9(P) +4, (P, 8)F(P)) 2+ (=y, (P, S) (P) HP, (P, SIHP) 21} 
= 9 (8) (br (P: 8) 9(P) Eoy (P SIF) ) EF) (a lP, S) gP) Hey (Ps S)f(P)) 


In carrying through the above proof we have Sie the interesting 


fact that lim (Al/An) exists and.is different from zero. This is analogous 
An-90 - ' 


to the property ĝy (x, a, b) /0b 0 of a solution y (z, a, b), where b= y(a, a,b), 
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of the equation dyAdy = F (x, y), where F is continuous and has a continuous 
partial,derivative with respect to y. 


IX. Let Aa be the distance along a parallel to the æ axis from 8 to the 


ee through Q. ‘Then 


: Al —g(§) l 
aa te POHO * 


since the limit is the cosine of the angle between the trajectory through S 


* and a line as 1 the v axis at S. 


AX. Let O be a fixed orbit other than the singular point, and let r be its 
least distance from the origin o. There is at least one point g on O such that 


. the distance Jg from the origin to g is equal to r.` Let X be the set of points 


on O such that the distance of each from the origin is r. Since g is in X, the 
set X is not empty. Now consider any sequence of orbits {On} converging to 
O; let tn be the least distance from the origin to On, and let Z» be the set of 


points on O, such that the distance of each point from the origin is fa. No ` 


“set Xn is empty. Hence within every e neighborhood of O there is an infinite 
number of points on sets Sn, and therefore there is at least one point on 
O which is a limit point of the points of the sets Sn. For suppose the points 


cf the sets 3, had no limit point on O. Then about each point ¢ of O 


there would exist-an open set N: containing ¢ but containing no points of 
the sets In. Since O is a closed point set, by the Borel covering theorem 
there exist a finite number of points Eu, En **, ém on O such that the set 
Ne, +. Ny, +: side Ne, covers O. Let M be the complementary sèt of 
Ne, + Ne, 4- n Ngm. Then M is closed and has no points in common 
with O. Let h be the greatest lower bound of distances between pairs of 
points taken so that one point ¢ of each pair is on O, and the other point z 
is in M. Then since O and M are closed, there exists a pair of points £ cn O 
and Žž in M such that the distance between £ and Z is}. Hence h > 0, for if 


h = 0, then ¢ and % coincide, which is impossible since M and O have no 


points in common. Letting «== 4/2, we see that the assumption that O 
contains no limit points of points of the sets %», gives the existence of an e 
neighborhood of O which contains no points of the sets 3,, which is impos- 
sible since the orbits {0n} converge to O. Hence there is at least one point 
on O which is a limit point of points of the sets Sn. Let o be the set of points 
p'on O such that to each point p of o there corresponds a sequence {0P } 
of orbits converging to O,.such that p-is a limit point of points of the 
corresponding sets Xn P. | 
10 


+ 


604 H. H. ALDEN. 


_ We assert that o is contained in 3. For suppose that + is a point in o 
but not in 3. Ther the distance from the origin to r is = r -+ 8, where è is 
sufficiently small but positive. Since the distance of points from the origin 
varies continuously along the orbit, there exists an arc s on O, containing r, 
and such that every ‘point.iof s is distant at least r-+ 8/2 from the origin. 
Since {0a} converges to O, for every § > 0 there.exists an integer Ns such 
that for n > Na the distances from the origin of all points cn arcs sn of On” 
converging to s are at least equal to r+ 8/4. On the other hand, since ` 
Ta —> r by section IIT, we have that ~ is not a limit point of points of the sets. 
=,™. 'This is a contradiction, anë hence o is contained in 3; i.e., every ` 
point which is a limit, point of points of least distance on orbits i is a point of 
least distance on the orbit on which it lies. 


XI. Let P be a point ofe on an orbit O, and let (On? } be a sequence 
of orbits converging to O, such that P is a limit point of points of the sets 
x. Let Qs be the point in which the trajectory through P cuts the ‘orbit 
O; P), and let nee be the length of the are PQ: of the trajectory. Let Ar, be. 
. the difference of the least distances from the origin of O;% and O; i.e., let 
Ar, = Tp P? — r. We shall prove lim (Afp / Anp) = 1. 1 

-0 - 


To prove this we shall first need another relation. Draw circles about 
the origin as center, with radii r ard r -+ Am. The former is tangent to O 
at P, and the latter is tangent to OP’ at a point My, which is such that the 
sequence {M;} converges to P. Construct the trajectory through Mx, and let 
Ns be the point.in which it cuts O. Let Amy be,the length of the arc MN; 
of the trajectory. Then — 


(24) lim (Ae /Ang) == ], 


For let the codrdinates of My be (az, bx), so that the ieee of the 
orbit through M, and Qa are x == (t,o, bx), y == Ņ (t, ax, be), where 
ar = (0, ax, br) and by = y (0, ae, bz). Let the coördinates of Qy be (ox, Br), 
and let || be* theeleast value of |¢| for which ar = ¢(t, ax, bx) and 
Br = y (t, a, br). Consider the functions 


= (tx, A(T, Ax, bx) , O(n, On, bx) ) 
y = Y (tr, A(T, ax, be), OCT, Ax, bx) ) 
with v variable. They are the equations of a curve with a continuously turning 
tangent, by section VI, and the curva passes through Qr. Let Rẹ be the point 
in which this curve cuts the orbit through P, and let Ade be the length of the 
arc QyRy, of the curve. Then by the method of section VII we have _ 


(25) 


* See first footnote on page 599. 
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~~ 
t 


aay. Amn . 
(26) Ad, - 


=| Snare DIA bul Oe) FCA) 

+ (You (Mn Ye) 9 (HL t) Hin (Mx 

where Ms and. M”% are points on the arc of the trajectory M:Nx, and Qk is 
a point on the arc of the curve Qx. By hypothesis Mẹ —> P as k—> œ. 
‘Hence Mr, Ux, Ox, Qz > P as k— œ, and by the choice of tr, Jim by = 0. 
_ From ‘the continuity of the right member of EMSS): we have 


PAHE) | ji 
)f (M's) )? 


OT lim 2% 
(27) lim Ad, 


‘ak PIP) +g? (P) = | 
T L(—$a(2; Pjg (P) Foun lP, PJIP) PE (ve. (P, Pg (P) HP, P)f(P)) 


Since æ (P, P) = 1, ¢y(P, P) =0, Ya (P, P) = 0, and yy,(P,P) =1, it 
follows that _ 


(28) lim (Amz/Adz) =ù, 
3 k-00 i 
Also, ' 
(29) lim (Ads/An,) = 1, ` 
k~->00 $ 


as can be seen by considering the sequence of curvilinear right triangles QP Er 
of which Ad; and An; are sides. From Am:/Any = (Ads/Anx)~ (Ama/Adr) 
and from (28) and (29), equation (24) follows. 

_In order to prove that itm (Ain,/Ans) = 1, we. shall first suppose that | 


every Ary is positive, then that ı Hea Ar, is negative. If the equality is proved 
-for each of these two cases, it is clear that the result is true in the general 
case. Suppose then first that Ar, > 0 for every k. From a ai it is obvious 
that Anz, = Ary, whence 


' (30) . lim EET 
, kero 
We shall also prove | ý 
(31) lim (Arg/An;) = 1. 


k->00 


‘Draw the chord M;.Nx, and, extend it to the circle of radius r. Let Amy be 
the length of the chord M:N, and let As; be the length of the chord from Mz 
to the circle of radius r. pow: Ami = As... Hence Ar, / Ame = Ary/ Asus 
and also 


An; A A 
m AM: lim = > tim SM — lim cos ys = 1, 
k 00 “7 me paon Bme. e Am; k> Amy ko A% E> 


Cad 
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where yx is the angle between As, and the radius to the tircle through My 
at Mz. In the above we have used the equalities lim, (Am:/Amz) =1 and 


lim cosy; == 1, both of which are crue because of ie uniform continujty 





"0 


of the slope functions of Am, and Ox” in a neighborhood of .P. From 
Ary, / Any, = (Ar,/Any,) > (Any, / Anu), and by the use of (24) and the last 
result, we have proved or But (30) and (31) together give, for every 
Ar, > 0, y i 
(32) ‘lim (Ar/An) = 1. 

` ->00 


For every Ars < 0, obviously — Am, = — Ars, so that lim (Ar./Amp) 
- k> 
< 1, and hence by (24) j 
(33): lim (Arz/An,) S 1. 
k-> 00 


Also, extend the trajectory PQ to the circle of radius r -+ Arts and let the 
length of the arc from P to the circle of radius r -+ Arm, te — Aug. Then 
—AUr Z — Any, and Aty/Any=Aty/ Aug, whence lim (Ar;/Ang) = lim (Arg/Atuy). 


k->00 k> 


Now lim (Ar;,/Auz).—= 1, as can be seen by considering the sequence of curvi- 
k->oo 


linear right triangles of which — Ar, and — Aur are sides. Hence we have 


(34) | lim Cee) a; 

k300 
and from (83) and (34) we see that (32) holds also for every Ar, < 0, and 
hence (82) is true for the general case where the Arps are not all of the 
same sign. | 


XII. Let P be the point of c on O as chosen in the last section, and 
let Q be the point in which the trajectory through P cuts a neighboring orbit. 
Let Ar be the difference between the least distances of the orbits through Q 
and P from the origin, awd let An be the length of the are PQ of the trajectory. 
We want now to show 
(35) tim (Ar/An) - ==]. 

In the previous section we have shown that a sequence of orbits converging 
to O can be so chosen that the limit of Ar/An evaluated on the orbits of this 
sequence is 1. Here however we are to prove that over every sequence of 
orbits whatever converging to O, equation (35) is true. Let y be any point 
of o other than P, and let {0} te a sequence of orbits converging to O, 
such that y is a limit point of points of the corresponding sets 34°”. Let Asy 
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be the length of the are of the ee through y between y and 0;‘”. 
“Let Anw be the length of the arc of the’trajectory through P between P and 
the same orbit Oz‘, and let Ary, be the difference between the least distances 
of fm and O from the origin. Then 


(36) eG Ary, / Any = (Ary/Asg) © (Asz/Ang). 
By section XI, lim (ATrk/Asr) = 1. By section VIII, lim (Asr/Ang) exists, 
for it was iee pes that, using the notation of Ti a o Pas (Al/An) 
e exists, where An — 0 in any manner whatsoever. Hence we ve that 

(37) lim: (Ar,/An,) = lim (As;/An,) == lim. (As/An), 

KOO ka i An-~>0 - 

where As is the length of the arc of the trajectory through y between y and 
a variable orbit, and An is the length of the arc of the trajectory through P 


between P and the same variable orbit. From | Ars] S | An; |, it follows | 
that lim (An /Ang) S 1, whence, by (87), 
k-20 


(38) lim (As/An) = 1. 
: , An-~>0 
In the same way, by interchanging y and P in the argument, we have 
(39) lim (As/An) = 1. 
An~>0 


From (88) and (89) we have 


(40) | lim (As/An) = 1, 
n0 : 
whence by oo ) we get > . 
(41) lim (Ary/An,) = 1. 
j k-00 


Suppose now that (35) were not true, Then there must be at least oné 
sequence of orbits {0z} converging to O, such that the limit of Ar/An taken 
over this sequence exists and is different from 1. Let T be a point of o on O 


such that a subsequence { Os T >} of the sequence {Ox} has T for a limit point 
of points of the corresponding sets 3,1. The value of iim (Ar/An) over 
n->0 


this subsequence is the same as the value over the whole sequence, and hence- 
is different from 1. However the argument of this section, with T replacing 
y, shows that over the subsequence the limit is 1. Heħce the assumption that 
.(35) is not true leads to a contradiction, whence (35) is proved. 


XIII. We are now prepared to prove that Je(æ, y) exists for (x,y) 
any point of A other than the origin. Let the point (a,y) be called S; 
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oE with the notation of sections VI, VII, IX, and XII, with P any 
, point of o on O, the orbit through 3, we write 


(42) Ar/As = (Ar/An) - (An/Ac) - (Ac/Al) (Al/Ac). 


By (23), as Ar—>0, Al>0; by (22), as Al—>0, Ac—>0;. by (17), as 
Ac->0, An->0; and by (35), as An->0, Ar->0. Hence, by (42) 


(43) lim (Ar/Az) = lim (Ar/An) - lim (An/Ac) : lim (Ac/Al) - lim (Al/Az), 
Ax->0 An-~>0 Ac-0 Al-0 Aa->0 
and by (35), (17), (22), and (23), this gives 


Ar 
(44) lim a 


Az0 


—g (8) (FUP) +9?(P))” 
— g (S) (—$a,(P, CEN? + dy(P, 8) F(P)) 
+ FCS) (— Yoo(P S)G(P) + ool P, s)f(P)) 


Hence we have evaluated lim (Ar/Aa). It is interesting to note that while 


the result apparently ira upon the choice of the point P in o on O, this 


of course is not the case. Fr the value obtained by using another point y . 


of o on O is given, using the notation of section XII, by taking limits in the 
equation 


Ar/Ag = (Ar/As) - (As/An) - (An/Ac) - (Ac/Al) - (Al/Ax) 
and since lim (As/An) = 1, by (40), we have lim (Ar/As) = lim (Ar/An) . 
90 30 n—0 


= 1 by (35), and hence substituting y for P in (44) leaves the value of the 
expression unchanged. 7 


XIV. Formula (44) gives im (Ar/Az) explicitly as a function of two 
2—>0 ' 


points P and S. Since P is determined (not necessarily uniquely) by S, the 
right member of (44) is essentially a function of S only; i. e., of 2 and y only. 
.We will now show that the right member of (44) is continuous at every point 
& of A other than the origin. Let “S,.} be any sequence whatever of points 
in A converging to S. Using the notation of section X, let on be the set of 
points on the orbit through . Sn of the type of c, and let Pa be any point 
whatever in on. By a proof analogous to that in section X, there is at least 
one point P in o on O, the orbit through S, which is a limit point of the 
points Pa. Hence P is the limit of a sequence of points {P,,} converging to 
P, where the sequence {Pm.} is a subsequence of the sequence {Px}. Let 
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{En} be the corresponding subsequence of the sequenċe {Sn}. At Sn, we have, 
by (44), 


(45) lim N 


» Ago 8. Ry 


= gi) (f2(Pm) + g’ (Pn) )* 
Ti g (En) (— Pao (Prys Sn) g (Pry) T pu (P nrs Sry) f (Phn r) ) 
Snr) (> Yeo (P nss Snr) 9 (Pars) F Puo Pns Su.) f (Prs) ) 


Since Sn, —> S and Pn,— P, and the right member of (44) is continuous 
when considered as a function of two independent points P and S or the 
same orbit, we get - 


; Ar 
hm flim — 
Sm 9S \Aro>0 AL 





) ssi Ar -| 

Sn, gs0 ÅT | 8. 

Suppose now that jim. (Ar/Az) is not continuous at some point S m. A 
i 20 


other than the origin. Then there exists a sequence of points {8,i:} converging 
to 8, such that the limit as n— œ of the values of the right member of 
(44) evaluated at Sn exists and is different from the value of the same 
expression at S. The limit of the values taken over any subsequence {Sn} 
of {Sn} has the same value as the limit taken over {Sn}. However by the 
argument just given there exists a subsequence {Sm} such that the limit of 
the values of the right member of (44) taken over this subsequence is the 
value at S. Hence no such sequence {S,} as was assumed to exist can exist, 
and hence the right member of (44) is continuous at every point 8 of A other 
than the origin. 


XV. We have shown that if (x,y) is a point S in A other than the origin, 


(46) Jalm, y) = : | 
—2rg (8) (P(P) + g’ (P))* 


—g (8) ia S)9(P) + dy(P,5) f(P)) 
+ A(S) (Yal P, S)gLP) + vuol P, SFP) 


We shall now simplify the form o? the denominator of the right member of 
this equation. ‘Let the denominator be denoted by q; and let P- be a fixed ` 
point (a,b). Recalling that’ S is given by- s= (t, a,b), y = y(t, a b), 
where a = (0, a,b) and b = (0, a, b), for some value of ¢, we see that as ¢ 
varies, § varies on the orbit through P. Noting further that (f, g), (so: Yeo), 
and (Puo Yun) are solutions of the equations of variation for the orbit through 
P, we see that g has a derivative with respect to $, and it is given by 


\ 
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(47) dq/dt = ga(S)f(S)9(P)de,(P, 8) + gs(8)g(8)g (Pba (P, 8) 
— Go(8)F(S)F(P) ba(P, 8) — gu(S)9(8)F(P) bu (P; 8) 
— fe(S)F(S)9(P) pa P; S) — fu(8)9(S8) g (Ppa (P, 8) 
+ fo S)F(S)P(P) de, (P, 8) + fr(8)9 CS) f(P) vy (P, 8) 
+ fo(S)9 (8) 9(P) beo(P; 8) + fu(S)g (8) 9 (P) va, (P, sy 
— fx(8)9(S)F(P) pu P, 8) — fu(S)9(S)f(P) dn P, 8) 
— ga(8)£(S)9(P) ba(P; 8) — gul S)f(E) ý (P)ya lP, 8) 
- FH ga(S)F(S)F(P) bu (P, 8) E DBIS tual P, 8) 
== (fo(S) + gy(S)) - q. 


- Hence q=K exp [ (fc + ga)dt], where K is a constant, and the inte- 


gration is along the orbit from P to S. To evaluate K, let t = 0. Then 8 
is at P, and g(P) =F (P) + g°(P). Hence we have. 


t Soa ; 
(48) a= (PCP) + 0°(P)) exp Lf" (fe + gat] 
and we may write for any point S in A with codrdinates (x, y) = (0,0), 


— 209(8) | 
(PP) + 9*(P))%- exp J (fe + 9») dt] 


Similarly it can be shown that 


(50) Jy (2, y) a 


(49) Ja(Z, y) = 


2rf (8) 
t 
(PCP) + 9 (P))*- exp [ f (fe + go) at] 
for (s, y) == (0,0). We have, therefore, a function J (a, y) ==1° which 


‘satisfies conditions (i), (ii), and (izi), and hence the problem of finding a 
solution of (1) has been solved for the case where all the orbits of (2) are 


closed curves about the singular point. The solution J (r, y) has been shown ` 


to have the further property that, except possibly at the singular point, 
Je(z,y) and Jy(z,y) are also conzinuous. Whether or not. these partial 
derivatives are continuous at the origin we are unable to say. No example 
has yet been found by the writer ix. which they are not continuous, and a 
condition sufficient to insure their continuity is the following: Let w(z, y) 
be the period of. the functions b anc. y defining the orbit through the point 
(ay). TE | | 
| “lim fe(2; y) ` o(s, y) 
Ly ->0,0 


} 
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: | lim fy(#, y) ‘olz, y) 
£34f->0,0 
lim gx(2z, y) o(s, y) 
@y~>0,0 i 
o in gu (as y) oley) 


are all finite, then lim Jal, y) = oo iv y) = 0. This condition is not 
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necessary, however, as the dmn f(z, y) = y exp {— [1/(2? + y”) }}, 
g(x,y) =— x exp {— [1/ (2? + y*) ]} readily shows. 


XVI. It is interesting to observe that in the region A with the origin 
deleted, which region we shall call A’, solutions of (1) in the large can be 
readily constructed without the difficulties either of the construction of the 
above function J (x,y) or of those encountered in Kamke’s paper. We shall 
give several functions which are solutions of (1) in A’. First; the function 
w (2, Y), already mentioned is a solution, which, however, may not satisfy 
condition (iii). By the definition of w(x, y) we have 


lo(s, y), z, Y) —a=0 
i y(ols, y), s, y) —y = 0 
from which 
fE, Y) olz, Y) + belos y) s, y) —1=0 
g (2, Y) ` oa(£, Y) + Yo,(o(a, Y) T, y) i = 
whence finally | 


osla, y) wa LLY) HH 9) talule y), 9) — gla yalola y) 2) 
Pay) +g (ay) 
Similarly we get 


o4(% 9) = _9(2,9) — g (2, 9)¥m(o(@ y), 29) — (2 Venlolz y), 2y) 
f(x,y) + g° (s, y) 


Since o (v, y) is constant along each orbit, and has partial derivatives (which 
are continuous in: A’), it is a solution of (1) with condition (iii) removed. 

Second, the length L(x, y) of a trajectory T from a fixed point (m, v) 
on T to the point in which it cuts the orbit through (s, y) is a solution of 
-equation (1), and satisfies condition (iii). We have already shown that, T 
cuts each orbit of A’ once and only once, so that the function L(x, y) is well 
defined and satisfies condition (iii). That it, satisfies eee (1) follows 
by using equations (17),’(20), (22), and (23). 

Third, the length I(x, y) of the orbit through (2, y) is a solution in A 
with condition (iii) removed. To prove this we note first that 
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w(t) ii 
(a, Ta “i lh y) + g(h y) dE 


where ġ = ġ (t, £, a and y = y(t, z,y). It is now evident that the function 
L(x, y) has partial derivatives with respect to x and y (which are continaous 
in A’), and since /(#,y) is constant along each orbit it is a solution of (1). 
Fourth, the area A (z, y) contained within the orbit through the point 
(x,y) is a solution of (1s) in A’, and we note particularly that condition (iii) 
‘is satisfied by this solution. To prove that A(a,y) has partial derivatives . 
with respect to v and y (which are continuous in A”) we write E 


$ 


l (ary) a ee 
Asy) =E f, (egla y) —¥F(4,¥)) at 
where id aan f(i,2,y) and y == w(t, L,Y). | The- result follows immediately. 
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| ON THE DISTRIBUTION OF CONJUGATE POINTS ON A 
CLOSED GEODESIC. 


By Dantiset C. Lewis, Jr.* 


Introduction. We consider the Jacobi differential equation for a closed 
geodesic of length 27. Using suitable codrdinates (t, u) we may write it in 
the well known form 

* 40.1) ees 


where k(t) is periodic with the period 27. Moreover k(t) is precisely the 
total curvature at the point (¢,0) and is therefore analytic, if, as we assume, 
the surface is analytic. The conjugate points of a given point are given by 
the zeros of a solution of (0.1) which vanishes at the given point without 
vanishing identically. There certainly exist cases’ when any solution has an 
infinite number. of zeros; for example, if k(t) is everywhere positive. We 
restrict ourselves to these cases. m 

Let x(¢) denote the first point after ¢ which is conjugate to ż. The 
transformation ¢’ == y(t) is then easily seen, by the Sturm separation theorem, 
to be monotonic increasing. Furthermore it is continuous, and even analytic 
with an analytic inverse.t Jf we take ¢ arbitrarily and let tn = y(tn1), 
we know that there exists a Poincaré rotation number 8, independent of to 
such that 278 = lim (t,/n). Furthermore we know from Denjoy’s funda- 

nzo a 


mental result f that a necessary and sufficient condition that these conjugate 
points £n should be everywhere dense on the closed neogene is that 8 should — 
be irrational. 

The distribution function, A(r), for these conjugate ee is defined as 
follows: Let N(n, +) denote the number of the points ¢,,t2,- © *, tn, which 
after being reduced modulo 2r lie on the open interval 0 < t< 75 2r. 
Then A(r) =lim [N(n,7)/n], if this limit exists., 

R= 


* National Research Fellow. 

f Let w(t, r) be the solution such that (r,t) = 0 and ju/at = = 1 for t =r. Then, 
if u(t’, T1) also vanishes (¢'; z< 7;), we know by the uniqueness theorem for differential 
equations that @u/dt can not vanish at the point t= t, r—7,; so that the equation 
u(t’,7) ==0 can be solved analytically for #’ as a function, x(r), of r in the 
neighborhood of 7 == t, C = t'h. 

_ FA. Denjoy, “Sur les caractéristiques à la surface du tore,” Comptes Rendua, vol. 
194 (1932), pp. 830-833. The existence of a uniform analytic inverse to x(t) shows 
that dx/dtcan never vanish and hence log (dx/dt) is of bounded variation as required 
' by Denjoy. | 
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It is the principal object of, tais paper to show that, if @ is irrational, 
then A(r) not only exists but is analytic. -We even o down a simple 
explicit expression for A(7) in terms of a fundamental set of solutions of 
(0.1). 

Our main result is hardly more than a reflection of the fact that it 18 
possible, by a linear transformation on the variables- u and du/dt with 
coefficients that are analytic periodic functions of ¢, to transform the equation 
(0. 1) into the form d’u/di? + ku = 0 where k is a constant.* Nevertheless, 
the methods are of considerable irterest in themselves and yield somewhat 
more general theorems concerning. the distribution-of the characteristics of a 
torus. These developments will be found in the first three sections. In the 
concluding section we make the fina_ application to the problem here set forth. 


It is also possible, by some obvious slight changes, to obtain analogous results - 


for the general second order linear differential equation whose coefficients 
are periodic but not necessarily aralvtic. In the latter case, A(r) is not, 
of course, analytic but possesses a high degree of regularity depending upon 
the regularity of the coefficients. 

Let u(t) denote a solution of (0.1) which does not vanish identically. 
It follows that u(t) and v(t) = du/dé cen not vanish simultaneoysly. Now 
set z(t) = tan“[v(t) /u(t)] and determine x(t) as a single valued function 
of ¢ by continuity from an arbitrary determination at t = 0, It follows that 
z(t) satisfies the differential equation, 


(0.2) — da/dt == — k(t) cos’« — sin?s, 


It is this reduction which leads to she consideration of the characteristics of 
a torus. 
It is well known that an equation of the form (0. 2) gives rise to a rotation 
number g, such that, if s(t) is any solution of (0.2), then lim [e(t)/i] = &. 
re e 


Before passing on to the more general theory of the next three sections, it 
will be convenient to deduce the relation connecting « and the other rotation 
number f: ° 


We consider a solution u(t) £9 vanishing for t == to, tı, ta, © °. It can ` 


be easily shown that fn —> œo as n—> œ. We may take w(t.) == 4r. By 
continuity we then infer that (tn) = $r — nr, n = 1,2,- °. But 
a t= lim linn] [a (ta)/fn] = lim [a(in) /n] 
= lim [4 (r/n) — r] = — r, 


* Cf. for example G. D, Birkhoff, “Dynamical systems,” American ale hen tree! 
Sogiety OpHogorwi Publications, vol. 9, chapter 3, first part of § 9. 
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and hence «8=-—+»4. Thus we obtain another necessary and sufficient .con- 
dition that the conjugate points be. everywhere dense on the geodesic, viz., 
that œ be irrational. Since 8 is obviously positive, we also obtain the result 
(useful for later purposes) that « must be negative. 


1. Definition of the two dimensional and linear distribution functions, 
We consider the torus obtained by reducing the points of the zy-plane modulo 
2r upon the square, OS z < 2r, OS y < Rr. — 

Let # denote any Borel measurable point set on this torus. 

Consider also on the torus the continuous curve, s = g(t), y—yit), 
[OSt < œ] and let (7, E) = (1/7) times the measure of the point set 
of points ¢ on the interval 0 < t< T for which [z(¢),y(¢t)]C E. If the 
limit of 6(7, E) as T — œ exists whenever F is a rectangle whose sides are 
parallel to the z and y axes, with the exception perhaps of certain rectangles 
whose sides lie on an at most denumerable set of singular lines, the curve is 
said to possess the distribution function P(E) = in (T, E). The domain 


ol definition of @(#) thus contains any set E dar can be constructed from 
‘an at most denumerable set of rectangles (closed or open), none of whose sides 
fie on the singular lines, by the operations of addition, multiplication and the 
taking of complements.* | 


If (E) can be represented in the form, Í, w(x, y)dady, of a 


Lebesgue integral, then there are no singular lines and y(z,y) is called the 
distribution density., We shall meet cases where such a distribution density 
exists and is even analytic l i 

Consider, on the torus, the circle y = y,, and, on this circle, the open are 
0O<@< 4,2 2r. Let us now suppose that the curve [x(t),w(1)] cuts the 
circle an infinite number of times but that the points on the ¢ axis for which 
y(t) = yı (mod 2r) have no limit point (other than t¢== œ). Starting from 
= ¿= 0, we follow the curve in the sense for which ¢ increases until we have 

crossed the circle y = y, exactly N times. Denote by v(N, £1, Y1) the number 
of these crossings which take place on the interval 0 < @ < g, and let 
9 (21, Y) = lim n SE St) , if this limit éxists. 

This function n (21; yi) we shall call the linear distribution function for 

the circle y = yı- 


* For a discussion of the, singular lines of a monotone absolutely additive set 
function, cf. J. Radon, “ Theorie und Anwendungen der absolut additiven Mengenfunk- . 
tionen,” Sitzungsberichte der Kaiserlichen Akademie der Wissenschaften, Wien, vol. 
128 (1919), pp. 1083-1121. 
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By interchanging.the roles of ¢ and y we similarly define the linear 
distribution function &(2,, Y1). 

The linear distribution functions, in contrast to the two ‘dimensional 
distribution function 6(#), are indapendent of the parametric representation - 
: of the curve in question. This is true in the.sense that y(2, Y1) is invariant 
under any change of parameter of the type, ¢* =— t* (t), where ¢*(0) = 0 


and ¢*(¢) is continuous and monotonically increasing for Ot < œ. 
i l 


2. The relations between the wnear distribution functions and the dis- 
tribution density in the case. of the characteristics on a torus. We now limit . 
attention to curves which are solutions of a system of erena equations 
of the type, to 
(2.1) dz/dt = X (z,y),  dy/dt = Y (z, y), 


_ where X and Y are continuous and periodic in both z and y with the period 
er. We assume certain further concitions of regularity for X and F, so that 
there exists a unique solution l 


(2. 2) z == f(t, To; Yo): E y= g(t, Loy Yo) 


taking on the values Zo, yo for £= 0 and such that f and g are of class O” in 
Tos Yo a8 well as £ These conditions are satisfied, for example, if X and Y 
are of class ©”. 

Let us assume that any solution curve on the torus cuts ihe: circle y = Yı 
infinitely often. Then we proceed to prove the following theorem: 


If a solution curve possesses a continuous non-vanishing distribution 
density, y(x, y), and if Y does not vanish for y = yı, then the linear dis- 
tribution function 4(21, Y1) exists and is given by t | 


vy 
l f, am 4x) Y (z, Yı} dx 
(2.3) q(T Yy) = s 


4 (2 9) Y (e ys) de 


Proof. Consider the locus defined by the equations, ® = f(r, £o y1), 
Y = g (T, So Y1), a8 T and y, are held constant while s, varies on the interval 
OSs? If 7 is positive but sufficiently small, this locus is obviously a 
closed cutve C, on the torus lying uniformly near the circle, y == yı, but never 
touching it. The narfow band shaped region bounded by O, and the circle’ 
we dénote by #-(4:1). 


{ As a matter of fact ar Y4) exista under very much lighter hypothesek but i 
is then not possible to anne such a simple explicit FOr: 


3 
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Now consider¢the curve segments g == f(o,0,4:), y= 9(¢,0,y~1), and 
t=f(o,%,41), Y = 9 (T, Zi, Y1); where the parameter o is supposed to vary 
on the interval OX or. We define the open region U,(@1, Y1) as the part 
of (y.) which is cut out by these o curves and which has the point 
(421, Y1), say, on its boundary. 

Evidently, 


V(X, Tas Yi) _. HN, Tas Y1) 
N T . 
_ meas. of pt. set on interval 0 = tS T(N) for which [e (t), y(t) | C Ur (%1, Y1) 
~ meas. of pt. set on interval 0 = t & T(N) for which [z(t), y (£) ] C Rr (41) 
SLT (N), Urls 1] 
O(T(N),Be(y)] ? 


where T(N) denotes a suitably chosen value of ¢ between the N-th crossing 
and the N -+- 1-th as ¢ increases from zero. It is assumed that + has been 
chosen so small that F(s, y) does not vanish in U,(£1, y1). T(N) evidently 
—>o as N — œ, since T(N) =7N which -> o for v fixed. Hence, passing 
to the limit, we obtain from the definitions of y, ®, and y the following result: 


(1/r) J f y (a, y) dedy 


6[U,(21, Ys) | __ Urlapyy) ` 
(2. 4) (41, 41) = ep r EENET E hd | 1 Lo eens 
| MET (1ye) fF We y)dedy. 
: Bra) ` 


Since (Ta Y1) is independent of r, we shall pass to the limit as r—> 0. In 
order to evaluate this limit let us define the region V-(2,, y1) as the part of 
R, (yı) which is cut out by the circles z == 0 and g = s, and which has the 
point (42,,4,) on its boundary. The difference in measure of U,(z-, Y1) 
and V,(%1,4¥,) can be easily appraised and is found to be less in absolute 
value than an infinitesimal of the second order in r. Hence we may write. 


(2.5), jo f foe y)dedy — (1/7) fS Seen y) dedy. 


Uray 1) Vr (ony) 





<s, 


as long as 0 <r < 8(e), where e is a prescribed positive number. Here we 
use the fact that.y (x, y) is bounded since it is continuous on a closed manifold. 

_ Since 6f/8x0(7, Zo, Y1) is uniformly continuous iner and v, in any closed 
region of (7,2 ) space and since it is identically 1 for += 0, we, have 
3F/ðzo > 0 for r positive but sufficiently small. Hence there is no difficulty 
in eliminating the parameter x from the equations defining Or, viz., 


g = f(T, Zo Y1), Y = 9 (4, Lo, Y1)- 
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By Taylor’s theorem we have ' 
bam ril (7’, Zo, Y1); C S47; 
y—ymr (0, £o Y1) + 3 za (77, To, Y1), isss: 
4 (0, £, Yı = (0, Zo, Ya.) -F (2—20) Zy (0, Z, ys), OS FS 20. 


Combining these we easily see that 


Ya +738 (0, 4, 41) + A(T, T) == 91 + TY (2,41) + 7°A(2, T), 


where A is bounded for + sufficiently small and 0227. Hence, we find 


an ff E T L we y)dy } dx 


Ver lap) 


i ie [Y (a, : 1) d rA (z, T) |W (z; ¥) da, | Yı —¥ | = | TY (a, y) -+ 7A (a, T) 


where + is taken + or — according as Y(z,y,) is positive or negative. 
On account of the uniform continuity of y(x, y) it is seen that the integrand 
of the last written integral converges uniformly as + approaches zero. Hence 
we can pass to the limit under the sign of integration. It follows from (2. 5) 


that lim (1/r) f f p(z, y)dedy = + f, Y(2,)y(z,y)de. In particular, 
ae Ur lay) 
by taking zı = 2r, we get also 


lim (1/r) f f y(2,y)dedy = + Se Y (z, nye, y:) de. 
Rrty) 
Substituting in (2. 4.) we see that (2.3) has been proved. 
Similarly we may psove the formula, = 
n 
{Xe Yule yay 
(2. 6) E(21, 91) = =y 
| OX (By b(n y)dy, 


under the same hypotheses with the rôles of x and y interchanged. 


3. The distribution function for the characteristics on a torus. If Y is 
, nowhere zero, as we hereby assume, we can take y for the independent variable 
t in the differential equations (2.1), so that from now on we write 
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(304) : du/dt = X (x, t); Y(a,y) =], y =t. 


According to the introductory remarks of the preceding section, we assume 
that the solution # = g (t, zo), which takes on the initial value £ for t= 0, 
edifets a continous 2nd partial derivative with respect to 2. It is known that 
any such solution is of the form at -+0(1) as £—.œ, where æ is independent 
ct both ¢ and 2,.* 

If we set zı == g (2m; £o), we have also £ = s2 3r, v1); and we surely 
know that both dz,/dz, and da,/dz, are continuous and of bounded variation. 
Hence dz,/dz, can be neither zero nor infinite and therefore log (dz,/d2o) 
is of bounded variation. It follows from a result of Denjoy t that, if « is 
- irrational, any solution curve must be everywhere dense on the torus. We 
hereafter always assume « to be irrational. We may now apply Bohl’s result,{ 
which allows us to write any particular solution in the form, + = at + F(at,?), 
where F(x,y) is continuous and periodic in both æ and y with the period 2r 
and is such that s + F(x,y) is monotonic in x and nowhere constant. We 
can go even further and state that then the general solution may be written 
in. the form, 


(3. 2) c=at+e+ F(at-+e,t), 


where c is a constant of integration and is thus a function of z, given 
implicitly by the equation z = c + F(c, 0). 


P , 
If um (1/T) Í. eima(t+iny@) dt exists for all integral values of m and n 


A “negative, or zero), then the curve œ = s(t), y= y(t) possesses a 
distribution function #( F) on the torus.§ Furthermore (#) must satisfy 
the relations, 


* Cf. H. Poincaré, Oeuvres complètes, t. 1, pp. 1387-158; E. E. Levi, “ Sur les équa- 
tions différentielles périodiques,” Comptes Rendus, vol. 153 (1911), pp. 799-802; P. Bohl, 
“Ueber die hinsichtlich der unabhängigen und abhängigen Variabeln periodische 
Differentialgleichung erster Ordnung,” Acta Mathematica vol. 40 (1916), pp. 321-336; 
A. Weil, “ On systems of curves on a ring-shaped surface,” The Journal of the Indian 
Mathematical Society, vol. 19 (1931), pp. 109-114. © 

f A. Denjoy, “ Sur les courbes définies par les équations différentielles à la surface 
du ae Journal de Mathematique, 9°. série,.vol. 11 (1982), pp. 334-375. 

ł Loe. cit. 

$ Cf. E. K. Haviland and A. Wintner, “ A note on the Kronecker-Weyl theorem,” 
American Journal of Mathematics, vol. 56, (1934), pp. 17-24. It should be noted that 


Haviland and Wintner use e 
, +T T 
lim (1/27) f -+. instead of our lim (1/7) neS pS 
T=00 A T T=0 0 


_ with a corresponding modification in the definition of @(#). These differences are, 
however; unessential. 


Il : 
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; ep 
(3.3) _ a (1/7) f, gimetrrenec dt = f f emerinwday® (B), 


where the A al on the right is to be taken in the sense of Radon-Stieltj es 
over the whole torus. These relations determine @(#) uniquely, at least,for 
all point sets Æ which are sums of non-singular rectangles pertaining to È, 
We purpose to exhibit a set function ®(Z#) which satisfies (3.3) in case 
a(t) =at+c-+F(at-+ec,t), y(t) =i. In this case the left members 
certainly exist, since the e#*)+#mC gre almost periodic. 
For this purpose we need two lemmas: 


Lemma 1.. The equation s = 3 + P(4,y) can be solved for & in the form 
(3. 4) | t= G(x, y) 


where G is continuous in both æ and y and monotonic increasing with respect 
to x and such that G(x +- 2m; y) = G(x, y) + 2r. 


- The proof of this lemma follows in a simple manner from the properties 
already announced of F(x,y), and is left to the reader. i 


‘Lemma 2. Let L(2,y) be continuous and periodic in x and y with the 
period 2x and let a be irrational; then 


(3.5) lim (1/2) f L(at, t)dt = (1/4) ff" Ia, y) deedy. 


Proof. First suppose that L(<,y) is a trigonometric polynomial of the 
form, 
L (2,9) = D apga; L (at, t) = D pgp, 
maq , PE 
Then an explicit evaluation yields &o,ọ for both sides of (8.5). This proof 
depends upon the fact that pæ + q (where p and q are integers) can never 
vanish if « is irrational, except for p = 0, q =Q. 

If L({z,y) is not a trigonometric polynomial, it can nevertheless be 
approximated uniformi by means oz such polynomials and it is easy to 
complete the proof. 

We now take L(x, y) = e™le+2Fietoy l+iny and therefore obtain: — 


lim 2 (1/2) fe gimlal+e+Plat+e, t]+int It 


== (ye fy T gim[arerl (ate, Pirinudady, 


Introducing = x +c and remembering that the integrand is periodic with 
period 2r, this becomes 
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2r 2T i TI 
(1t?) f Lf, gima EIda | dy, 


which by Lemma I is obviously the same as 


° (1/47?) in pH cimarind eG (2, y) |a, 


where the integral in the brackets is a diogenia depending on a 
parameter y. 
Thus, referring back to (8:3), we see that every solution curve 
= gé + c+ F(at-+ e,t), y =t possesses a distribution function (E), 
which is defined as follows in case E is a rectangle with sides = 2, t = 2”, 
=y’, y= y” (0S SS m Sy Sy E Ra): 


BB) = (1/4) f TER y) — G, y) Va. 


This definition may readily þe extended by the additive property ior all Borel 
measurable point sets. 


In case G(x, y) admits a continuous partial derivative with respect to T, 
we have the continuous distribution density, y(x, y) = (0G/ez) /4n’. 


It should also be. noted that neither ® nor y depend upon c.. 


4.. Application to equation J 2). We write equation (0.2) in the 
form of. a system: 


dz/dt = X (x, y) =— k (y) cos? s — sin? g 


oe) Wim a4) Se 


Referring back to section 1 and the definition of the distribution function 
A(r) for the conjugate points it is evident that 


A(y) = 3Lé(az, y) + &(— $r, 4) I. 


But we have already seen in the preceding two e how èle, y) may be 
computed when once a particular solution of (0.2) has been put in the ncrmal 
form of Bohl, x = at +- F(at,t); at least if the doubly periodic function 
-F(«,y) is such that «+ F(a,y) is monotonic in æ and satisfies certain 
simple conditions of regularity which are certainly felfilled if it is analytic. 
We shall now proceed to compute F'(z,y) and show that it satisfies the 
required conditions, always assuming, of course, that the rotation number g 
(or 8), is Irrational. 

We start with the remark that we may exclude the case in which the 
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Jacobi differential equation has real characteristic exponents. Otherwise, 
according to a result of Levi-Civita, « would be an infeger.* 

According to “Floquet, we can write down two linearly eee 
solutions of (0.1) in the form, 


pees cosàt— B(t) sinat -` o cos At 4 A(t) sin At 
vı = 0 (t) cos At— D(t) sin at ta = D(t) cos At + C(t) sin àt, 


where A, B, C, D are real analytic periodic functions with the period 2r, 
such that AD — BC =., where: is + 1. 2A is simply the absolute value 
of either of the two characteristic exponents, 2rA(—1)* and — 2rA(— 1)*%., 
à is thus determined so far only up to an. additive integer. We may further 
require, however, that tan“[C(‘)/A(¢)] shall pass continuously through a 
zero angle (instead of through some non-zero integral multiple of 27) as t 
increases from 0 to 2w.’ tan“[D(¢)/B(t)] will then have the same property 
as follows from the fact that 4D — BC is nowhere zero. Under these cir- 
cumstances À is uniquely determined and A==-—a.+ Since « is Baa and 
A is positive, this shows that ı = + 1. 

“We know that z = tan” [v (t)/u:(t)] is a particular. solution of me 2). 
It may be written in the form, s = at + (t), where 


4 {C) cos at + D(t) sin at 
aa aa (3 A(t) cos at -+ B(t) sin =) 


the branch of the inverse tangent being determined from an arbitrary initial 
determination in such a way that (t) is continuous. It is well known that 
(t) is bounded.t 

Let us set formally 


g C (y) coss -+ D(y) sin z). ! 
l = 1 tt th I 
(4.2) F(s, y) =— < + tan (5 ee 7- TOE 


This formula. may be used to determine a. ae valued function in the 
following way: . 

In the first place the numerator and denominator of the expression 
appearing in the parenthesis can never vanish simultaneously, since the 
determinant AD — BC is never zero. | 

We decide upon a fixed determination of the inverse- tangent for z == 0, 

; a ede F í f ‘ 

* “Sur les équations linéaires à coefficients periodiques et sur la moyen mouvement 
du noeud lunaire,” Annales de Vécole normale supérieure, 3°. série, vol. 28 (1911), pp. 
325-376, especially p. 350. 


+ Levi-Civita, loc. cit., especially pages 340-342. 
ł Ci. Levi-Civita, loc. cit., or the more general result of E. E. Levi, loo. cit. 
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y = 0, and. then determine the proper branch of the inverse tangent at any 
other point (2’,y’) so that F(x,y) is continuous along a curve connecting 
(xz, y’) with the origin. The value thus assigned to F(a’, y) is independent 
of» he choice of the curve, since any two such curves can be continuously 
deformed into each other without passing a point where the numerator and 
denominator vanish simultaneously, whereas the a priori possible values of 
F(x,y) differ from each other by integral multiples of v. 

F(a,y) is now defined for all real values of « and y and is obviously 
analytic. We next prove that it admits the Hes 2m in both z and y. : In 
the first place 


P(e, y) = P(0, y) + p dP tea 


But F (0, y) = tan”[ C (y)/A (y)] is periodic in y on account of the choice 
of A and C already explained, while 0F/dx is also periodic. It follows that 
F(z, y) is periodic in y. In the second place,-we must have F(s + 2r, y) 
= F(z, y) + mr, where m is either zero or an integer. It is independent of 
v and y since F(x + 2x, y) — F(x, y) is continuous. Furthermore, if m +£ 0, 
. it is easily seen that #(¢) == F (at, t) would not be bounded, periodicity in y 
having already been established. Hence m == 0, and F(2,y) is also periodic 
in £. 
The fact that v + F(z, y) is monotonic in x can be proved by showing - 
that its derivative with respect to æ is everywhere positive. Remembering 
that AD — BC =1, we easily get 


BAe [z + F(a, y)] = [(A cos z ri B sin a) 
, | +- (C cosz + D sin g)?]> > 0. 


We now proceed to-caleulate the actual distribution functions. 
The first step is to solve the equation + == 2 + F (4, y) for © in terms 
of z and y. This is easily done and the result is: 


3 A(y) sins — O(y) gon) 
= m TA EE E AE emmoannt 
< Glas) E Ge cos z — B (y) sin z 
‘Hence the distribution density on the torus is given, according to § 3, by: . 
Ary (x, y) = 0G / x == [ A sin s — C cos x)? + (D cos z — B sin g)°] 7. Now 
referring back to formulas (4.1) and (2.6) we find that- 
y dy s 
E(da, y) =é(— 4 = A =u f aree where M is the 
(2 y) ; §(— $7, y) (y) o [A(y) + (BY) T 
reciprocal of f = aeeeen.. TE CE . 
o [A(y)]?+ [B(y)] 
plification.by observing that [A (t) ]? + [B (t) ]? == uw? + uz. 


We may make one more slight sim- 
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We can check our result with the help of the Kroneckeg-Weyl Theorem * 
in the following way: It is evident that _ 
u(t, to) == A cos A(t — to) — B sin a(i — $o) == U, COS At, + uz sin Ato 


satisfies (0.1), while U (T, to) == cos A{T — to) may be regarded as the cor- 
responding solution of d?U/dT? + AU = 0. It is now shown directly that, 

* if the transformation, T = T(t), transforms the zeros of u(t, to) into the 
zeros of U (T, to), then l 


To AA 
di [A(t) ]* + [B(@)]?’ 
even though A is rational. In order to do. this we have merely to eliminate 


fo from the equations u(t, to) = 0 and U (T, to) = 0, solve for 7, differentiate 
and reduce with the help of the identity 


AD — BC = AB! — BA’ +A? + ABP S11. 


* For the connection with the Kronecker-Wey] Theorem, see the note of Lewis and 
Wintner in this volume of the American Journal of Mathematics, pp. 407-410. 


ON THE THEORY OF ABSOLUTELY ADDITIVE DISTRIBUTION 
FUNCTIONS. oe | 


> By E. K. Havinann. 


Introduction. Recently * the author considered the problem of the « 
asymptotic distribution of a movement in an n-space, e. g., the, distribution 
cf a complex-valued almost-periodic function (n==2).t{ The methods used 
are those of classical probability theory. In particular, it turns out that in 
the case of the distribution of the Riemann ¢-function f and similar problems 
in the analytic theory of numbers, the distribution (or repartition) function § 
is built up, in the sense of classical probability theory, from statistically 
independent two-dimensional distributions, each of which represents the 
distribution of an individual term of the almost-periodic development under 
consideration. 

The purpose of the present paper is to develop, without reference to 
movements, an exact treatment of general multi-dimensional statistical 
methods which since the time of Laplace have rested upon a purely formal 
foundation.§ Although in one dimension the results are already well estab- 
lished,| the extension of the theorems in question to more than one dimension 
is, in general, by no means immediate, as will be explained later: In fact, | 
extensive use will be made of the Radon theory of monotone absolutely . 
additive set functions,** which are considered as defining distributions in 
n-dimensional space, so that the present paper may be regarded as a contribu- 
tion to the theory of these functions and certain integrals associated with them. 
It may be pointed out that it is not, in goner permissible to suppose that 


* Cf. E. K. Haviland, loc. cit., I and II. (References. appear at the end cf this 


i T 
article.) In II, lim - . dt should obviously be replaced by lim . & j 2T. 
T=% -p T'=00 -p 


1 The corresponding problem for n == I has been treated by A. Wintner, loc. cit., 
I, especially pp. 156- 157, and III. The extension to the case n > 1 is, however, not 
immediate. 

4 Cf. A. Wintner, loc. Cit, IV, especially pp. 328-829, where -references to the 
literature are given. 

§ As defined, e. g., by the-author, loc. cit., I, p. 554. 

"Cf, e.g., J. Hadamard, op. cit., §§ 430-433. 

| With perhaps the exception of the analogue of Theorem V of ais present paper, 
for which I am not aware of an exact general published proof. 

. ** Of, J. Radon, loo, cit., I, especially pp. 1295-1342, and loe. oit., II, especially 

pp. 1092-1094. ` 
= 625 
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Radon distributions may be represented by means of Lebesgue integrals, i. e., 
tnat they are absolutely continuous, as, e. œ., it is clear that the partial dis- 
tribution functions mentioned above in connection with the Riemann ¢-function 
are not absolutely continuous, and in some other applications there occur even 
“point spectra,’ where the Radon distribution is not only not absolutely - 
continuous, but not even, continuous. x 
It has previously beer shown * that in the case of distribution functions 

which are zero for all sets lying outside an arbitrarily large but fixed rectangle 
the Radon momentum problem is desermined, in the sense that two distribu- 
tion functions having -the same momenta are identical save at most on. their 
discontinuity lines. Furthermore, if a sequence of distribution functions Øn 
is such that the momenta approach a limit as n becomes infinite, then {ena} — 
‘converges to a distribution function, provided. all ọn are zero for sets lying 
outside:a sufficiently large but fixed rectangle. In the first part of the 
present paper, it will be shown that -he foregoing restriction on the distribu- 
tion functions can be removed, and if turns out that the question is, as‘in the 
one-dimensional case,t rather closely connected with the problem of determi- 
nateness in the sense just mentioned. For the determination of the momentum 
. problem, a sufficient and “ almost” necessary condition will be obtained. 

The second portion of the paper concerns the symbolical product § of 
two general distribution functions, corresponding to the addition of statis- 
tically independent distributions. The existence of this symbolical product 
is established and it is shown that the Fourier transform of the symbolical 
product of two distribution functions is the product of the Fourier transforms 
of the individual functions. In a recent paper, S. Bochner proves by 
methods differing substantially from those here used that the product of two 
characteristic functions is again a characteristic function, where by a charac- 
teristic function is meant the Fourier transform of a distribution function. 
He establishes the existence of the symbolical product and proves the relation 
mentioned above between the symbolical product and Fourier transforms only 
in the special case that ene of the distribution functions is absolutely con- 
tinuous, so that it can be represented. as a Lebesgue integral. As we have 
pointed out above, such a representation is not always possible, so that the l 


* Cf. E. K. Haviland, loc. cit., I, pp. 550-551. Also C. A. Fischer, loc. eit., p. 40 
and T. H. Hildebrandt ana I. J. Schoenberg, loc. cit., p. 324. 

ł Cf. E. K. Haviland, loc. cit., I, p. 552. The proof for a sequence of distribution 
functions is the same as that for a continuum. 

4 Cf. A. Wintner, loc. cit., II; M. Fréchet and J. Shohat, lec. cit. 

§ Also termed “ Faltung ” or “ convolution.” 

T Cf. S. Bochner, loc. cit. 
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existence of the symbolical product in the general case must be based, as in 
Theorem IV of the present paper, on a a consideration of Radon 
integrals. 

*.The final portion of this paper treats of the spectra of distribution 
` functions and affords an illustration of some of the important differences 
Letween distribution functions in one dimension and those in more than one 
dimension. e 

We shall suppose for definiteness that n = 2, where n is the number of 
dimensions of the space in which our set functions are defined, as our dis- 
cussions admit immediate extension to space of a higher number of dimen: 
sions. The case n == 2, on the other hand, is for several reasons essentially 
more complicated than the case n = 1. For instance, in the two-dimensional 
case the discontinuities of the set function do not arise solely from the so-called 
“point spectrum.” Moreover, in one dimension, the set function appears 
disguised as a point function, so that its true rôle is not as clear as in Radon | 
integrals, at least if the latter are defined over sets more complicated than 
rectangles. 


1. The momenta of distribution functions. 


Definition 1. The monotone absolutely additive set function * $E) is 
said to be a distribution function if 0S 4(#)'S1 and 


= fo f ae — 


where 8 denotes the whole n-space. 

For theoretical purposes, of course, we are interested in distribution 
functions primarily insofar as they are monotone absolutely additive set 
functions of bounded total variation such that any set of them are of uniformly 
bounded total variation, and our theorems are essentially theorems on functions 
with these properties. 

If, in addition, 6(#) —0 for all sets Æ outside a fixed finite rectangle 
K, we shall say that ¢(#) is damped. In the present paper, we shall not 
suppose distribution functions damped unless this fact is explicitly stated. 

By reasoning precisely similar to that used by Radon in the case of set 
functions defined for sets lying in a finite rectangle,} we may assign to ¢(#) 
a point function defined by F'(é,7) =¢(Re), where Re, : (— 0 < ac é; 
—o <y <q). Then it follows, since ¢ is a distribution function, that F, 


* For definition, cf. J. Radon, loc. cit., I, p. 1299. 
7 Cf. J. Radon, loc. cit., I, pp. 13804-1305. 
+ Cf. J. Radon, loc. eit., II, p. 1093. 
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and hence by definition ¢, is continuous save at most for points on a finite 
or denumerable set of lines s= £, y= y; corresponding to the discon- ' 

tinuities of F(s, -+ œ), #(-+ co, y> respectively. These lines z = éi, Y ==; ' 
are called singular lines of the distribution function ¢. , e. 


Definition 2. A rectangle is said to be a singular rectangle of ġ.if- at 
least one of its sides is a singular line of ẹ. By a rectangle, singular or 
non-singular, we shall always mean a rectangle with sides parallel to the’ 
coordinate axes. i ; 

It is clear that if R is a non-singular rectangle of # and R, a second - 
rectangle all of whose sides are suficiently close to the sides of the former, 
then | (R1) —$(R) |'<e. 


Remark. The singular lines or singular rectangles of an arbitrary 
absolutely additive set function are the singular lines or singular rectangles 
of the monotone, set functions representing its total positive and its total 
negative variation.* 


Definition 3. A sequence of distribution functions {¢,(#)} is said to 
converge to a distribution function ¢(#) if lim ¢,{R) —¢(R) for all 
non-singular rectangles R of ¢. 


Definition 4. A sequence of rectangles {Fn} is said to be everywhere 
dense if for every given rectangle R: (a< s<; yp <y <y), not 
necessarily belonging to the sequence, and for every «e > 0 there exists an n 
such that for the corresponding R, we have 


eral [at—ar|, Pl 9a 


all less than e. 

If ¢! and g! are two distribution functions such that ¢'( Rn) = pY (Rn) 
on an everywhere dense sequence of rectangles {Rn}, then p! (E) —¢"(F) 
for every rectangle non-singular wizh respect to ¢' and $1. Furthermore, 
p! and ¢™ have the same singular lines, hence the same singular rectangles.+ 
In what follows, we shall regard two distribution functions as the same and . 
call them essentially identical if their corresponding point functions are 
identical save at most on their singular lines. 

The Fourier trangform A(s,¢;) of the distribution function #(H#) is 
defined by ` ' 


* Cf. E. K. Haviland, loc. cit., I, p. 550. - 
~ The proof is effectively the same as in the damped case. Cf. E. K. Haviland, 
loc. cit., I, pp. 549-550. : 


perai 
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y 


(1) Alts) = ff exp Dile + ty) dng (B), 
Bc t, £, y are all real and S denotes the entire ry-plane. 


‘By the integral J f, f(a, Y)dæp(E) of a continuous function f(a, y) 


with respect to the distribution function $ is meant the limit as R->S of 
f f f(z, y)dayb(#), k being an arbitrarily large rectangle, provided that 
R 


this limit exists. The integral over R exists by a theorem of Radon * and 
" the limit of this integral as R—> S clearly exists for every bounded function 
f, Inasmuch as ¢ is of finite total variation. In particular, A(s, t; ) exists 
for all real values of s and ¢. 


Definition 5. The Radon momentum problem associated with a distribu- 
tion function ¢(#) is said to be determined provided that all momenta 


M(p, 234) == f fyd (E ) 


exist and are such that any other distribution function y for which 
M(p,93;¥) =M(g, g; $); p,q = 0,1,2, *, must be essentially identical 
with d.. 

The author has previously shown that if, as n becomes nidis 
lim M(p, g; n) exists for all non-negative integers p,q, and for a sequence 
cf uniformly damped distribution functions $,(H), for which the momentum 
problem is necessarily determined, then lim ¢,(2) = o(8), whence $(F#) 


n=O) 
is a damped. distribution. function for which & is a non-singular rectangle. 
In case the momentum problem for the limiting function ¢ is determined, a 
situation for which a sufficient and “almost” necessary condition will be 
given below, the foregoing result may be extended to the case of non-damped 
distribution functions. The first step in the extension is given by | 


Lemma-I.t Let there be gwen a sequence “of distribution functions 
{Yn(#)} with the following properties: , 


(A) The momenta M(p,¢3;¥n) of all orders p=0, 1, As es 


*The integral is that defined by J. Radon, loc. cit., I, pp. 1322-1324. ` This is an ` 
extension of the Riemann-Stieltjes integral in one dimension. For the latter, ef. E. W. 
Hobson, op. cit., pp. 506-516 and H. Lebesgue, op. cit., pp. 252-313. 

+ These propositions represent the extension to n- dimensions, n > 1, of results ob- 
tained ïn the one-dimensional case by A. Wintner, loc. cit., II, and by M. Fréchet and 
J, Shohat, loc. cit. 
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g=0, 1, 2,- - - esist for n = 1, 2,--- (or at least from a certam rank n 
on, possibly depending on p, q). l 


(B) The quantities M(p,q3Un) for any fized p, q lie, when they exist, 
between two fixed limits independent of n (but possibly dependent on p ang q). 


Then there exists a subsequence {pi (E) = yn, (E) } such that 
(i) Asi— œ, lim M(p, q; $i) ezisis (= upg, say) for all non-negative 
values of p, q, and 


(ii) {¢i(2)} conve: ges to (Rf), whe-e (E) is a distribution function, 
on all non-singular rectangles R of ¢. 


Proof. In virtue of the uniform boundedness of the M(p, q; yn») for all 
fixed p and q, from {M(0, 0; yn)} a subsequence {M(0,0;y1,)} having a 
limit poo may be selected. From {M(1,0;w:,)} a subsequence {M (1; 0; ym,) } 
converging to a limit mo may then be selected. Proceeding in this way, 
we obtain by the diagonal principle of Cantor a sequence {M(P, q; Yn), 
M(P, Q; Yma)” * < } converging to a finite limit mpg for all fixed non-negative 
values of p,q, where the labels l, Ma, >- are independent of p,g. The 
corresponding distribution. functions y,(#) =Y (E), ye(#) = Poa) 
are seen to satisfy (1). 

By applying the Compactness Theorem of Radon* to the sequence 
{yn (7) }, we extract from it a subsequence -4;(#)} converging to the mono- 
tone absolutely additive set function ¢(#) on every non-singular rectangle 
of the latter. | 

It remains to be shown that ¢ is actually a distribution function, i. e. 
that (8) ==1. To this end we consider the square R: (—~a<r<a; 
—a<y <a), wherea >1. S— R may be divided into two (disconnected) 
_ parts By: (|s| 2a; — o< y < -+ o) and Ro: (—acar<a;|y| 2a 
such that in the former |z| Za while in the latter | y| =a. Then by 
Schwarz’ inequality, 


| f Sr yidan (E) |? S J Te wy? Id ayn (E) ° f Sa daytin (E) 
< f f ydes (E) E MCP + 2, 205a) /0 
and similarly 
lf f atytdentn(B) | 2 < M(2p, 4q + 2; yn) /a?e, 


* Cf. J. Radon, loe. cit., I, p. 1337. A statement of these theorems more convenient 
for our purposes is given by.the author, loc. cit, I, pp. 551-552. The proof of the 
Compactness Theorem is there given for a finite rectangle but may be extended to the 
whole plane by the diagonal process of Cantor. " 
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these apacaisels being obviously analogous to a device of Tschebycheff.* If 
now we choose as our {uin(H)} the sequence {¢;()} converging to (Ff), 
we may infer for 7 sufficiently large that 


o 0S M(4p +2, 3q; bi) < papoa + 1, 
and r l 
0 S M(2p, 4¢ +2361) < Pop, aga ane 


If, in particular, we set p == q = 0, we obtain 


LS J 2t (E) T < (poo + 1) /a? and Lf fi, dove) T < (po + 1)/@. 


But peo and poz are from their definitions non-negative, so 


0< f J p tE) < (ux +1)*/2 and 0S f f deti (B) < (por + 1)%/a. 
Hence 


0S f f devbi(B) < Elo +1% + (wos +1)*]/a. 


As f f, == f f ae j l f and ġ:(Ẹ) is a distribution function, the preceding 
-R R ' 


inequality is equivalent to 


0S 1—$s(R) < [Cue +1) + (Hoe + 1) *]/a. 


ating t become infinite, we see that 


0 S1—9(B) S [ (uo +1)% + (moz +1) #1/0, 
so that j ; 
lim $(R) = $(8) =1, q.e. d. 


Remark. We shall later have occasion to make use of the fact that or 
any given non-negative values of p and q, the el of ~ 


| EEE (E) to f f Pu dantn( E) 


is uniform. with respect to n, at least from a certain rank n on. 


Pr i As in the proof ọf the preceding lemma, 


| SS rda) | | = | f | erytdevtn(B) | + | firian 


S [M(4p + 2, 2¢3 Un) | 4/ae" + [M(2p, 4g + 2; yn) ]2/am 
= T Mapia] % Japi + [ Mop, g2] Aati, ' | 


a ci, P. L. Tschebycheff, loc. cit., p. 691 and A. Kolmogoroff, op. cit., p. 37. 
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since by condition (B) of the lemma 
, 8 


0 SM (4p + 2, 2¢3 Un) SS Maipo zg and' 0 = M(2p, 4g + 23 Wn) SS Mop, sare, 
ys q. e. d. 
We are now in a position to prove = 


THEOREM I (Momentum THEOREM). Let there be given a sequence of 
uastribution functions {¢a(H)} satisfying conditions (A) and (B). of Lemma 
I. Then if lim M(p, q3¢n) exists, = ppa say, for all non-negative values of 
 p and q, there exists at least one distribution function, say ọ (E); such that 


Haq = M(p, 936), and a subsequence {¢n,(H)} can be extracted from the 
gwen sequence of distribution functions so that lim on (E) = (B) for all 


; non-singular rectangles E of (E). 


If, in addition, the sequence {upa} is such that o is uniquely determined 
by it, then the sequence {¢n(E)} 4tself converges as n becomes infinite to 
p(&) on any non-singular rectangle R of ¢. 


Proof. By Lemma I, the existence of the subsequence {n} converging 
to a ¢ is assured. ' 
Now if a sequence of distribution functions {dn(#)} is suchi that 
( a) lim ¢n(Q) = (Q) for every non-singular rectangle Q of the 
` m=00" ' 


distribution function ¢, and 


fff (z, y) dayoi (lh) > f f f(z, Y)deypn( E) uniformly with 
R JES ; 
respect to n as R — 8, f(x,y) being continuous in every finite rectangle R, , 


‘then the Radon Term by Term a Theorem holds for the infinite 
domain S, so that 


(2) tim ff f= y) devo B) = È S Fey) dev (B). 


For if R” be a closed rectangle and KR’ an opèn rectangle lying in the 
interior of R”, it follows from the Term by Term eee Theorem for a ` 
finite domain * that 


SS Senile Nts B) | = | lim f S I(E 9) devia 


i * “| * OE, J. Rad J. Radon, loc. cit., I, p. 1837. A statement of these theorems more convenient 
for our purposes is given by the author, loc. cit., I, pp. 551-552. The proof of the 
Compactness Theorem is there given for a finite rectangle but may be extended to the 
whole plane by the diagonal process of Cantor. l os 
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and.the right-hand side of this equation is < « for R’ sufficiently large by (b). 
Hence the integral on the right of (2) exists. Furthermore, 


laf f He dab (E) — [ [7 y)devbn(B) | S | ff i6 weasel 
F f J, ieni +]| f fien- S fje Dast) | 


if He be taken sufficiently large and the theorem ‘then applied for a finite 
domain. Moreover, by the Remark following Lemma I, the foregoing con- 
ny (a) and (b) are satisfied if we replace {dn (E) } by (bn (#)}. and 
f(x,y) by ryt. Hence 


prs = lim M(p, q; $n) —lim M(p, g; $n) — lim a f f 2ydevbn,(B) 


ee f f; PYIdeyp (E). 


This proves the first paragraph of the present theorem. The last 
paragraph is proved as follows: 

Suppose there exists a non-singular nk Ry of ¢ such that {¢n (Rp) } 
does not converge to (Ro). Then a subsequence {yx (Ro) == bn, (Eo) } can 

- be extracted such that as & becomes infinite {yx(Ro)} converges to a certain 
number -A =“ (Bo). On the other hand, we have seen that thé sequence 
{w(E)} gives rise to a subsequence {8;(#)} which converges as j — o to a 
distribution function 8( Æ) on all non-singular rectangles of the latter. Now 
è( E) has the same momenta mpe as has (FE), and therefore, since by 
hypothesis the momentum problem corresponding to {pg} is determined,” 
lim ê; (Ro) = (Eo) = ẹġ (Ro) when j—> œ, since Ro is a non-singular 
rectangle of ġ. This contradicts the fact that {3;(2o)} is a subsequence of 
{yx(2o)}, which converges, but not to ê( Ro) and hence connor: the proof 
of the theorem. 

The condition that the momentum problem corresponding to {pq} be 
determined is not only sufficient for the limiting relation lim ¢,(#) = 4(F) 
as n—> co on any non-singular rectangle of the letter, but it is necessary as | 
well. For if ¢(/) and y(F) be two distinct solutions of the momentum 
problem in question, then {¢,(#)} should converge simultaneously to (E) 
and y(#) at all non-singular rectangles of ¢ and y. But this is impossible, 


* The momentum problem associated with {u,,} is said to be determined if 


1 f f, Pria) = f f erytdert™(B) 5 p, g = 0,1,2: >, 


Sais $I and ¢II are essentially identical. 
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as there is at least one non-singular rectangle R, common to @ and w such ` 
that ¢ (Ro) =£ y (Ro). ’ 
In view of the rôle thus played by the determinateness of the momentum 


problem, we prove oe 
@ 


_ [HEOREM II.* A sufficient condition that a distribution function be 
determined by its momenta Gpa==M(p,q3) is that 


| ¢ 1/(2m) s 
(3) $ s”) r Gam_v.v ) == 0(m). 


This sufficient condition is, furthermore, almost necessary in that p, need 
not equal ps if o(m) is replaced by o(m""**). i 





Proof. Let (E), ġ-( E) be distribution: functions. Then as these 
functions are uniquely determined by their Fourier transforms f the momentum 
problem is determined under conditions such that A(s, t; 1) == A(s, t; do), 
where s, t, x, y are all real. 

Inasmuch as the formula 


f(e +h) = f(x) HAF (E) ob h(n — 1) MPD (a) 
+ (n—1) a foo (2 t) (h— t) dl 


i a 


is obtained merely by successive partial integrations of the integral occurring 
in the remainder term, the formula is valid for complex functions of a real 
variable also, so that we obtain in the present case 


(4) ELAH d (Oa H th) 

where ; 

AO l= lra—pr fg e— Dede tS a-nn figo pia 
= | é["/n! | 


Setting n = 2m and é= ss + ty in (4), integrating first with respect to ¢1, 
then with respect to ps and subtracting, we obtain, since all momenta are 
equal by hypothesis, 


* The present: proof of the sufficient condition is based on a treatment by F. P. 
Cantelli of the one-dimensional case under the assumption of absolutely continuous 
distribution functions. Cf» F., P. Cantelli, loc. cit., pp. 155-157. In the one-dimensional 
case it is known that the theorem holds even if o{m) and o(mite) are replaced by 
Olm); Cf. T. Carleman, op. cit., p. 81. 

+ Cf. S. Bochner, loc. cit., p. 402, Theorem 14. Another proof of this theorem will 
be given below. 3 : 


i 


ABSOLUTELY ADDITIVE DISTRIBUTION FUNOTTONE. "685 
1 A(s, 3 dx) — A(s, t5 $2) | 
=| f f exp Liles + ty) Jdt) — ff exp [iC + ty) ]devda(B) | 
Sf. f'l fon(s0 + ty) | dovdi(B) + f J; | fam (sz + ty) | deyba(B) 
< (mn f f, (st + ty)"dap (E) + (2m) f f (0-4 ty edad 
—2[(2m) 13S S (20 oem ton i i 
so that on placing b — max (| s |, | #|), where s and ¢ are isedh, 


A(s, t; d1) == A(s, t; be) if, for a fixed value of b, 


2m f, 
b?” (2m) }~1 Ss we | Gem_v.v | = o(1), 
- p=0 
hence, a fortiori, if 


am : a 1/(2m) 
(2m) |-1/(2m) | > omy | l == 0(1),. 
a condition apaes by (3), inasmuch as by the Stirling Formula 
(2m) Om s Olm). 


Gom-v, s ` 








As applications of the foregoing determinateness condition, we consider ' 


1. ‘The case in which the distribution function is damped.* In this case, 


; | Gom-v,v | a | Jj: smr d ay (LH) = Rx, 
provided (4) = 0 for all sets E outside (—R<s<R;—R<y<R). 


Hence ` 
S”) 
[> 


so that the condition (3) is satisfied. 


Gom-v, v 








1/(2m) 
| ] <2R-—o(m), 


_& The case in which ` pi Er” 


a= f f: f(y) dady, where 0S Ta 
= 0 (exp [— (2 +.9°)*]),0 <a, (+y H 0). 
It is Da to see that AS is satisfied by | the momenta od of such a b if 


, (5) | = CEC) |: ae | 


* For a direct treatment of this case, of. E. K. Haviland, loc. cit, I, pp. 552-553. 
12 ` ae 


T 
om 0 (m) 





$ 
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where 
` +00 +00 $ 

u= -f f xy? exp [— (a + y?)*|dady, (0 <a). 

-00 ~00 l 
Now . e’ 

2 ; ete 
S (P) | tansy | £ ff Velie dep f(t + dean 
@ -œ -%0 : i 








+00 +00 


=4 | f E+" exp [— (e + 9") dedy 
0 0 : 


‘ 


+00 +00 


same f f (a +y)" exp [— (2 +9") "Jaedy 
9 9 


T/2 +00 zs 

=x QM+2 f av f grt exp [— pea] dr 
0 0 

== RMT (|m T 1]/a) /a. 


The 2m-th root of this expression is * == O(m/°®), so that (5), hence (3), 
is satisfied if « >4 but not if «4. Consequently, for a > 4, we have 
determinateness. It is to be noticed that this includes the classical case a == 1. 

Furthermore, the sufficient condition (3) is almost necessary. To show 
this, we first observe that the one-dimensional distribution function may be 
regarded as a special case of the two-dimensional. For:suppose o(s) a one- 
dimensional distribution function along X : (— œ < z <.+'œ; y =0),i. e., 
o(x) is a monotone non-decreasing function of æ there and o(— œ) == 0, 
o( +0) =1. Then we can define a set function ¢,(R) for all (half-open) 
. rectangles R of the vy-plane by setting ¢ġı (R) =o (X: R) =o(22.) —o(%), 
a, and £s (z = Tı) being the end points of the segment X- R, if R contains 
a portion of the z-axis; ¢,(R) =-0 otherwise. It is known + that ¢, deter- 
mines a monotone absolutely additive set function ẹ uniquely up to the 
singular lines of the latter. Moreover, ¢.(#) == (FR) on every non-singular 
rectangle R of ¢, from which fact it follows, in particular, that $(S8) = 1, 
so that ¢ is a distribution function. 

Let M: (—-KS2e25Kk;3;.—KSy=K) bean arbitrarily large square 
im the plane and let UV: (— œ <r< +4 o; —eSySece), 0<e <i, 


* Cf. E. Artin, op. cita p. 23, equation (26). 

f This follows from the reasoning of J. Radon, loc. cit, I, pp. 1805-1313 and pp. 
1338-1839 if it be observed that to'a monotone additive interval function there may be 
made to correspond a monotone point function whose continuity points are everywhere 
dense. Cf. also S. Bochner, loe. cit., pp. 387-388; E. K. Haviland, loc. cit., ITI, Note 3. 
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be a strip enclosing the z-axis. Furthermore, we denote M: U by V. Then 
by the inequality of Schwarz, 


J-JSereom Is ff 22ttdens(B) ff devo (B) 
< =f foz r Py* adep (E) + f f PY Adeyp (E). 


But the integral over M — Y is zero by the definition of ġġ, and 


Í f a i (E) S aff 2? dayp(E) = M (2p, 0; Q). 


It follows that Sha PyYIdeyp( E) <% if q > 0, or as M is arbitrarily large 
and 7 arbitrarily small, 

(6a) M(p,q54)—=0, p= 0,1,2,---5 g=: 

If g = 0, the definition of ¢ shows that 


| J J dow (8) = f wdo(3). 


Hence, as the right-hand side approaches a limit as M — 8, 


In consequence, the one-dimensional distribution functions represented by 


a(x) =D f. exp [— z] [1 + h cos(a” tan vr) | dz; 
-00 : A 
where —iIShssi, v = 28/(28 +1), 


8 being a positive integer, and . è 


Dye f exp [— 2] [1 + A cos(a’ tan grr) | dz, 
-00 


may be regarded as two-dimensional distribution functions ¢(#) whose 
momenta are given by ° 


M(p,93¢) =0, q >00; E 
+09 
M(p, 0; ¢) = f a? exp [— a] [1 + h cos(a” tan dvr) ] de. ` 
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- Bus it is known * that 


Ea exp = a cos(a” tan dyr) dx == 0 
for every p, so that the momentum problem for such a function (E) is not 
determined, inasmuch as ¢ depends on h while the momenta do not. In this 


case, the aves side Ole (3) becomes 
AL | Gamo | ]/@™, iste | Gamo | = Gano _ M(2m, 0; ¢) 
+00 : 
= gm eap [— a" ]dr = af xo?” exp[— xv] da = RT ( [23m + 1]/v)/» 
c 


e 0 (m), 


rae ce > 0 may be made arbitrarily small iby taking B sufficiently large. 
As we do not obtain .determinateness in this case, it follows that (3) is almost 
necessary. 

In obtaining the above sufficient condition for determinateness, we have 
' made use of a theorem of Bochner * which states that if ¢, (Ey and ġ:(E) 
be two distribution functions such that A(s, t; 1) = A(s, t; 2) for all 
points (s, ¢) (which is the case if they are equal for a set of points everywhere 
dense), then ¢:(#) —¢2(#) up to their singular lines. The following 
proof { of this proposition seems to be more. direct than the original and is 
more closely related to the methods, viz., those of Radon integrals, of the 
present paper. i 

By use of the one-dimensional Fourier cosine inversion formula, it may 
be shown that 4 i 


Sl (mns?) sin ys waga axp[isa]ds = E; (z, h) = E,(—a, h) 
1, if OScSh, 

= 2 1 — (a — h), if hE tS h -+ Ry 
0, if hH wW 


where h > 0,74 > 0. Then setting 


ž 


D (s, t; 2, y) == (anst) sin ys sin qt sin (hk. + q)s sin (k + a)i exp[i(sx -+ ty) ], 


we chta 


s., 
* Ef. W. Stekloff, loc. cit., pp. 50-51. 
t Cf. S. Bochner, loc. cit., p. 402, Theorem 14. 


t The method of this proof has been suggested by the treatment of a Similar 
problem in one dimension by G. Pólya, lac. çit., pp. 107-108. 
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+O +00" 


(7) B, (2, ADE, (y, k) aie z, y)ds dt — Gy(2, Y; h,k) 
; -00 -00 
: -io if (s, y) isin h, 
0, if (2, y) is outside In 


where /, is the rectangle (— h StS h; —k SyS < k) and I, is the rectangle 
(— (h +- 2n) =f=h + 23 on (kF 2) SySf + m). 

Furthermore, 0 G,(2,y;h,%) S1- if (ay) is in I,—,. As 
G, (x, Y; h, k) is the product of two continuous functions of.2 and y, it is a 
continuous function of those variables. Finally, we note that although Gy was 
defined as an iterated integral, it may be regarded as a double integral since 
the laiter exists when taken over any finite regene Rand is. absolutely 
convergent as E — T, the st-plane. oe 

As A(S, t; pi), (¢==1, 2), are continuous * functions of s m t together 
throughout the st-plane and | A(s, t; ġ:)| S1 for all (s, t), 


SSe D(s, t; — u, —v) A(s, t; 1) dsdi 
Sf D(s,t;—4, —v)A(s, t; bs) dsdt | 
and hence, as both integrals converge aE 
(8) ff, D{s,t;—u— v)A(s, t; ‘dedi 
Pe =S S, D(s, t; — u —v)A (s, t; ers 


If we set , 
(9) H(s,t;2,y) =D(s, t ; T — Us, y — v), 


these integrals may be separated with the use of two arbitrary non-singular 
rectangles J, K in the sy-plane and the st-plane respectively into 


SSIS [tees y) dorpi (E) | deat 4 
ISa H (s, t3 2, y)darp: (E) | dsdi | 
© +j, SS H (s, t; 2, ee (41, 2). 


ii efor) 


f E Cee nee (E) 


is a continuous function of & and t together, . R being any finite rectangle, and $i isa 
distribution, function. 


G 
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As the last two integrals may be made arbitrarily small i in absolute value 
by taking J and K sufficiently large, 


oe SS. [f J t2 y)dewbs(B) ] asat | p 
=S Ss SÍ, His, t;a, y)doypi(B) | dsat | <4 


for suitable J, K. Similarly, if the non-singular rectangles Ọ and V are taken 
sufficiently large, 


(11) ff. | f [2s to y)dsat | devbs(E)- | 
— ff LS f Eta y)asadt | dagi) | <e  (i=1,2). 


Since (10) and (11) clearly hold if all four rectangles are sufficiently large, 
we may choose 


(12) ) K=V and J =U. 

Again, if f(s,¢;a,y) be a continuous function of s, 7 x,y together in 
3: (~M, SsSMu,;—M, StS M; -M SeS M; HM SyS Me), 
if 3, and 3, denote the rectangles 
(—M SsSM,;—M,StSM 1) and (—M,S¢@SM.;—M,Sy= M2), 


respectively and if ¢ (F) is a monotone absolutely additive set function defined 
in $, then 


aD SS [SS ts tse a)dee(B) | asat 
=S Si LSS fe se nasa | doy (E) 


since both differ arbitrarily little from 


m n 
2 > f(s; Íj ; Ers yx) (Er) Aj, 
jel k=1 
provided the subdivisions Er, A; are taken sufficiently fine. 

Since the preceding conditions are satisfied by taking ¢ = ¢:(E), 
(t==1,2), and f(s, t; z, y) = H (s, t;s, y), we obtain, on pomon (10), 
(11) and (18) and taking account of (12): 
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ss ff, H (s, t; T, y) deti (E) | dsdi 
°. = { ILS [Bets vaca | deypi (E), . Cate), 


On combining this result with (9), (8) and (7) we see that i 
f f Gey oh k)jdag(E) —s 
iig ff Gy(t— u, y—v;h, k) doypo(E) 
S , 


or 


(14) tJ, O(a —u 993 h, It) day) = 0, 
where y(H) = $,(B) —¢2(B). 


As w(#) is an absolutely additive set function of bounded total variation, 
its non-singular rectangles are everywhere dense.* By a suitable choice of 
h, k and (u,v) in (7) and (9), the rectangle J, may be made to coincide with 
any non-singular rectangle R of y, so that from (14) 


of f leu y— oh B)dan(B) + S f E) =o. 
ae the first integral may be made arbitrarily small by taking 7 in PU ) l 


sufficiently small, 
f f, anv) =y) =0 


for every non-singular rectangle of y = di — dz. 

It follows that ¢,(R) = $2(R) on all rectangles R non-singular with 
respect to y, di, and œ: and. hence (since the singular lines are at most 
denumerable} on an everywhere dense set of rectangles in the plane. Now 
it is known that if ¢, and ¢2 be two monotone absolutely additive set 
functions of bounded total variation in the eytire plane and such that 
$1 (fn) = $2(Fn) on the everywhere dense sequence {fn}, then ¢1(2)== ¢2(R) 
for every rectangle non-singular with respect to ¢, and g¢2. Furthermore, 
h, and p: have the same singular lines and the same singular rectangles, t q. e. d. 


2. The symbolical product of distribution functions. Although the 
Radon integral as defined f for ¢ a continuous integrand has been sufficient for 


* The proof is essentially the same as that given by J. Radon, loc. cit., IT, p. 1093. 
}The proof of this statement is ia that given by the aaehon: loc. cit., I, 
.p. 550, Theorem IT. 

f The integral is that defined by J. Radon, loc. cit., I, pp. 1322-1324. 


642 CE. K. HAVILAND. 


our previous purposes, it will not suffice for the considerations to follow. At 
the same time, it is neither convenient nor necessary to resort to the very 
general definition (corresponding to Lebesgue integrals) given by Radon * 
of the integral of functions measurable with respect to. an absolutely addifive 
set function. Accordingly, we shall extend the conception of the ordinary 
_ Radon integral to the case where the eee though bounded, is no ones 
continuous. ° 

Let ẹ be an absolutely additive set incio defined for a set + T of sets 
in the zy-plane. Let f(z, y) be a bounded single-valued point function defined 
on the bounded set F, belonging to T. Let IL denote a diy ision of E, into 
subsets H,,- - -, Em, all belonging to T, and D(TI) the greatest of the diam- 
eters of the sets Fi,’ > *, En. Finally, let Ux denote the least upper bound 
and Ly the greatest lower bound of f(s, y) in Eg. Then if, as D(Il) —0, | 


exist ga are equal, the Radon TAR of f over E, with respect to œ is s said 
to exist. 


Definition 6. By the two-dimensional saltus œ (é, y) of f(a, j at a point 
(é,7) is meant ; 
Him [Uo(6, n) — La(é, 1) J>. 


where Us(&,7), Ls(&, 7) are respectively the least. upper bound and the greatest 
lower bound of f(x,y) in Relé y): |E—z l <8 |y—y| <8. 

If a function f(z, y) is defined in a closed rectangle J, we shall denote 
by Ge the closed set of points in J at which w(§,7) Ze If (6&7) is a 
boundary point of J, we agree to confine the points (z,y) of Definition 6 
to points of J. Using this notation we shall prove 


THEOREM IIL. Let. f 2, y) be. TET and sin ipii in 
i a EE E E 


and (E) an absolutely additive set function defined in the same region. 
. Then a necessary and sufficient condition that the Radon integral 


J S, f(e y) dey (B) 


.* Of. J. Radon, loe. cit., I, p. 1329. 
ł For a definition of this set, ef. J. Radon, loc. cit., 1, p. . 1299. 


~~ 
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exist, where Ey is any point set in J belonging to the domain of definition 
of $, is that the total variation * of p(E) over the open p-neighborhood of 
Ge should for every e approach zero as p—> 0. 


"Proof. We first prove the sufficiency of the condition, For this, one need 
consider only the case where (FẸ) is monotone, inasmuch as any absdlutely 
additive set function (E) may be expressed as the difference of two monotone 


~ absolutely additive set functions. + y, (F) and Ye (EB) and 


S Siene = S f.te y)dews(B)— ff ie, y) dewe(B). 


If u= u(i) = > Usp(Bx) and 1=1(1) = $ Lap (Br) and if 1, W 


are two -divisions of F, and HIY the division consecutive to them, then 
(0) = (0) = u(M’) S u(’), so that the least upper bound of: the 


L(I) is not greater that the greatest lower bound of the u(II). Therefore 


the integral exists if | u(I) —1(I1) | < 6 provided D(IL) < ô, where « > 0 
is arbitrarily small and $ == 8(e). 

Let Ge be as defined above. With centre (x,y), any point of Ge let 
a circle of radius 2p be taken, and let the open non-overlapping -finite set 
formed by the coalescence. of these circular regions be denoted: by Ne 2p. It is 
the 2p-neighborhood of Ge Under the hypothesis regarding the total variation 
of ¢(£), p can be so chosen that 0 = @(Acgop) < &, where Agop =J’ Nep- 
Then by taking the subdivision II so fine that D(H) < p, Eo may (for this 
subdivision) be divided into two parts, Hy’ and E”, where ZH,’ includes all 
points of E, in Nep, the p-neighborhood of Ge but is included in Neop; and 
E” = H,—E,’. By Ex, Ex’ we, denote those Es composing Fy’, Ey” 
respectively. Accordingly, . 


w(IL) =w (1) +u”),  1(0) = (0) + (0) 
where we separate the contributions to the sums malle by E’ and by E”. Then 


u (I) — (m1) = w (1) — V (1) ae uw” (1) — Y"(). 
\ 

* For the definition of ‘total var iation, ef. J. Radon, loc, cit., I, p. 1302. These 
p-neighborhoods, being’ open, necessarily belong to the domain of definition, 7, of ¢. 
Cf. J. Radon, ibid., p. 1308, The‘conditions of Theorem ITP of the present paper, being 
analogous to the du Bois-Reymond condition for Riemann-integrability, may be shown 
to be equivalent to conditions corresponding to those of Lebesgue for the existence of 
the Riemann integral. We use the former set of meceneaty and io Condong as 


. better suited‘ for ‘our applications. - 


+ Cf. J. Radon, loc. cit., I, p. 1308. 
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It follows from the definition of saltus that i 


o(é, 7) = Us(&, 1) == Ls, 7) < o(, 7) T6 


provided $= Y = 8 (e; én). Consequently, by the Heine-Borel Theorem, 
J is eovered by a finite number, N, of open squares Ri: | é&— z] < 8; 


i |y — y | < 8; such that the fluctuation of f(s, y) in Ri is < o(&, qi) +6 


where (:,4:) is a definité point interior to Ri. No restriction is imposed by 
requiring that all Æ; be less in diameter than a fixed arbitrarily preassigned 
quantity ¢. The sides of the rectangles F4, if continued to meet the sides of J, 
divide J intoa finite number of rectangles. Let d be the length of the smallest 
side to be found among these resulting rectangles. Any set Fy in J whose 
diameter is ;< d is interior to one of the squares Ay, so that in Ep the 
fluctuation of f(z,y) lies between (£4) and w(&, yi) +e where (éi y:i) 
is some point of a square Æ; of diameter < ¢ which contains Æx in its interior. 
If <p, the R; containing any Hy” is such that o(&,4:) < e Accordingly, 
the Ex” can be taken so fine that in each Up — Lg < 2e, in which case 


OS 07 (0) — v” (10) S eff db (LH) = 2e (J). 
Again, | 
0S wv’ (Il) — (10) S 2Bd(Acop) < 2BE, 


where B = fin sup | f(z, y)| in Fot It follows that 


03S u(T) —1(T1) <e, where € = 2(ed(J) +- Be’), 


| provided D(II) < d < p, the order of choice of the various quantities being 


as follows: . 

Given ¢’, we take «eS &/[4¢(J) |. This value of « determines the region 
Ge Then ¢ is chosen SS ¢’/[4B] whereby p is determined, and thereupon £. 
Finally, « and ¢ being known, d can be determined. It has therefore been 


shown that as D(IL) > 0, lim S Uro (Ex) and lim > Irp( Es) exist and are 
k=1 =t 


equal. 
This limiting value is independent of the special choice of the sequence 


.of divisions M, Ma, ' > -, since if IW:, Il’s,- > + is a second sequence of divisions — 
such that D(I’;) > 0, the two divisions lead respectively to partial sums 


of the-form 


*« fin sup” is used to denote the least upper bound. Cf. E. K. Haviland, léc. cit., 
I, note 16. ‘ 
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Sim (II) = Sf (ax, yr)p(Er) and Sm (1) -$f (s'u y'i) p (E). 
But 
| Sa) — 8w (1) | = | Ë È [Ceo te) — Ho fi) 1 (Ee B’) 
© SADM) + DUW)) $(F) + 2B9 (Asa), 


where #(d) = fin sup | f(a, y) —f(2’, y’)| for all point pairs (x, y), (2, y) 
in J— Aep whose distance is < d. Hence | S%,(M) — Sw (W)| < ga if 
D (qT) < 8,, DIV) < a, say. But 


| Sa) — f fo f(a, y)dap(E)| <Ja if D(I) < 8s say. 


Consequently, taking D(T1) < min(4;, 8.) one obtains 


| Swa) — f f, AdE <a, if DOW) <P 


Hence as D(II’) — 0, 


O m y <j Tocs ; T, Y} ds E), .e. d. 
lim 3 f(2’r, 9/1) 6( 1) J fate Y) dey (E) qe 


This concludes the proof of the sufficiency of the ‘condition. 
- fo show the necessity of the condition, it is sufficient to prove that if the 
condition is not fulfilled, f f #(2, y)dap(E) fails to exist. The proof 
J 


is as follows: 
' Let J be divided by a network Xn into squares 


a : (AM (4—1)2" Sa < Mike™; M(g—1)2* Sy < Mp); . 


(i, j—=— 24 1,+ ++, 2"—1). 
So) : (M(2*—1)2"%7 S25 M; MG—1)e"sy< pee 


(Gm Bi, fae 1 os, OPH), 
J: A a aes EG e 
(j 2", Go 2 -L 1+ +, 2"—1). 
SE: (M(2"—1)2"% S25 M; M(Q*—1)2°* S720); 
(i = j = 2"): 


where n = 0, 1, 2,- 

Let Ce as eae, eat the set of points of J at which the saltus of 
f(x,y) Ze. There are at most a finite number of intersections within J 
of the lines of the network 3, at which points of Ge are located. About each 
such, intersection we draw a closed square Dp of length of side < M2™ and 
. such that of the four squares of 3, in which Dp lies, each contains points of 
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Ge not on the boundary of Dp or else contains no points of Ge at all. Consider 
those regions & % obtained by subtracting the Dp from the $ ve which contain 
points of Ge If such an R se contains points of Ge only on its boundaries, 
such a point, say P;;, may be made an interior point of Q ee the sum of RY 
and a closed circular disc about. Pij, provided Pi; does not. ie on 4 boundary 
of J. “This disc may be made so small as not to deprive the adjacent p 
of points of Ge In this way, Ge may be covered by a non-overlapping region 
n == SEQ 6 Si so that 


(a) The diameter of every Q HE is =2-"M (5) # s, 
(b) Hach Q€ A contains a point of Ge in its ma or else on a boundary 
of Q W that is also a part of the boundary of J. 
Gonse Ui; — Li; Ze in each Q%, while by hypothesis | (Vn) | 
> K > 0, K independent of n. 
Therefore to every 6 > 0 there corresponds a subdivision M such that 


D(M) <8, but u(1) —I(1) > eK > 9, so SJ, f(a, y)dey(E) does not 
l J 
exist, q. e. d. 
We proceed to apply Theorem HI to the special case of distribution 
functions, for which we state 


Lemma I.. If $:(#) and ¢2(#) be disiribution functions, then there 
exists an everywhere dense * sequence of rectangles En such that the Radon 
integral t 


5(0) -f f. ‘lib Stich 
exists for Q = En, (n a VR Fs E 


Proof. We prove the proposition first for the case where the integration 
is over an arbitrarily large closed finite rectangle J by showing that Theorem 
ITI is applicable. In what follows, those lines parallel to the coördinate axes 
containing discontinuities Qf a point function f(a, y) will be referred to as 
exceptional lines of the function f, while by the singular lines of a set function 
(FE) are meant, as ‘before, the discontinuity lines parallel to the axes of the 
corresponding point function { F(x,y). In the present case, we note that 


* Cf. Definition 4. . è 
T Pi, is the point with codrdinates (a, y). Q — P „y is to be taken in the sense of 
vector addition and therefore represents the set of points which may be represented in 
the. form (£— a, 1—Y), where (n) is a point of Q. Cf. H. Bohr and B., Jessen, 
loc. cit., p. 3382. ° : 
. 4 Cf. J.. Radon, loc. cit., II, p. 1098. a a 
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the exceptional lines of. the point function f(z, y) = ¢:1(Q— Pay), where Q 
is a fixed rectangfe, are those lines z = zi, y == yj such that at least one side 
of Q — Poy lies on. one of the singular lines z = £i, y—=7/; of (E). As 
Qe has but four sides and as the singular lines of.¢,(#) are at most de- 
numerable,* it follows that so are the exceptional lines of the point funetion 
f(x,y) = ¢:(Q— Pay). Moreover, as: ġı(E) is bounded and monotone, the 
points at which its saltus,t+ i. e., the saltus of the corresponding point function, 
= e are confined to a fixed number n= n(e) of its singular lines. Accord- 
ingly, the number of lines containing at least one point at which the saltus 
of ¢1(Q — Poy) = e is finite, -= 2n(e), for. any given rectangle Q. 

If the singular lines of $2(2/) be denoted by z = $p, Y = Ma, the number 
of sides of all rectangles Q for which Ti == Èp Yi == Iq (t, J, Pi 9 = 1,2, >) 
is ‘clearly at most. denumerable. For they are the lines z= &, Fafi 
(i, p= 1,2, °°) and y =n t j (j, g = 1, 2, +), Consequently, there 
is an everywhere dense set of rectangles En such that the exceptional lines 
of f(z, y) = pı (En — Pay) are distinct from the singular lines of ¢,. When, 
however, the exceptional lines of a point function f(x,y) are at most 
denumerable and are such that the points at which the saltus of the function | 
> e are confined to a finite number 2n(e) of the lines, and when none of these 
exceptional lines coincide with any of the singular lines of the absolutely 
additive set function ¢.(£), the 2n(e) lines can be imbedded in strips so 
narrow that if W denote the sum of the portions of the strips in J, the value 
of ¢2(W) can’be'made arbitrarily ‘small, while at all points of J — W the 
saltus of f (2, y)..1s less than.e. Thus by Theorem IT 


(0) = Sf pe — — Pay) deyġ (E) ee for e= Rn (n=1, 2 Say; 


From the Jaakon of distribution an, it follows that if J , be an 
arbitrarily large rectangle and É 2 a rectangle containing Jı in its interior, then 


f f $: (Bn — Poy) darha (E) 


= “J Í, ha (Én pains f S, doyb(B) = 1. 


(En) wet « pı (En — Poy) deybo(B) exists, - Gai, ae --), qed. 


Consequently, 


The En for which: ®. is defined -include rectangles- having. infinite sides 


“Of. J. Radon, loe: cit., IL, p. 1093. 
¥ Cf. Definition 6. ‘ 
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by virtue of the definition of ¢,. In particular, they, include a sequence of 
rectangles Rs: (— œ <@<%; —w <y<yzs) suchtthat the points 
(Xs, Ys) are everywhere dense in the plane. Moreover, these points are every- 
where dense on the parallels to the axes through any one of them and they 
include the vertices of a set of rectangles everywhere dense in the plane. 
Then fo , defined on the Rn, we may assign a point function F* defined ony l 
at the points (£s, Ys) by the relation 


EF* (Ta, Ys) = 9 (k; ); Rs: (— wo <z < Te; — OLY < Ys). 
On the points (Ts, ys), we shall prove that F*(ws, Ya) possesses the fol- 
lowing properties: | 
(a) F*(s + h,y +k) —EF* (s+ h, y) + F*(2,y +k) + F*(2,y) 20, 


where h= 0, k= 0 and (z +h, y +k), (£ +h,y), (£, y +k), (ey) are 
points of the everywhere dense sequence { (£e, ys) }. i 


(8) lim F* (s — h, y — k) = F* (s, y), - 


A=0 ? k=0 


where h Z0, k20 and (z, y), (x— h, y— k) belong to the everywhere 
dense sequence. 


(y) F*(— œ, y) = F* (x, — 0) = 0 and og %, + 0) =I, | 

„where FP*(— o,y) = lim F*(z,y), the (x,y) being points of the every- 
T=-OO 

where dense sequence, and similar interpretations are to be placed on 

F* (x, — ©) and F*(+ œ,- œ). 


Proof of («). Let us denote «+h, z, y +- k, y by Za, 21, Yo, Yı respec- 
tively, and the rectangle (— œ < g@ < ti; — © < y'< yj) by Ri. Then 


FP*(s + hyy + k) — F* (s + h, y) — F” (x,y -+ k) + F* (x,y) 
== F(t, Y2) — F* (2% Yi) — B* (21, Ya) + F” (a1, Y1) 
= (Ra) — (Ra) — (Ri) + (En) 
-íf [p1 (Ezz — Pay) — pi (Ra — Poy) 
— $i (Bas — Pow) -+ $s (Ras — Pay) daya (E) 
= f f, t (B— Roy doga (E) = 0 


in virtue of the deinitisn of dı and ae. and since be is additive and 


Roe — Be — Rio + Ry = R: (a, Sa < T2; Yı Sy < Ya), q. €. d. 
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"Py oof of (8). Ii is to je shown that if 


T Gaspe ee 
~ and - | | 
"e Rs: (— © <T < Ts; — 0 < Y< Ys), 


then 0S (R?) — P(B) < e provided 0 S T° — Ts <ô and OS < y? — Ya < 3, 
§ == 8(€; 2°, y°), where R°, Rs are rectangles of the everywhere dense set nor 
which p is defined. We show this first for 


(Q) ibi s, pı (Q — Pry) deypa (E), 


where J is a finite rectangle. 

Let W be a closed rectangle so large that it contains the points (u,v), 
where u = 2° — g, v = 9° — y for all (x,y) in J. With œ, there is associated 
a point function Fi (u, v) such that 


a(u9) Fae, v’)| < $e, provided | u—w’|. < 8(e; u,v), 
|v — v | < 8(e54, v), 


for all points (u,v) ‘of the plane (hence a fortiori of W) except at most the 
points of a finite number u= p(e) of lines u = u;'and a finite number 
v==y(e) of lines v =v;. To these there correspond »(e) lines æ == é; and 
v(e) lines y == n; which by the choice of R° are non-singular lines of ¢: (E), 
so that they may be BEQOES in a finite number of open BuIDE Xy Y; 
so narrow that 


ESTAIRE: Š TE i, 
= I= 


To these strips there correspond strips U; containing the w; and Vj. containing 
the vj. By reasoning similar to that used in Theorem TH, it follows that in 
the closed region 


n Ce 
WS— (XU + 2 Vs)) = Wi, 8 (e;fi, v) > (e) > 9, 
= j= 
where 6’(e) is independent of the point (u,v). Hence 
| F.(2° — T, P — y) — Fi (2s — T, ys — y) | < 3s 


.so that | $1(2° — Poy) — pı (Rs — Poy) | < $e prowided | 2° — a, | < 8 (e) 
and | y°— ys | < & (e), where ¥ (e) is independent of (2° — z, y? —y) in Wi, 


and therefore of (x, y) in J(S — CS Xi+ 5 Y;)) =J,;. Consequently, 
. il Ho. Dn 
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| S S, [tse Par) — p (Ri Pas) Jort (B) n |= zaf ff devs (B) E ke 


Moreover, 


| S S eE — Par) — a (Be— Pas) Jdt (E) | 
eff, lata(D) SPE to) + Boel] <de 


SO 


SS, Lo: (E — Pay) — pi {Es — Pay) Jder (E) < i 





Now suppose J so large that 
Sf dovbe(B) <4 
S-J 


and let R° : (— o <r <r; — o cy< y) be a fixed rectangle for which 
® is defined. Then if Rg: (— © < T< Ts; — © < Y < ys) be another 
rectangle for which ® is defined and such that 


fe — z| <3), [8P — y |< (6), 
a y°) — F* (Ts, Ys) | 
<| SS (R — Pos) — b (Ro — Pas) desta (E) E 
+ AS (Ge — Pan) — hi (Re — Par) Jäayda(E) | < 2e 
Hence F* (te, Ys) possesses property (8), q.e. d. 
Proof of (y). To prove the first part of (y), we note that by choosing 


a finite rectangle J so large that ff She Pe) deyda (E). < $e and | 
S-J 


then choosing Ra: (— œ'< E< zs; — © <Y < ys) so distant that 
hı (Rs Pay) < $e for aÑ Pey in J, a result which can be brought about 
by taking ve < -—M (e) or Ys < — 14 (e), by virtue of the definition of ¢, 
as a distribution function, we obtain for such a rectangle Re ` : 


waren j) = J 1 pı (Bı — Pus) dorta (B) < <6 gai 
The proof of.the second part of S2 1S as allows: | 


* Another proof of this statement, is ae with the use of 'Fouri ier tr ansfor ms, 
in virtue of Theorem V below. 


4 
+ 
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SJ. a e SS, dı (Bs — Poy) dovha (E), | 


where K is a fixed finite rectangle so large that f f s day: (E) > 1—e. 


R, may then be taken so large, say £e > M (e), ys > M (e), that pı (Rs =~ Poy) 
> I — e for all Psy in K. Then 


ff. dı (Re — Pay) deshe (E) > (1—e)*, Le, Pe (+ co, -+ 00 ) == 1, q.e. d. 


Now it is known + that if a function #*, defined for a set of points 
everywhere dense in the plane and which are also such that they are every- 
where dense on the parallels to the axes through any one of them and that 
they include the corners of an everywhere dense set of rectangles, possesses 
properties (a), (8), (y), then there exists at least one function F defined in 
the whole plane and such that F fulfills conditions («), (8), (y) there and 
| F = F* on all points of the everywhere dense set. To this function F there 
corresponds f a monotone absolutely additive set function y(F) such that 
¥(S) = 1. Furthermore, F is determined by F* up to the singular lines of F. 
We have thus proved | 


TurorEM IV. Corresponding to every pair of distribution functions 
bi, $z there exists a distribution function y(E) such that § 


WR) = f f, 6B Pay) derta (B) 


for an everywhere dense set of rectangles R. Furthermore, y is uniquely 
determined, up to its singular lines, by pı and do. 


An important property of y (F) is given by 


THEOREM V. 


A(s, t34) = A(s, t; b1) “ACS, 95 $2), 


7 Cf. J. Radon, loc. cit., I, pp. 1338-1339. For our present purposes, it is necessary 
to make slight modifications in the reasoning because of the definition of F* in the 
entire plane and to add the condition that as h>0; k>0, limF*(a2—h, y—hk) 
== F*{@, y), where (@—h, y—k) and (a,y) are poe of the everywhere dense set 
for which F* is defined. 

+ Cf, J. Radon, loc. cit., I, pp. 1305-1318. Slight modifications are necessary in the 
case of functions defined throughout the plane. 

§ This relation is often stated and used in its general form but without indication 
of a method of proof. Cf. e. g., R. v..Mises, op. cit., p. 219. 

Theorems IV and V of the present paper have ‘heen proved for the case of damped 
distribution functions by the author, loc. cit., IIT. 


13 
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where A ts the. Fourter transform as introduced wm (1). 


Proof. Let J be a rectangle so large that 


di l S SS, dayo (I!) </4; o = Yý, pi, $a- $ = 


As all three integrals in the statement of the theorem clearly exist, they are 

by their definition as impréper Radon integrals limits of approximating sums 

taken over suitably large rectangles, in which the Ew may be chosen as rect- 

angles Hy, of the everywhere dense set for which ® is defined. By choosing 
N 

the Fy sufficiently small and R = J, Æp sufficiently large that it encloses J, 
, ` keL 


we may obtain . 
N o, 
(16) | A(s, £59) — È expLi(sae + tye) (Ba) | <d 


and if in addition R be chosen so large that R — P; * = S! (R — Pj) includes 
k=l 
J for all points P; in J, we have for a sufficiently fine mesh 


| 7 plil (a— a) F t(— y) ) Jg (Be — P) 


ae exp[i( (sa + ty) ]derpı (E) | < 3e/4. 
Also 


L A(s, t; 41) — { f exvliloe + ty) Jda (E)| < c4, 
so that f ; "4 


P 
| A(s, #5 41) — $ explifs (zr — aj) + (ye — yi) }]b:(Be— Pi) |< 
In other words, 


N | 
(17) Sexp[t{s(a% — 23) + t(ys— yr) }] da Be — Pi) = A(s; t; br) + bas, 
= A 
where | &y | < e, provided È is sufficiently large and its subdivision sufficiently 
fine. It is to be noted that the fineness of the Ry is independent of P}, as is 
also e, so that N == N (e) is fixed. The meshes may then be further subdivided, 
if necessary, so that 


|W) — È b (Re—Ps)oe(Bi) |< 62M, [k= 1,2,-- +, N= NO], 


* This represents vector addition as described in the second footnote on p. 646, Æ 
corresponding to Q and P; to Poy 
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where m= m(e). Hence 
| expLi(son-+ tye) IY (Bu) — Š expLi (see + tye) 10: (Re — P) (B3) | < 6/20 


» On summing with respect to k, we have, with the help of (16) and aiter 
ace aT «the order of the resulting double summation : 


(18) | A(s,t3y) — S exp[i{s (2—2) T T A ET 
-exp[i(se; + ty;) ]g:(E;)| < ©- 


Let the F; be so fine Gi this is not ey the case) and K = È z, so 
large that | 
(19) $ exp[t(sz; + ty;)]ġa(E;) =A (8, t; $2) -+ čz, where | fol < e. 
Substituting (17) and (19) in (18), we obtain 
| A(s, #34) —A(s, 5 fx) “ACs, t5 be) — A (8, t; dr) | 
— ¥ tu expli (sz; + ty) Iha (B3) | < € 


But by virtue of the appraisals for ¢, and ¢,; and the fact that the total 
variation of ¢, and of œz is 1, we obtain 


| EA (s tip) Ce 
and 


> éi; exp[1(sa; a ys) $2 (Ey) = = 5 | oxi | be (H;) <e. 


Guus ae 
| A(s, t; y) — A(s, t; ro ` A(s, t; b2)| < 36, 


i. @., A(s, t; Y) = A(s, t; Q1) `A (s, 5 2), q. e. d. 


Since distribution functions are determined i to their singular lines by 
their Fourier transforms, it follows from the yfeceding theorem, that y (E) 
as above defined remains unchanged by interchanging ¢, and ¢2 in the 
definition of 6. A direct proof of this proposition is also possible. 


3. The spectra of distribution functions. With a view to investigating 
further the addition of distributions as expressed hy the symbolical product, 
we now lay down the following definitions: 


Definition Y. The spectrum of a distribution function ¢(£) is thie set 
of all points P such that (EY > 0 for every open rectangle R containing P. 
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Definition 8. The point spectrem of the distribution function (E) 
is the set of points P such that, ¢(R) > «> 0 for every open rectangle R 
containing P, where « = ap is a positive lower bound indeperdent of R. 

We are now in a position to investigate the relations between the spectra 
of two distribution functions and the spectrum of their symboljcal product,* 
making use of the agreement that if, in the vector addition of. two’ sets of 
numbers, one of the sets be empty, then their sum is to be regarded as empty. 
We shall prove Og 


THEOREM VI. If y(E) be the distribution function defined by — 


Y(R) = È f. p:(B— Pas) dopa (E) 


for all rectangles È for which the integral exists, and if S(p) denotes the 
spectrum of ġ and P(e) the point spectrum of ¢, then the following relations 
hold: 

(a) S(y) = 5(¢1) + Elge). 

(b) P(t) = P(¢:) + P(¢2). 


Proof. As the proof of (a) follows the one-dimensional proof given by 
Wintner step by step, it is unnecessary to repeat it here, for the translation 
of the proof to two dimensions offers no difficulties. It is to be noted, however, 
that in the two dimensional case one cannot obtain a necessary and sufficient 
condition for the existence of the symbolical product in terms of the point 
spectra of ¢, and of de. For the purposes of the proof, though, it is sufficient 
that the integral definition of the ype product. be valid for a set of 
rectangles everywhere dense. 

The first step in the proof of (b) is to show that if a point (£, 7) cannot 
be written in the form (2, Y1) + (£2, Y2), where (2, Y1) belongs to the point 
spectrum of di and (22, Y2) to the point spectrum of de, then (é, y) cannot 
belong to the point spectrum of y; i.e. to any preassigned e > 0 there corre- 
sponds a rectangle Re contating (€,7) and such that y (Re) '< €. 

We first consider the point spectrum of ¢,. Since $, is monotone and 
éi(8) ==1, it follows that the number of points (Z, 91) in the plane such 
that (R) > ¢«/2 for every rectangle R about (Z,, Y1) is finite, say n= n («/2). 
Consequently, for a fixed (é,y) there are only n(¢/2) points (x.y) such that 
pı (R — Poy) > ¢/2 for All R containing (&,7) and these are the points for 
which (£7) — (2, y) = (Zo D1) or (60) = (491) + (2). Tt follows 


*In the one dimensional case, these relations have been derived by A. Wintner, 
loc. cit., V. 
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by hypothesis that (7, y’) is not a point (£2, Y2) of the point spectrum of hia 
Consequently, about each of the LGR) points (Yi), [t= 1,2, 


u= == n(e/2)], it is possible to take a ‘rectangle R; such that > d2(Bi) < 6/4. 
Moreover, let 'L be a TERDEE so large that f Í, _ dows (E) < ¢/# and let 


L— 3 R; = L— U = L,. Then for all poimts (2,y) in Dı, we have 
i=1 

o:(R — Pay) < «/2 provided R be sufficiently small. As (x,y) moves about 
L, (which may be taken as closed, by supposing L closed, the R: open), 
(é n) — (z, y) = (u,v) moves about a closed region La which does not 
contain any points (Zi, 41) for which ¢:(2) > «/2 for every R about (%, 4). 
Hence about every point (u,v) of Le it is possible to take a rectangle Ruy such 
that hı (Rav) < «/2. As La is closed, it follows that there is a fixed rectangle 
M(e/2) such that pı (Ruw) < «/2 for all Ry, containing (u,v) and contained 
_ in a rectangle the size of M(«/2). Hence if R, be a rectangle of the size of 
* M(¢/2) with any (x,y) of L, as its centre, ¢,;(Re— Pay) < m Now 


SS re Pio B= S Sat SS tS 
S f f, daba) + S S, b Re— Pir) dorta (E) +: S face 


< 6/4 + te f S, darts (E) + 6/4 <e. 


Therefore, there exists a rectangle &, about (é, y) such that y (Re) < &, 
wherefore (€,7) does riot belong to the point spectrum of y. On the other 
hand, if (é n) = (21, Y1) + (£z Y2), the notation being as above, then (£, 7) 
belongs to the point spectrum of y. Here, again, the proof is essentially the 
same as that in the one-dimensional case. This completes the proof of 
Theorem VI. 

As has been pointed out above, the rôle played by the -point spectrum 
in the existence of the symbolical product for “the one-dimensional case is,. 
in a sense, accidental and arises from the fact that the singular lines of the 
distribution functions, which in the two-dimensional case determine the 
existence of the symbolical product, coincide, in one dimension, with the point 
spectrum. . We may, consequently, conclude with a few remarks on the 
singular lines. ` l i 

In the first place, all points of the point spectrum are necessarily situated 
at the intersection of two singular lines. For it follows immediately from the 
- definition of the point spectrum and that of the singular lines that the parallels 


+a 
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to the coördinate axes through a poe of the point spectrum gre both ere xt 
lines. i 

On the other hand, not every inier section of two singular lines is: a point l 
of the point spectrum, nor even of the spectrum. For consider the e distributton 
functioA ¢(#) defined as follows: 7 


¢(R) = 4 for anywectangle R: (21 5 8 < 22; YW EY < Y2) 


containing the point (0,0) and not the point (1,1) or else containing the 
point (1,1).and not the point (0,0), whereas (4) = 0 for all rectangles R 
. not containing (1,1). or (0,0). Thus ¢(Z) is a distribution function. To 
it corresponds the point function F(a, y) where F(z, y) =0 if — œ <#S0 
or — o <40; F(z y)—FsifO<ctSlo<cy<toodcrt<c +, 
O<ySl; F(x,y) =1 in (1<zr< +- %;1<y<-4+ œ). Thus z= 0 
and y == 1 are singular lines, but it may easily be computed * that ¢ (£) = 0 
for all rectangles sufficiently small about (0, 1), so that (0, 1) does not belong 
to the point spectrum nor even to the spectrum. i 
` Moreover, singular lines may esist even if the point spectrum is vacuous. 
For consider the point function F, (s, y) defined as follows: 


F,(2,y) =0 if — o <3 £0 or — o <yS0. ae 
F(z, y) =y in (0<tc+a0;0<cy¥St) | 
F(z, y) = bin (0< e< + @54<yS1) andin (0 <25}; 1< y< + o) 
F(z, y) =x in ($< r &1; i <y <+ o) 

F(s, y) =1 in (1<r< +o; 1<y< +o). 


As F(x, y) possesses the properties («), (8), (y) defined above, it determines 
a distribution function ¢,(#). Both x == 0, and y = 1 are seen to be singular 
lines of ¢:, but an investigation of the point spectrum shows that it is vacuous. 
Finally, the proof that Bs (ts, Ys), as defined above, possesses the property — 
(8) contains effectively the more general result that F(z, y) (= erk is 
continuous at all points (#9) where x is not of the form & == &’ + &;” 
y is not of the form Ün =’ +y”; the lines s == é, y==y being r5 
singular lines of ¢,, and s == £”, y = yi” those of da. All points of a line 
t == Ën 4 Ëa must accordingly be continuity points of F if their ordinates are 
not of the form y == Yn. As these continuity points are thus everywhere dense 
on the fixed line z = @,, every finite length of z — Ž„ can be imbedded in a 
rectangle R such that (2) < e Hence z == =, is not a singular line of y 
and the same is true of y= Ün & din. It follows that at most the lines 


* Cf. J. Radon, loc. cit., I, p. 1304. 
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* 


T= m Y= Ün are singular of y(#). Again, if R be'an arbitrarily 
narrow strip about z= žm R— $” is an arbitrarily narrow strip about 
z == é. By hypothesis, ġı (R — (&”,y)) * > K; for all y and:any R. Fur- 
#hermore, pı(R— Pey) > K, > 0 for all v in a strip T: &”—8 <r <é” +3 
whose width ts less than that of R. But however narrow T, ġa(T) > E: > 0, 


,s0 &(2).> KK, > 0 for arbitrarily narrow R and %, is consequently a 


singular line of y. Similarly, Ün may be shown.a singular line of y. Con- 
sequently, the singular lines of w are precisely the lines £ =n, Y = Ün. - 

As an application of the rules obtained for the addition of spectra, we 
may consider the addition of convex curves as treated by H. Bobr and B. 
Jessen.f ‘Then the spectrum of the distribution function associated with a 
given curve is precisely the curve itself. { By our rule, the spectrum of the 
distribution function belonging to the symbolical ‘product of the distribution 
functions of two curves is the vector sum of the spectra of the individual 
curves, with the agreement that if one of the addends is the zero set, so also . 
is the sum, a result-in accordance with the definition of the distribution 
functon associated with the sum of the curves.§ 
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ON ANALYTIC CONVOLUTIONS OF BERNOULLI 
DISTRIBUTIONS. 


Peo By AUREL WINTNER. 


‘By a distribution function «(x) is meant a monotone function defined for 
every real x and such that e (— ~) = 0, ar œ ) = 1. The inversion of the 
Fourier-Stieltjes transform 


(1) D(tj0) = f exp(ite)do(a) (a <t< + o) 
of o is * , 
(2) o(t)=o(0) +lim f j L(t; o) [1 — exp (— its) ]i* di/2ri 
, Where o is supposed to be normalized by is condition - 

20(z) =o (s +0) + 0(e—0). 
It is easy to see ¢ from (2) that if 
(3) L(t30) = O(|#|*)  (f>  &) 


holds for every e > 0 then all derivatives of o{z) exist for every real v. If 
(3) may be replaced by the sharper appraisal 


(4) L(t;o) =O(exp(—A|t|)) where A>0(t >+ œ) 


then it is clear from (2) that 
(4a) |o™(x)| <M f 9 n-i exp(— At)dt = MT(n)/A" (n=1,2--) 


where M is a constant. This implies that o maye bé developed in the vicinity 
of every real « into a power series having a radius of convergence = = A. 
Hence if 


(5) L(t;o) =O(exp(—|t|v)) where y>1 (t>+ œ), 
then o(æ) is an entire function. Jn some problems ł the Fourier-Stieltjes 


* P. Lévy, Calcul des Probabilités, Paris, 1925, pp. 163-172. 

7A. Wintner, “Upon a statistical method in the theory of diophantine approxi- 
- mations,” American Journal of Mathematics, vol. 55 (1933), pp. 309-331. 
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transform of o appears as an infinite product the factors of which tend strongly 
to zero so that'(3) is trivial. In the present note a problem will be treated 
where the factors do not approach zero, although even (5) may be satisfied. . 

l Let r(£z;a) denote the distribution function which is 0 if z < ~% 
and =1 if = >a, finally —1/2 if —a<a2<a. Thus r isa symmetric 
Bernoulli distribution function and L(t; r) = cos(at). It is easy to see that 
if {an} is a sequence of positive numbers such that 


. a = , 
(6) | S a < -+ cœ 
then the infinite product cos(a,t)cos(azt):' > of the Fourier-Stieltjes trans- 


forms of the Bernoulli distribution functions r(#;¢@,) is uniformly convergent 
in every finite ¢-interval.* It follows therefore from a theorem first formu- 
lated by Lévy + that there exists a aistbungn function o such map 


(7) L(t; e) = Fi cos(ant) (Sa < f a 


This o(s) is, in accordance with the product rule of convolutions 
(“ Faltungen”), the distribution function. of the probability belonging to- 
&+t+&+--- if (2; än) is the distribution function of the probability 
belonging to` és, where &,&,--- are statistically independent random 
variables. Our purpose is to delimit a class of sequences {an} such that a 
satisfies one of the conditions (3), (4), (5). 

A positive function S(t), defined for all sufficiently on values i t > 0, 
is said to be slow (Landau) if it is non-decreasing { and such that ' 


S(ct)/S(t) >1 (>+) 


holds for every fixed value of ¢>0. Thus logt, log log £+ - + are slow 
functions and t€ is slow only if «= 0. The name of the slow functions is 
justified by the fact that | 


(8) S(ty=O(#) (>+). 
holds for every slow function S(t) and for every e > 0. 


* The convergence of i product is meant in the sense that the limit may vanish 
if a factor is-zero.. |. 

t Op. cit. For further relans cf. a joist paper of B. Jessen and of the present 
author in the Transactions of the American Mathematical Society (not yet appeared). 

t This restriction is not essential for our purposes. Generalized slow functions 
have been considered by J. Karamata, “Sur un mode de croissance régulière. Théorémes 
fondamentaux,” Bulletin de la Société Mathématique de France, vol. 61 (1933), pp. 1-8.. 
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, Let {bn} be g sequence of positive numbers and let the inequality bn St 
be satisfied for exactly N == N (t) values of n. Suppose that the sequence 
{b,} is such that >. l 
6) o NEEE) (>+ &) 


holds for some 8 > 0, for some slow function S(t) and for a suitable choice 
of the sign of + 1. Let f(u) be any R-integrable function in the interval 
Oui. According to a theorem of Pólya * we have then the asymptotic 
relation 


(10) Si (on/t) ~ CH 8(1)* (t>o), 
where i. 
(11) el an OL 


Now let the sequence {an} occurring in (7) be such that condition (9) 
is satisfied by the sequence {6,} if one chooses bn = 1/a,. Since 


log | L(t;.0)| — X log | cos(t/bn) | £ E log | cos(t/bn) | 
n=l Onst 
we have . 
log | L(t; e) | S X, log max(| cos(¢/0n) |, 1/2). 
brat 


This may be written in the form 


(12) log | L(t; æ) | = Bf) 
by placing 
f(u) = log max( cos(1/u) |, 1/2) 
so that Fu) is continuous and bounded in the interval 0 < u£ 1. The-value 


of (11) belonging to this f(u) clearly is < 0. It follows therefore from (10) 
and (12) that | 


(13) L(t;o) == O(exp(— At®S(t)*4)), where A > 0. 
In particular, ` l ° 
(14) | L(t; o) = OLexp(—#*) ] 


holds in virtue of (8) for every positive e (< 8). These estimates hold as 
t-> -+ œ. Since L(¢;c) is an even function, both estimates hold also as 
t—>— œ if one replaces t by |¢|. Thus (3) is satisfied for every 8 (> 0) 
and (5) is satisfied for every 8 >^. The situation becomes ; clearer by con- 
dents the following: example: 





* Cf. G. Pélya und Q. Szegé, aeuteaten und Lehrsitze aus der Analysis, Berlin, 1925, 
vol. 1, p. 68, 
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Let an = a*t so that a > 1/2 in virtue of (6). Since there are exactly 
[¢4/¢] values of n satisfying the inequality 1/a, = ¢, condition (9) is satisfied 
by placing 8 = 1/« and 5 = 1. It follows therefore from (13) that 


(15) L(t;0) = O(exp(—At*)),. where A> 0 (a > 1/2). 


On comparing (15) with (3), (4) and (5) we see that o(s) has derivatives 
of arbitrarily high order #f « > 1/2 and that o(s) is regular analytic along 
the real axis if 1 Z « > 1/2, finally that o(s) is an entire function if 
1>a> 41/2. In the case a > 1 the function o(s) cannot be regular analytic 
along the real axis since * the series a, + a, -++ - - is convergent.t 

Another interesting example is a, = 1/pn where pa denotes the n-th prime 
number. Condition (9) is satisfied by 8 = 1 and (S(t))= = 1/lọg t. Hence 
all derivatives of o(x) exist. It remains undecided whether e(z) is regular 
analytic along the real axis. 

The example (15) shows that there exists for every y < 2 a sequence 
{an} such that the distribution function o defined by (7) satisfies the con-, 
dition (5). Ifo is a Gaussian distribution function then its Fourier-Stieltjes 
transform has the form, of a Gaussian density of probability so that there 
exist distribution functions satisfying (5) with y—2. This does not prove, 
however, that there exist sequences {a,} satisfying the condition (6) and such 
that the Fourier-Stieltjes transform of the corresponding Bernoulli con- 
volution satisfies (5) with y ==2. In fact, the Fourier-Stieltjes transform 
of a Gaussian distribution function has no zeros, hence it is not of the form (7). 

The order of an entire function o may be estimated by means of the 
appraisal (5) of the Fourier-Stieltjes transform. This remark holds not only 
for Bernoulli convolutions but for any distribution function o satisfying (5). 
In fact, the argument leading to (4a) shows that (5) implies the inequality 


(5a) |o™(2)| < M | i exp(—t7) dt —MI(n/y)/y (n—=1,2,- - >), 


where M is a constant. Hence it is clear from Stirling’s formula that 
| Cn |1/n == O (m/Y) where Ca ==0o™® (0)/T(n + 1). 


It follows therefore from the Hadamard theory that the order of the entire 
function o is & y/(y— 1). l 
+ 
* Of A. Wintner, loc. cit. i 

_ +The case a, =1/n may be treated by using “min” instead of“ max.” Cf. the 
joint paper of B. Jessen and of the present author, mentioned above. The treatment 
given there is based upon an “arithmetical accident” and fails even in the case. 
@, = 1/ne if a < 1. se ee 
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. It is known that if the order of an entire function is finite and not an 
_ integer then the #enus is less than the order. Hence if there exists at all a 
distribution function o satisfying (5) with a y > 2 then this o is an entire 
fypction of genus zero or one, although 0'< e(z) < o(a-+h)'< 1 for every 
z+h>w. It may be mentioned * that there does or does not exist a dis- 
tribution function o such that R 


(5b) L(t;o) — Bexp(—|t|*) (B==B,>0) 


according as yis or is not within the range OS y S 2. : 

A general method of estimating (7) by means of the differeħce ` 
N(2t) — N (t) and with or without the iia (9) will be given in a 
as note. 


} 
THE JOHNS HOPKINS UNIVERSITY. 


* Of. P. Lévy, op. cit. 


